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GLOBAL WELL-POSEDNESS OF THE CAUCHY PROBLEM OF
A HIGHER-ORDER SCHRODINGER EQUATION

HUA WANG

ABSTRACT. We apply the I-method to prove that the Cauchy problem of a
higher-order Schrédinger equation is globally well-posed in the Sobolev space
H*(R) with s > 6/7.

1. INTRODUCTION

This paper concerns the Cauchy problem of the higher order Schrédinger equa-
tion

Opu + ia 02u + bd3u + iclu*u + du|*dpu + eu?d,u = 0 in R?,

u(z,0) = p(x) for z€R, (L.1)

where a, b, ¢, d and e are real constants with be # 0, and the unknown function
is a complex-valued function.

Hasegawa and Kodama [9, [T2] proposed as the model for propagation of
pulse in optical fiber. It is easy to see that cubic nonlinear Schrodinger equation,
nonlinear Schrodinger equation with derivative and complex modified KdV equation
are particular cases of . Therefore, in the literature, this model is also called
the Airy-Schrodinger equation.

Well-posedness of the Cauchy problem of in Sobolev spaces has been in-
vestigated by a few authors; see for instance [2] 10} 13| 15 16]. Laurey [13] proved
that the Cauchy problem of is locally well-posed in H*(R) for s > 3/4. Lau-
rey’s result was improved by Staffilani [I5], who obtained the local well-posedness
in H*(R) with s > 1. This local well-posedness combined with mass and energy
conservation laws naturally yields that is globally well-posed in H'(R). Re-
cently, using I-method introduced by Colliander, Kell, Staffilani, Takaoka and Tao

[3, 4, 5], Carvajal [2] established global well-posedness in H*(R) with s > 1 under

the relation ¢ = (dgs )2 Our aim of this paper is to get global well-posedness in

H*(R) with s > & without the above restriction condition.
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Without loss of generality, we may assume that a = 0 in the sequel. In fact,

when a # 0 we may utilize the gauge transform [2]
a a® a®
t) = exp(i—a + i——xt it
0, 1) = expliie + i (e + 1),

then u satisfies (1.1 if and only if v is such that
(d—e)a

3b
v(x,0) = e'5 p(z) for z € R.

Opv + bd3v +i(c — )vl?v + d|v|?0,v + ev?0,0 =0 in R?

(1.2)

Note that when ¢ = %, (1.2)) is the complex mKdV equation satisfying a scaling

invariant property. It is well known that real mKdV possesses global well-posedness
in H*(R) with s > 1/4 [6]. Using the same argument as the one in [6] the same
result was obtained for the complex case [2]. Since in our case a scaling invariance
disappears, thus we must modify I-method suitably. Similar results as the one
of this paper were also obtained for some other nonlinear dispersive systems and
equations (e.g., [14, [I7] and therein).

To precisely state our main result, we first introduce some notation. We use the
notation a+ and a— to respectively denote expressions of the forms a+¢ and a —¢,
where 0 < € << 1. We denote by D; the Riesz potential of order —s, or the Fourier
multiplier with symbol |£]® (s > 0). Recall that the Sobolev space H*(R) is defined
by

feH'R) & | flam) = H<§>Sf(§)HL§(]R) < o0,
where (£)* := (1 + |¢[2)*/2, and f represents the Fourier transformation in one
variable of f. We define the space X o(R?) (as in [1} [I1]) by
u € Xsa(R?) & |lullx, . r2) = (€)*(T — €)¥a(E, 7)ll L2 2 < 0o,

where @ represents the Fourier transformation in two variables of u. For any given
interval L, we define the space X; (L x R) to be the restriction of X ,(R?) on
L x R, with norm

lullx, o zxry = mf{[[Ullx, ,@2) : UlLxr = u}.

If L =[0,T7] (resp. [0,6]), we use X7, (resp. X?,) to abbreviate X, (L x R).
For given N >> 1 and s < 1, we define the multiplier operator I3, : H*(R) —
H'(R) by
(IR u)(§) == ms n(E)a(), ue H(R),
where my n(€) is an even C°° function, non-increasing in |£|, and

_ L [l <N,
s,N(g){(KVN)s—l, |€‘>2N.

In the sequel, for simplicity of notation we shall omit the superscripts and subscripts
s, N of the operator I3 and the multiplier m, n(§).
It is obvious that for some positive constant C,

C M ull ey < Hullm @y < CN'"*||ul| g (m)-
We denote by || - |

(r2) the equivalent norm in X ,(R?) defined by

Xs,a,N

lullx, o n@2) = Hullx, . &2)-
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The space X o(R?) endowed with this norm will be re-denoted as Xy o n(R?).
Clearly, there also hold the inequalities

CMullx, .2 < Hullx, . &2) < CN'"*|lullx, . &2)-

The notation XS,Q’N denotes the restriction of X o v(R?) on R x [0, d].

Next we give a local well-posedness result. This local result is a variant of that
of [10, [16], with precise estimates on the lifespan and the norm of the solution and
it can be established by the same argument as [I0} [16] and the interpolation lemma
in [7].

Theorem 1.1. Forg < s < 1, the initial value problem of (1.1)) is locally well-posed

in H*(R). More precisely, for given ¢ € H*(R) and N >> 1, there exists a corre-

sponding & > 0 such that (L1)) has a unique solution u € X?° 1,y € C([0,0), H*(R))
3+

satisfying the condition u(0,-) = ¢. Moreover, the lifespan satisfies the estimate

5~ Mol gy 6=12+ (1.3)
and the solution satisfies the estimate
Hullxs < Cllollm . (1.4)

2

Finally, we state our main result of this paper as follows:

Theorem 1.2. The Cauchy problem of the equation is globally well-posed

in H*(R) for s > 6/7. More precisely, let ¢ € H*(R) with s > 6/7. Then for

any T > 0 the equation (L.1) has a unique solution u € XSTL_‘_ C C([0,T], H*(R))
)

satisfying the initial condition u(0,-) = ¢, and the mapping ¢ — u(t,-) belongs to

We note that the improvement of § in Theorem will directly lead to a better
Sobolev index s in Theorem Here we do not pursue this although it is possible
to get a smaller § by more precise trilinear estimates of nonlinear terms in (1.1).

2. THE ALMOST CONSERVED ENERGY
Laurey [13] showed that the Cauchy problem of (I.1)) has the following two

conserved quantities

M(u) :/R|u(m,t)|2dm = My, (2.1)

E(u) = k1/R|8xu(x,t)| dx—i—kg/R\u(x,tﬂ dx )

+ ks Im/ u(x, t)0zu(x, t)dr == Ey,
R

where ki = 3be, ks = — %D and ky = 3be.

Applying Gagliardo-Nirenberg inequality, Young inequality and Hélder inequal-
ity, we have

/R (e, t)|'de < Cd,ulallulls < ldpulis +CE)|0ulls,  (23)

/ u(@, )0su(z, t)dr < Cllosullpz lull 2 < elldzulz, + CE)osulg.  (24)
. :
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By (2.1)—(2.4), we obtain an a-priori bound of the H'-norm of the solution u and
an upper bound of B

10.ull72 < C(Eo + Mg + M), (2.5)
|E(u)| < C(|05ull22 + Mg + Mo). (2.6)

From the local well-posedness and the a-priori bound , it follows that the
Cauchy problem of is globally well-posed in H!(R). However, we are searching
solutions in C(R, H*(R)) with s < 1, so we shall alteratively consider the modified
energy E(Iu) as in Colliander et al [3, 4 5] [6]. We shall show the modified energy
E(Iu) is almost conserved, that is, it has a very slow increment in time if N is
sufficiently large. First we give the precise expression of the increment of E(Iu) in
the following lemma.

Lemma 2.1. If u is a solution of (L.1)) on [0,0] in the sense of Theorem then

5
E(Iu(6)) — E(Ip) = 2k1dRe/ / aﬁm I(|u?0,u) — \Iu|26xlu> dx dt
0

+2k1eRe//02 a([ (u28,7) )Qamm) dz dt
—2kchm//82 a([ (|uf?u) |Iu|2Iu> de dt
—2kgelm//8 Ta(1(u28,7) )2695]@) d dt

(1
—2k3d1m/ / 9,14 (1 lu|20,) — |Tul?d Iu) dz dt
—ZkgcRe//O Iu( (Jul?u) — | Il Iu) dz dt

—4k2dRe//uu| (1 u[20,u) — |Tul?8, Iu> dz dt
74kgeRe//|lu| Ia (1 (u28,7) )anm) dz dt

+ 4k2c1m/ / \Tul?] (I (|uf?u) |Iu|2Iu) dz dt.
0Jr
(2.7)
Proof. From (1.1)), we have
OiTu = —bd2Tu — icl (|u|*u) — dI(|u?0pu) — el (u?d, 1),
010 Tu = —b02 Tu — icO, I (|ul*u) — doL I(|u|*0pu) — edpI(u?0, 1),
010, Tt = —bO2 Tt + icO, I(|u*a) — dO,I(|u|?0,u) — €D, I(u*Opu).

From the above equalities and using integration by part we obtain

ﬁE(Iu) = 2k Re/azfﬂatazfu

+ ks Re/|Iu|2Iﬁ8tIu+k3 Im(/8x1ﬂ8t1u+/fu8t8zla)
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= 2k1dRe / 021l (|u)*0pu) + 2k1e Re / 02 Tul (u*0,u)
—4k2bRe/|Iu|2Iﬂ8§qu—2k1clm/f)§fﬂ[(|u|2u)

— 2kzdIm / O Tl (|u|*0yu) — 2kze Im / O Tul (u?0, 1)
—2k3cRe/8zIﬂI(|u|2u) +4k2c1m/|fu|2la1(|u|2u)

—4k:2dRe/|Iu\2[ﬁI(|u|281u) —4kgeRe/|Iu|QIaI(|u\28wﬁ).

‘We note that
Re / O2Iu(Tu)?0, 1t = Re / O2Tu|Tu|?0,Tu
and
Re/|1u|21aa§1u = fRe/aila(Iu)Qé'xIﬂf 2Re/8§]ﬂ|]u|23xlu.

Hence

ZkldRe/éifﬂIﬂu\zaru) +2kleRe/6‘zIﬂI(u2&£ﬂ)
— 4kybRe / |Tu|*Tud2 v
- 2k1dRe/6§Iﬂ(I(|u|28xu) ~ |uf0, Iu)
+ 2kye Re / 6§Ia(f(u28zﬁ) - (Iu)2(91[11).
Integration by part yields
Im/aifauuﬁfu = —Im/(@mIﬂ)z(Iu)2.
It follows from the above equality that
- 2k1c1m/831a1(|u\2u) —2k3d1m/8xlﬂl(\u|281u) - 2k3elm/8xlﬁl(u281a)
- _2klclm/a§1a(l(|u|2u) - |Iu|21u)
~ hydIm / 0, (1(jud,u) — |[u*d, Iu)
~ kselm / 6xla<l(u26xﬂ) - (Iu)Qﬁxlﬂ).
Observe that
Re/8m1ﬂ|lu|2[u =0, (2.9)
Im/ |Tu|*Ta|Tul*Tu = 0, (2.10)

Re/ |Tu|* Ta|Tu?0,Tu = 0, (2.11)
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Re/ |Tu|?Ta(ITu)?0,Iu = 0. (2.12)

Hence by (2.8))-(2.12)), we have

%E(IU) :2k1dRe/8§Ia 1(|u|26xu) - |Iu|23xlu)d:c
+2kleRe/32Iu(I (u28,7) )28r1ﬁ)d:1:
72k101m/32 (I () |Iu|2Iu)dx

R
—2k361m/5 (1 (u28,7) )28z1ﬂ)dx
—2k3d1m/ 0,1 (1 ul28,u) — |Tu|?d, Iu)dx
—2k3cRe/8 Iu(] () |Iu|2Iu)dx
—4k2dRe/R|Iu|21 (I(|u| Bptt) — |Iu|28zlu)dx
— dkseRe /R |Iu|2lﬂ(l(u281ﬂ) - (Iu)gamlﬁ)d;v

+ 4I<:QcIm/ |Iu|2lﬂ<l(|u|2u) - |Iu|21u)dx.
R
Integrating both sides of the above expression, over the interval [0,4], we obtain

(2.7). 0

Next we apply Lemma to deduce an exact estimate on the increment of the
modified energy E(Ju) in terms of the norm [[{ul|xs . Before stating the result,
1,44
we give a few simple preliminary estimates.
The following embedding inequality is established in [IT]:

lull s, < Clullx, , (2.13)
'2
lullLgerz < Cllullx, , (2.14)
t x 0,2+
1
Dz ullzs, < Cllullx, , - (2.15)
’2
By Hoélder inequality and (2.14)), we have
H“”LiL%(Rx[o,é]) < 02 lull = (ro,.61,22) < OO llullxs , - (2.16)
'3
Interpolating (2.16]) with we get
1
||U||LgL;%(Rx[o,5}) < Co5lulxs | - (2.17)
0,1+

°2

From [§] we have the following bilinear estimate:

11
D31 ()12, < Cluslx, ,  lel, . (218)
where
(1% (uru2) (€, 7) = / €1 — Lol *i1 (§1, 1)tz (&2, T2)dE1dTy.
§=81+8€2, T=T1+T2
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Also, we need the following refined Strichartz estimate.

Lemma 2.2. Let uy, ug be such that suppuy C {|¢| ~ N} and suppus C {[|¢] <
N}, then

C
luuallzz, < luillx, e, , (2.19)

It is not difficult to prove the above, using the same argument as the one of [3]
Lemma 7.1], so we omit it.

Lemma 2.3. If u is the solution of (L.1)) on [0,0] in the sense of Theorem
then

|E(Tu(0)) — E(Ip)]
< C(NTY65 + N2 Tu||ks  +C(N"3F6% + N735) | Tu|lSs .
1,1+ 11

2
Proof. We denote the nine terms on the right-hand side of in their appearing
order by Ji, Ja, ..., Jg, respectively. In the sequel we only consider J; and J;
because the other terms can be readily controlled by the bound of J; and J;.
Estimate of J;. It suffices to prove that for any (uq,us,us3,us) € C([0,5], S(R))*
such that the frequency support of each wu; is located in a dyadic band |£] ~ N;
(i.e., C1N; <|¢| < C2N;) for some positive numbers N; (j = 1,2,3,4), there holds

[P [l e+ &) — m(E)m(&)m(Es)
h "/o (/ s m+<513)m(£2>m<§3) ) ‘

X €631 (€1, D)z (€, )eia (&, )ia(€a, )] ) b

4
< O(NTH65 + NTOND T Musllxs -
j=1 Et

where Nyax = max{Ny, No, N3, Ny} and * denotes integration on the set E?Zl & =
0. Indeed, once this estimate is proved, then the Littlewood-Paley decomposition
immediately implies that
|| < C(N~163 4 N=2H)(|Tu||4s - (2.20)
1,34
First. All the frequencies are equivalent, namely, |&1] ~ || ~ [€5] ~ |€4] > CN.
Using Holder inequality and (2.17]) we see that

4
N —s
1 < O(5 I Na N T sl 2o
j=1
Ny
<C(—
(&)

4
3(1*5)N3N42(N1N2N3N4)716% H ”uJHXf 14
=1 b

4
< CONTENIL T wsllxs -
=1 it

Second. Three of the frequencies are equivalent. We shall deal with the most
difficult case |&1| ~ |&3] ~ [€&4] = CN and |&| < &1, |€5],1€4]- The other two
cases 1] ~ [&2] ~ &3] > CN and [&1] ~ [&2| ~ |€4] > CN can be solved easily
by the same argument as the case 1° and the difficult case, respectively. Since
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E1+& + &+ &4 =0, the largest two of the frequencies must have different sign. We
may assume that they are & and &4 for the other cases can be considered similarly.
Thus we have

Ny ~ &1 = &a| ~ N3 ~ [€3 + Eo| ~ &1 + &4l

Utilizing (2.18)) and -, we obtain

N,

11
I <C( - S)<(W)178>N3N4”DI2IE(U17u4)||L§t||u2u3||L§t

4
) TH)Ng Ny N (No) T Ny 2N H ||“J||X5

=1

< C(&

N.
2(1—s)/1¥2

4
< NN Tl
2

max

Third. Exact two of the frequencies are equivalent. We only consider the most
difficult case [{1] ~ [§4] = CN and [&], [§5] < [€1], |€a]-
3.1° |&2],1€3] < N Applying the mean value theorem and (2.19)) yield

Ny + N.
5L < C%NSNZHUMHL;||U3U4||L§t
1

Ny + N3

<C
< N,

Ny NN 2N 2(No) ™ (N3) 1H||“J||X5
j=1

max

4
< NN Tl
’2

3.2° |&] > N (|¢3] > N can be considered with the same argument).

By (2.19) we obtain

Ny . N3,
I < C() UG INaNE [zl gz, sl e,
Ny N.

< OS2 (D)) N NENT 2N 2(Na) (V) 1H||uj||xa
j=1

max

4
< ON-2FNO: 1_[||ujllel+
'3

Estimate of J;. Similarly as before we only need to prove that for any triple

(u1,us,...,us) similar as before there holds
[T [l &+ &) — m(EDME)MED) |, TT 1o (e
" '_/o (/* m(&)m(&)m(&) !|§6|j1_11uj(@7t>|dt
< C(N7375% 4 N7*F) NB;XH lesllxs ,

where Nyax = max{Ny, Na, ..., Ng} and * denotes integration on the set Z?Zl & =
0.
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First. At least three of &’s satisfy |;| > CN. Let the largest three of |£;| be
N{, N5 and N3. Then by Holder inequality ngt — Lg,t — Lgyt - Lﬁyt — L3 — L,
(2.14), (2.15) and Sobolev embedding we have

Ni1-s N3 y1-s N3

1—s * -I I w—L ol 6
) PN{N{ T SN3 TSN 6521_[”1‘]”)(5

Jj=1

I < C(

< ONFETON;TETONG T "S&HH%H)@
j=1

6
<N LTl
’2

Second. Exactly two of |{;| > C'N and the others <« N. For example, |4, |£6] >
CN. Then , using Sobolev embedding, (2.14) and (2.19), we get

N, Ne
) S(N)l * Nollurual| g2, [luguel| 2, l|usl| o lusll Lo

xt

I < (5

—s(No 15
)= N ) P NN, 2Ng * H l[ujllxs N

1,5+
j=1 2

< C(%

max

6
<N N Tl
’2

3. PROOF OF THEOREM [I.1]

For completeness, we give the proof of Theorem in this section (see also
[14, 17]). For any fixed T' > 0, we want to construct the solution of the time initial
value on the interval [0, T7.

Since || 19|71 @) < CN?1-9) it follows from that

|E(Ip)| < C'N?1=9) < 20" N2(1=9),

which, by ([5), implies || 14|31 < CN21=9) with €' = C(2C"). Applying Theo-
rem [1.1] we know that the solution u exists on [0, 8] with

5 2 C””ISO”;I?(R) 2 C/l(é’N(l—S))*e _ CON_(l_S)e,
ITu®lixs, < ClIelm e < CON'™* for0<t <.

3
By Lemma we have
|B(Iu(8)) = B(Ip)| < C"[(N165 4 N72H)NH=9) 4 (N=3 52 4 N—3T)NOU-)],
where C" depends only on C'C. As long as

C"[(N™1F65 4 N=2H)N4(1=9) L (N=3+63 4 N3 NO(-9)] < ¢/ N2(1—5)

we have
|E(Iu(0))| < 2¢'N?1-9),



10 H. WANG EJDE-2007/04

It follows, by considering ¢ as the initial time, using Iu(d) as the initial value, and
applying Theorem that the problem (|1.1)) has a solution on R X [d, 24]. In this
way we succeed to extend the solution of to the time interval [0, 20].

The above argument can be repeated for K steps as long as the following condi-
tion on K is satisfied:

C"[(NTIH6% 4 NTH)NHI=9) 4 (N~3+5% 4 NT3T)NOO=9)] | < ¢/N2079),

In order to extend the solution to the time interval [0, 7], we must have K§ > T,
or K > T§~!. Since the minimum of all such K satisfies K ~ T§~!, to arrive at
this goal we only need to have

CC«///[(N—H-(S% —|—N_2+)N4(1_5) + (N—%+5% +N—3+)N6(1—s)]T6—1 < C/N2(1_S).

Since § > CoN~—(1=)9 this can be fulfilled if we can choose a sufficiently large
number N so that
(1-5)6

OC,NC()_l[(N71+N 3 4 N72+N(178)9)N4(175)

4 (N,ngN@ + N73+N(175)0)N6(178)]T
S CIN2(1_S).

Though direct computation, we know that the above condition is satisfied if s > 6/7.
Hence, the solution exists on R x [0, T for any T' > 0, and it belongs to and is unique

: T
in XSéJr.

REFERENCES

[1] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and appli-
cations to nonlinear evolution equations, part I: Schrédinger equation, part II: The KdV-
equation. Geom. Funct. Anal., 3(1993), pp.107-156, pp. 209-262.

[2] X. Carvajal, Sharp global well-posedness for a higher-order Schrodinger equation. Preprint.
[3] J. Colliander, M. Kell , G. Stafillani, H. Takaoka and T. Tao, Global well-posedness for
Schrodigner equations with derivative. STAM J. Math. Analysis , 33(2001): pp. 649-666.

[4] J. Colliander, M. Kell , G. Stafillani, H. Takaoka and T. Tao, Global well-posedness for the
KdV in Sobolev spaces of negative indices. Electronic J. of Diff. Eqns., 26(2001), pp. 1-7.

[5] J. Colliander, M. Kell , G. Stafillani, H. Takaoka and T. Tao, Almost conservation laws and
global rough solutions to a nonlinear Schrodinger equation. Math. Res. Letters, 9(2002), pp.
659-682.

[6] J. Colliander, M. Kell , G. Stafillani, H. Takaoka and T. Tao, Sharp global well-posedness for
KdV and modified KdV on R and T. J. Amer. Math. Soc., 16(2003), pp. 705-749.

[7] J. Colliander, M. Kell , G. Stafillani, H. Takaoka and T. Tao, Multilinear estimates for
periodic KAV equations and applications. J. Funct. Anal., 211(2004), pp. 173-218.

[8] A. Griinrock, An improved local well-posedness result for the modified KdV equation. Int.
Math. Res. Not., 61(2004), pp. 3287-3308.

[9] A. Hasegawa and Y. Kodama, Nonlinear pulse propagation in a monomode dielectric guide,
IEEE Journal of Quantum FElectronics, 23(1978), pp. 510-524.

[10] Z. Huo and B. Guo, Well-posedness of the Cauchy problem for the Hirota equation in Sobolev
spaces H®, Nonlinear Anal., 60(2005), pp. 1093-1110.

[11] C. E. Kenig, G. Ponce and L. Vega, The Cauchy problem for the Korteweg-de Vries equation
in Sobolev spaces of negative indices. Duke Math. J., 71(1993), pp. 1-21.

[12] Y. Kodama, Optical solitons in a monomode fiber. Journal of Statistical Phys., 39(1985), pp.
597-614.

[13] L. Laurey, The Cauchy problem for a third order nonlinear Schrédinger equation. Nonlinear
Analysis TMA, 29(1997), pp. 121-158.

[14] H. Pecher, The Cauchy problem for a Schrodinger -Korteweg-de Vries system with rough
data. Preprint.



EJDE-2007/04 GLOBAL WELL-POSEDNESS OF THE CAUCHY PROBLEM 11

[15] G. Staffilani, On the generalized Korteweg-de Vries-type equations. Differential and Integral
Equations, 10(1997), pp. 777-796

[16] H. Takaoka, Well-posedness for the higher order nonlinear Schrédinger equation with the
derivative nonlinearity. Adv. Diff. Eq., 4(1999), pp. 561-680.

[17] H. Wang and S. Cui, Global well-posedness of the Cauchy problem of the fifth-order shallow
water equation. J. Differential Equations, 230(2006), pp. 600-613.

Hua WANG
DEPARTMENT OF MATHEMATICS, SUN YAT-SEN UNIVERSITY, GUANGZHOU, GUANGDONG 510275,
CHINA

E-mail address: wanghua math@126.com



	1. Introduction
	2. The almost conserved energy
	3. Proof of Theorem 1.1
	References

