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ABSTRACT. We derive a priori bounds for positive supersolutions of —Apu =
p(z) f(u), where p > 1 and A, is the p-Laplace operator, in a smooth bounded
domain of RN with zero Dirichlet boundary conditions. We apply our re-
sults to the nonlinear elliptic eigenvalue problem —Apu = Af(u), with Dirich-
let boundary condition, where f is a nondecreasing continuous differentiable
function on such that f(0) > 0, f(t)*/(P—1) is superlinear at infinity, and give
sharp upper and lower bounds for the extremal parameter Aj. In particular,
we consider the nonlinearities f(u) = e* and f(u) = (1 +u)™ (m > p—1)
and give explicit estimates on A;. As a by-product of our results, we obtain
a lower bound for the principal eigenvalue of the p-Laplacian that improves
obtained results in the recent literature for some range of p and N.

1. INTRODUCTION

Let © be a smooth bounded domain of RY and p > 1. We consider the nonlinear
elliptic problem
~Apu=pla)f(u) T,
u>0 x€q, (L.1)
u=0 x¢€dN

where A, is the p-Laplace operator defined by Ayu := div (|[Vu[P=2Vu), p: @ — R
is a nonnegative bounded measurable function that is not identically zero and f
satisfies
(A1) f: Dy = [0,af) — RT :=[0,00) (0 < ay < 400) is a nondecreasing C*
function with f(u) > 0 for u > 0.
We say that u is a solution of if ue WyP(Q), uel0,ar), p(z)f(u) € L' (),
and

/ |Vu|P~2Vu.Vp = / p(x)f(u)p, forall p € C°(Q),
Q Q

that is, for all C*° functions ¢ with compact support in 2. Note that, since u
is p-superharmonic we have that if v #Z 0 then v > 0 a.e. in Q, by the strong
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maximum principle (see [9, 23, 25, 26]). A solution u € W, () is called a regular
solution of if p(x)f(u) € L>®(Q). By the well-known regularity results for
degenerate elliptic equations, if w is a regular solution of then u € CH*(Q)
for some o € (0,1] (see for instance [9, 22]). Also, we say that u € W, P(Q) is a
supersolution of if u€[0,ar), p(z)f(u) € L'(Q) and —Ayu > p(z) f(u) in the
weak sense. Reversing the inequality one defines the notion of subsolution.

The ball of radius R centered at zy in RY will be denoted by B r(2o). Given a
set Q C RV, we denote by || its N-dimensional Lebesgue measure. The p-torsion
function v of a domain € is the unique solution of the problem

-Apu=1 z€q,
u=0 =z €.
We shall denote s 1= sup,cq ¥(x).
In this paper, first we consider C! positive supersolutions u of (1.1]) in section
2 (by a positive solution we mean a solution which is nonnegative and nontrivial)

and give explicit pointwise lower bounds for v under the condition that f satisfies
(C) and f~Y/=1 ¢ L1(0,a) for all a € (0, ay). In particular, we prove that

F(u(aj)) > p-1 (Pm (dg@))dﬁ(gt))l/(p*l) for all x € Q,

P N

where

t
F(t):/Of(S)?Zp—l)’ 0<t<ay,
po(r) =inf {p(y) : ly — x| <7}, da(z) = dist(z, Q).
As an application, in section 3, we consider the eigenvalue problem
—Apu=Af(u) zeQ,

u=0 x € 9N, (1.2)

where f satisfies (A1l). We define the extremal parameter
Ay = Ay (f,82) :==sup {A>0: (L.2) has at least one positive bounded solution. }.

Under the additional assumption
(A2) f:RT - RTis C!, £(0) > 0 and f(t)'/P~Y) is superlinear at infinity (i.e.,
limy o0 f(t)/tP71 = 00),
Cabré and Sanchén in [9, Theorem 1.4] proved that A; € (0,00) and for every A €
(0, A;) problem admits a minimal regular solution uy. Minimal means that it

is smaller than any other supersolution of the problem. If, in addition, f (t)l/ (»=1) ig
a convex function satisfying fooo f(s)~®=Dds < oo, then admits no solution
for A > A5 (f, ). Moreover, the family {uy} is increasing in A and every uy is semi-
stable in the sense that the second variation of the energy functional associated
with is nonnegative definite [9, Definition 1.1]. Using this property in [9]
the authors established that u* = limA/)\; uy is a solution of with A = )\;
whenever liminf, .o tf'(¢)/f(t) > p — 1; u* is called the extremal solution.

Let A1 = A(p,2) be the first eigenvalue of p-Laplacian subjected to Dirichlet
boundary condition; i.e.,

Jo [Vv|Pda

A\ =  min 22 7 1.3
! otvewlr () Jo lvPdz (13)
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Azorero, Peral and Puel [I7] showed that if f(u) = e* then
=

Cabré and Sanchén [9] extended this result for every nonlinearity f satisfying (A2),
as

)\ max{/\l,)\l(

tP— 1

Ay < max {A1, A iulg 0 }.
In both proofs the authors (by a contradiction argument) used a comparison prin-
ciple for the p-Laplacian operator to construct, for every € > 0 sufficiently small,
an increasing sequence of functions whose limit is in I/VO1 "P(Q) and solves the prob-
lem —A,w = (A + &)wP™!, then used the fact that the first eigenvalue for the
p-Laplacian is isolated to get a contradiction.

Before presenting our estimates on Aj, first we improve (1.4)) as follows (using
the homogeneity property of p-Laplacian and m)

(1.4)

P
A< A\psup ——

P 0 f()
Then we prove the following upper bound, without using the fact that the first
eigenvalue for the p-Laplacian is isolated,

3 < 1 ° ds p-1
P\wz;w—l( A f(s)l/(p—l)) ’

where 1) as defined before is the supremum (maximum) of the p-torsion function
on €. As we shall see, in many cases, this represents a sharper upper bound than
[3).

While there is no explicit formula for the lower bound in the literature for the
critical parameter \;, (p # 2), which is very important in application, we shall prove
the following lower bound for the extremal parameter of problem with general
nonlinearity f satisfying (A1), using the method of sub-super solution,

1 Pt

A} > max —  sup . sup oP = aPB(a)l,
re {wﬁ/f Yoct<ar f(1) oue LIPS }

(1.5)

where

B(a) == sup f'(F~ (o)) £ (F~(onp(2))) 7= [Vap(a) 7,

zEN
o ds
1o = /0 F(s5) /D

In particular, if Q = B the unit ball in RY centered at the origin, then we have

=1 gy E P_yp-1 su o
A, > max {N 1) 0<t<paf G} ( - 1) N0<a<||%7|\oo7( )}a (1.6)
where ) L
va) = ar (1= o E sw FOF@)F (- F)).

As we shall see, the lower bound -, in some dimensions, gives the exact value
of the extremal parameter for the standard nonlinearities f(u) = e* and f(u) =
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(14 w)™ with (m > p —1). Moreover, when p = 2 the above bounds coincide with
those given in [2]. For example for the nonlinearity f(u) = e* our results give

2p—1
p\p—1 pr=t
(E)p N ]Vzglma
Npp_1 > N\ (e". B) > p—1yp—1 NP ppp:1 P2
FREEBIZA R B <N <

2
PN —p) N>

Also we show that our results can be used to estimate the first eigenvalue of p-
Laplacian from below. As it mentioned in [I5], while upper bounds for A;(Q2) can
be obtained by choosing particular test function v in , but lower bounds are
more challenging. For more details on estimates and asymptotic behavior of the
principal eigenvalue and eigenfunction of the p-Laplacian operator, we refer the
reader to [3 [4 [5, [I5]. For example when 2 = B we shall prove the following lower
bound, which is better than those given in [3] 4, [15], for some range of p and N
(see the end of Section 3).

2p—1
()P 'N N < B,
M (B) > exp—1 NP 2::11 2
R O oo SN
(EDr (N -p) N>

Finally in section 4, as an another application, we give a nonexistence result for
positive supersolutions of (1.1]) and apply this result to obtain upper bound for the
pull-in voltage of a simple Micro-Electromechanical-Systems MEMS device.

2. BOUNDS FOR POSITIVE SUPERSOLUTIONS OF PROBLEM (1.1])

In this section we consider positive supersolutions of problem and give
pointwise lower bounds independent of any given supersolution under consideration.
The following simple lemma is useful in making bounds for solutions. The case p = 2
is a variant of Kato’s inequality used in [6] [7], see [0, Lemma 1.7] and [7, Lemma
2].

Lemma 2.1. Let G : (0,a) — RT (a < 00) be an increasing concave C? function
and u a continuously differentiable function on Q with 0 < u(z) < a for x € Q.
Then we have

~A,G(u) > G (u)P~(=Au), = €Q,

in the weak sense.

Proof. For simplicity, we assume that u is a C? function in . By smoothing v and
a standard argument one can prove it for a C'! function u. Using the definition of
Ap, the product rule for the divergence of product of a scalar valued function and
a vector field, G’ > 0 and G” < 0 we simply compute

2,G(u) = div (|YG(w)" VG (w))
= div (G (w) [Vl ~2Vu)
= V(G P - Va2V + & (P div (|Vulr V)
= (p = DG (WG ()"~ Vu - [VulP 2 Vu + G (w) " Ayu
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=(p—1)G"(u)G ()P ?|Vul’ + G’ (u)P " Apu < G'(u)P " Apu
as desired. -

Now let 1), be the unique solution of the equation
—Apu=plx) z €,

u=0 x € 9N, (2.1)

where p(x) is a bounded measurable function. If p = 1 then ¢; = v is the p-torsion
function of 2 as in Section 1. Recall the definition

p(r):= inf p(y) 0<r <do(z) = dist(z,00).
yEB, ()

Theorem 2.2. Let u be a C' positive supersolution of problem where f
satisfies (A1) and f1/®P=1 € L1(0,a) for all 0 < a < ay. Then
F(u(z)) 2 ¢p(z), z€Q, (2.2)

where F(0) = 0 and F(t) = fg%, t € (0,ar), and ¢, defined in (2.1)).

Moreover, we have

1/(p—1) do(z) 7T — |z — y|7T
NUp—1) )

F(u(y) > p%m (do()) ly—a| < da(z). (2:3)

In particular,

-1 d d? 1/(p—1)
F(u(z)) > b » (Px( Q(j\})) Q(x)) for all x € Q1. (2.4)
Proof. First note that by the assumptions on f and definition of F' we have F’(t) =
1 "y —f'(t) ;
FOUTD > 0 and F"(t) = R < 0,0 <t < ay, thus using Lemma [2.1

(with G = F and a = ay) and the fact that u is a supersolution, we can write
1
flu)
Now since we have F(u) = ¢, = 0 on 012, by the maximum principle we obtain

F(u(w)) > ,(x), x € Q that proves (2.2).
To prove (2.3) we need to estimate ¢, from below. Let z € Q. Then for

Y € By (z)(7), from (2.1)), we obtain
= App(y) = p(y) = pa(da(z)). (2:5)

Now consider the auxiliary function

~A F(u) > F'(u)P~H(—=Apu) = (—Apu) > p(z) = —Apth,.

do(z) 71 — |o —y|7T

_(p—!
w(y)—( D ) N1/ (p—1)

which satisfies —Apw = 1 in By, (5)(7) and w = 0 on 9Bgj,(5)(x). Then from (2.5)
we obtain

1/(p—1
~Ayt () = =2 (pa (da(@) V().
hence by the maximum principle ¢, (y) > p, (do(x) il/(p_l)w
(2.3)

(y) n Bdg(m) (.T) that
with the aid of (2.2) proves (2.3). Taking y = z in

gives (2.4). O
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3. APPLICATION TO EIGENVALUE PROBLEMS

3.1. Lower and upper bounds for \;(f,(2). Consider the nonlinear eigenvalue
problem (|1.2)). Before presenting our results based on Theorem first we improve
the upper bound . ) for the extremal parameter A5 (f, ) where f satisfies (A2),
in the following lemma using the homogeneity property of p-Laplacian and .

Lemma 3.1. For the extremal parameter of problem (1.2) where f satisfies (A2),
we have
X< Aysup o
18Up ——<
P 0 (1)
Proof. Assume that for some A > 0, uy is the minimal solution of (1.2)) and take
an arbitrary positive number M € (0,00). Then it is easy to see that the function
w := Muy is a bounded solution of the equation

~Apyw = MP\g(w) z€Q,

(3.1)

w=0 x€0dQ,
where g(u) := f(47). Hence from we must have
Pt
MP7'X < max { Ay, Ay sup —— }. (3.2)
>0 9(t)
However, we have
sup - =MP g tpq
10 9(t) 20 [(0)
thus from we obtain
Al tp—1
/\<maX{Mp 1,/\12u10)f()} (3.3)
Now for M sufficiently large, from , we obtain
Pt
NS
which proves . ([

Theorem 3.2. Let \; be the extremal parameter of problem (1.2) where f satisfies
(A1) and f(0) > 0. Then

* p=l
)\p < / f 1/(13 1 ) ) (34)

1
A’ > max —  sup ., sup o l—aPp 3.5
2 max{ e s e B @) 35

where B(a) == sup,eq f’ (F_l (aw(x)))f(F_l (aw(x))) vt [Vi(z)P.
In particular, if Q = B the unit ball in RY, then we have

)p_l sup v (L)p_lN sup  y(a)}, (3.6)

A, = max {N( AT )

-1 p—1 0<a</||Flle
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where

_ P 2-p
a)=a? 11— —F—  sup "(8)f(s)7=1 (a — F(s))).
@) (1= 5w, 5w, SO0 @ - F)
Proof. From Theorem (and, of course, with p = 1 and f replaced by Af) we
have F(uy(z)) > AV ®=Dy(z), x € Q, thus

N -1) ¢ 1/“(%) s _ L/af ds
Y Jo FOYVE=D = gy fo o ()Y 0717

that proves (3.4)).

We prove by the method of sub-supersolution. We construct a supersolution
of in the form @ = atp where o > 0 is a scalar to be chosen later. We require
that

A+ Af(7) = —a? P+ Af(ay) <0, in Q.

Since f is nondecreasing this is satisfied if A < 70(0;”71;;) and making the optimal
choice of o we obtain the sufficient condition that

1
A<

—  sup .
(U ! o<t<a; f(t)

On the other hand, u = 0 is an allowable subsolution (note that we have f(0) > 0),
now [9, Proposition 2.1] implies that problem (L.2)) has a positive bounded solution,

hence
1 =1

T 02ven, F(8)
Now we show that for o € (0, %) the function @(z) = F~'(at(x)) is a superso-
lution of for A = aP~! — aPB(a). To do this we simply compute A,i(x),
using the facts that if we take y(t) := F~!(at) then % = af(y)/®=1 and
¥ =25 () F(y) 7. We have

N> (3.7)

dt?

Apii(a) = (£ (@) (@) V(@) — ™) £()
< (o sup f(@)f (@) [V (@) ") (@)

TEQ
= (o7~ a?8(0) £(a).

In other words, A,t(x) + (o?~! — a?B()) f(@) < 0, and since we have 4(x) =
0, x € 99, this shows that u is a supersolution of for A = a?~! — a?B(a).
Using again the fact that w = 0 is an allowable subsolution and [, Proposition
2.1], we infer that problem with A = a?~! — a?B(a) has a positive bounded
solution, hence

Ay > ol — aPB(a).

Taking the supremum over « € (0, %) and combining it with (3.7]), we obtain

B3).

If Q@ = B the unit ball of RY, then we have the explicit formula ¥(x) =
(B2 b=y (1= [ 7°7), hence ¢y = ESLNTY@=D) and |Vi(z)|P = N1 [z] 7T,
Taking s = F~!(at(x)) and make the change o — %a in (3.5) we arrive at

(3.6)- 0
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Now we compare (3.1) with the upper bound for A} in Theorem 3.2} First note
that from (3.1]) and (3.5 we obtain
1
Ui

Also, since f is nondecreasing we have

<A (3.8)

af ds p—1 tpil
F{Z;l:(/ FTET) 2,5, oy e
1l o f(s)/®=D 0<t<paf f(t) hr

Thus generally (3-4) is better than (3.1) if | F||2" < Aoy ,¢h, ' However, in high
dimension ([3.4) is much better than (3.1)), as one can show by the known results
that A1y}, — oo when N — oo. For example, from [15] 21] if Q is a ball Bg
of radius R then A\ (Bg) > (p—AI[%)p, and since ¢y (Bg) = R7-1 (p;I)N%, then we
have

_ p—1)p~1
Allﬁﬂl?(p%)le I' 500 as N — oco.
Another way to illustrate the sharpness of our results, we consider the quasilinear
elliptic problem
—Apu=Af(u?) z e,
u=0 xz €0,

where f : Rt — RT satisfies (A1) and f(0) > 0. The next theorem shows that
and become sharp when ¢ — co. We omit the proof as it follows along
the same lines as that in the proof of the similar result for the case p = 2 in recent
joint work of the authors with Ghoussoub [2].

(3.9)

Theorem 3.3. The extremal parameter \;, = Ay(f, €, q) of problem (3.9) satisfies
1
N (O
In particular, when f(0) =1 and  is the unit ball B then

o P \p—1
Jim A= ()N

Example 3.4. Consider problem (1.2) with f(u) = e" and Q@ = B. Here, we have
_ p—1
SUP( < ¢ < 00 % = @D and |Flleo = p — 1, thus from (3.4) we obtain

*

ep—1
* —1
AL < NpP L,

2—p

Moreover, it is easy to see that the function f'(t)f(t)»=1 (a — F(t)) is decreasing,

hence takes its maximum value at ¢t = 0. Thus, y(a) = o?~1 — (pf’l)Nap. Now
from ([3.6) we obtain
2p—11
-1 p—
EpiN N< D
/\*(e“,B) > p—l\p—1 NP pr-1 p? (310)
? ( p )P p elp—1) 2<N =

PPN —p) N>

p—1
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Remark 3.5. Garcia-Azorero, Peral and Puel |16, [I7] considered problem 1.2)) for
f(u) = €* in a general bounded domain 2 and proved that if N <p + o3 then
the extremal solution u* is bounded. Also, if N > p + 7 and Q=B they bhOWGd
that

u*(z) = —plnfz| and X =p’ (N —p),
Hence the extremal solution is unbounded in this range, implies that A} > pPH(N—

p) in every dimension N. So from (3.10) we see that our formula gives the exact
value of A\; as a lower bound (without knowing the exact formula of u*) when

N > p?/(p — 1), and also gives a better lower bound when N < p + %

Example 3.6. Consider problem (1.2)) with f(u) = (1 + u)m7 m > p— 1 and
Q = B. Then from (3.4) we obtain

X < (%)”’W(/O (1+5)71)" = (#H?)HN

Also, we have Supg ;< tfp(—_t)l =(p- l)p_l(m +1- p)mﬂ_pm‘m and ||F||oc =

m{’ﬁip. Moreover, it is easy to see that the function f’(t)f(t)% (o — F(t)) is

decreasing, hence takes the maximum at ¢t = 0. So y(a) = a?~! — (pr)Nap. Now
from we obtain
Nm~mpP~Y(m + 1 — p)ym+i-p
30 < oL ey
(Z P ()P
M(A+w)™B) =4 " T ” s , (3.11)
i e () T <N < ety
(erp17 )p 1 m(N—P)—iV(P—l)
P m+1-p
itN >

(p—1)(m+1-p)"

Remark 3.7. By introducing the exact formula of u*, i.e., the radial function
u*(z) = |&| 77T — 1 corresponding to A = (m+pl—p)p71 m(N:np_s)_Iivzfpfl), Ferrero
[14] (see also [9]), proved that if N > pdp/(p — 1) and m > my (see [I4, O] for

definition of my) then A\j = A. Hence from (3.11)) we see that our formula as a lower

bound gives the exact value of A} when m < N, and better bounds for

all other cases.

Example 3.8. Considered problem (1.2) with f(u) = (1—u) "™ and Q = B. Then
from ([3.4) we obtain

R L) e e

m+p—1

Also, we have

sup E =(- 1)p_1(m +p— 1)1_m_pmm
o<t<1 f(t)
and || Flleo = mﬂ) 7. Moreover, it is easy to see that the function f'(t )f(t)% (=

pm

p
o e

F(t)) is decreasing, hence takes the maximum at ¢ = 0. So y(a) = a? 1 — {
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Now from (3.6) we obtain

Nmmppfl(m + p— 1)17m7p
1

2p—

if N < 2 () T
. o ()P ()P
)\P((l *u) 7B) > . p2pp:11 m m4p—1 mp?
it Grmt) 7T <N S gtme

(—2 )p—l m(N—p)—N(p—1)
m+p—1 m—+p—1

if N >

2

mp
(p—1)(m+p—1)°

To obtain more explicit formulas for Aj, here we give explicit upper and lower
bounds for vy;. Let

rq = sup dg(x), (3.12)
zeQ

be the Chebyshev radius of @ C RY. Also, let d := % diam(Q). Find zo € Q
and x; € RY such that B,,(zo) € Q C By(x1). Then by comparing the p-torsion
function ¢ of  with the p-torsions of B, (z¢) and By(z1), i.e., functions

D=1 1), BT b p—1
(T)N A 1)(7"5 b — |z — x| 7T), (T

respectively, we obtain
P N-1e0-0,77 ¢y < BNV (7(11&1;(9))’?1. (3.13)
p p

Also, the following lower bound for ¢, from [12] is better than that in (3.13)
whenever rq is small with respect to the volume || of Q. Let 7,(Q2) be the p-
torsional rigidity

)NV (75T — Ja — ao|7°T),

mmw=4wmm,

then from [I2, Theorem 5.1] we have

p—1, 1%
Q) > —. 14
B > (35 =1) gy (3.14)

where P(2) is the perimeter of 2. Now using 7,(92) < ¥|€], then from (3.14]) we

obtain
p—1 /19 \i=x
> —_— .
VM Z o (P(Q))

Hence from Theorem we obtain the following explicit bounds for A}.

Corollary 3.9. Let A be the extremal parameter of problem (1.2)) where f satisfies
(Al). Then

P \po1 2°N e /af ds  \»-1
5 <N K e
(p ) diam(Q)? o1an, F(E) Ap < 91"’( ; f(s)l/(p—l)) ’

where

p—1 NV
P
TQ

ep,Q = mln{(L) (2;7_—11)1)—1(17&5')))?}.

p—1
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3.2. Lower bound for the first eigenvalue of the p-Laplacian. Here we show
that how our results can be applied to estimate the first eigenvalue of p-Laplacian
from below. First we recall some results from the literature. Let h({2) be the
Cheeger constant of €, i.e.,
. .loD|
h(Q) := 1r5f D
with D varying over all smooth domain of 2 whose boundary dD does not touch
0 and with |0D| and |D| denoting (n —1)- and n-dimensional measure of 9D and
D, see [15]. The following lower bound from [21] is the extension of the same result
for p = 2 proved by Cheeger, see [10].
h(€)

M(Q) 2 (T)p, p € (1,00). (3.15)

If 2 is a ball we know that h(Q) = %, (see [15]) hence from (3:15) we have
N
A (Bg) > (—R)”, p e (1,00). (3.16)

p
The lower bound (3.16) becomes sharp when p — 1, as it is shown by Friedman
and Kawhol [I5] that A;(92) converges to the Cheeger constant h(£2) when p \ 1.
However, it is not sharp when p — oo, as from [20] we know that

1 1
lm A7 (Q) = —

p—o0 rq’

1
where 7 is defined in (3.12)). Hence, lim,_.o A} (Bg) = %, while the p-th root of
the right hand side of (3.16]) appraoches zero when p — co.

Here, we give some lower bounds for \; using our results. First note that from

(3.8) and (3.13)) we have

1 P \p-1 2 P
A (Q) = > - N. 1
In particular, in the special case when € is the ball Bg then
1 p \p-1 N
Br)z — =(—— —, 1
M(Br) > e G w (3.18)

which is recently obtained by Benedikt and Drébek [3].

2p—1
The lower bound (3.18)) is better than (3.16]) when N < ppp%ll, and also becomes
sharp in both critical cases p \, 1 and p — 0o. Also, the following lower bound for
A1, which is a consequence of Example and (3.1]), gives better bound on Ay (B),
for more values of p and N.

2p—1
GEYIN N<EE

AM(B) =2 (gyp-102 it N <2 (3.19)
P P e(p—1) ) = op-1
(L (N —p) N> 2

Benedikt and Drabek [4] also presented upper and lower bounds for A;(2) on a
bounded domain Q C RY. In particular, when € = B they proved that

A\ (B) > Np. (3.20)
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Comparing (3.19) and (3.20]), one can easily check that when 1 < p < 2 the lower
bound (3.19) is better than (3.20]) in every dimension N. Also, when p > 2 the

p+1
prt
o .

same is true when N >

4. NONEXISTENCE RESULTS

Here we show that how one can apply Theorem to prove nonexistence of
positive solutions of differential inequalities involving p-Laplacian. Consider the

differential inequality
~Apu s M(@)f(w) @ e,
U

>0 z€Q, (4.1)
uwe WyP(Q).

Theorem 4.1. Let [ satisfy (Al), and p : Q@ — R be a nonnegative bounded
measurable function that is not identically zero. Then

(i) Inequality (&.1)) has no positive C1 solution if

P_yr-t N|F|E

p=17 sup,eq {p=(da())dy(z)}

(ii) If p(z) = |z|*, a > 0 and Q = Bg, then the same is true if

A>(

atp
p—1
Proof. (i) If (4.1) has a positive solution w, then from (2.4) in Theorem (by
replacing f with Af) we obtain

u(®) ds p—1 —1,p-
N[ ) A ), s,

and taking supremum on both sides over 2 we arrive at a contradiction with (4.2)).
(ii) Now, let p(x) = |2|* and Q@ = Bg. In this case we can use (2.2)) directly.
Indeed, it is easy to see that the function

p—1
A >( ||FHO<,> (o + N)R~(@+p),

atp atp . p—1 —1/(p—1)
Yp(x) = C(Rv=1 — |z|7-1), with C:= (m)(a—l— N) p=n.

is the solution of (2.1]) with p(x) = |z|%, hence from (2.2)) we must have
F(u(z)) = A=V (2), = € Bg.
Taking the supremum over Br we obtain the desired result. O
As an application of this result, for & > 0 consider the eigenvalue problem
[
(1 —u)?
u=0 =z € 0Bg,

—Au= A\ x € Bp,

which in two dimension models a simple Micro-Electromechanical-Systems MEMS
device, see [11},[13] [18,[19]. Let A* (called pull-in voltage) be the extremal parameter
of the above eigenvalue problem, then from Theorem we have

A<
3
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This upper bound improves the ones obtained in [2, [I8] [19]. It could be interesting
to compare this bound to the lower bound for A* given in [13], then we have
X{4(a—|—2)(a +N) (a+2)BN+a—4) }R_(o‘+2)
27 ’ 9
(a+2)(a+ N)
3
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