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ISOPERIMETRIC INEQUALITY FOR AN INTERIOR FREE
BOUNDARY PROBLEM WITH P-LAPLACIAN OPERATOR

IDRISSA LY, DIARAF SECK

ABSTRACT. By considering the p-Laplacian operator, we establish an existence
and regularity result for a shape optimization problem. From a monotony
result, we show the existence of a solution to the interior problem with a free
surface for a family of Bernoulli constants. We also give an optimal estimation
for the upper bound of the Bernoulli constant.

1. INTRODUCTION

Let us study the following interior Bernoulli problem: Given K, a C2Z-regular
and bounded domain in RY, and a constant ¢ > 0, find a domain Q and a function
ug such that

—Apug =0 in K\Q, 1 <p<oo

uo =1 on 9N

ug =0 on dK (1.1)
8UQ
W =Cc o0on 39 .

Here A, denotes the p-Laplace operator, i.e. Ayu := div(||Vul[P72Vu) and v is the
interior unit normal of 2. In this paper we give an optimal estimation for the upper
bound of the Bernoulli constant c. This problem arises in various nonlinear flow
laws, and other physical situations, e.g. electrochemical machining and potential
flow in fluid mechanics. In the linear case a classical approach for such a problem
consists in considering a variational formulation [IJ.

Inspired by the pioneering work of Beurling, where the notion of sub and super-
solutions in geometrical case is used, Henrot and Shahgohlian studied this problem
in [6]. They proved that when K C RY is a bounded and convex domain:

e There exists a classical convex solution to (1.1) if only if ¢ > ck.
e The constant cx is underestimated by i, where Rg = sup{R > 0 :
B(o,R) C K}.
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e For N = 2 and p = 2, the minimal value cg, depending on K and p for
which problem ([1.1)) has a solution is estimated from above by

6.252

< 202 1.2
K< T (1.2)

But this inequality is not optimal, since K is a disk of radius R.

In [Bl p. 202], by considering the Laplacian, Flucher and Rumpf set the following
problem:

Let K be a connected domain and K* a ball such that vol(K) =
vol(K™*). Let ck( respectively ck~) be the minimal value of ¢ for
which the interior Bernoulli problem admits a solution. Does
ck satisfy the isoperimetric inequality cx > cx+7

In [3], Cardaliaguet and Tahraoui gave an estimate from above for the Bernoulli
constant, by using the harmonic radius. But they didn’t give an answer to the
question posed by Flucher and Rumpf.

Now, by combining a variational approach and a sequential method, we establish
an existence result for non-necessary convex domains. Then we show that ck sat-
isfies the isoperimetric inequality in the sense that max{ck : vol(K) = vol(K*)} >
cx~. This comparison answers the question posed by Flucher and Rumpf.

The structure of this paper is as follows: In the first part, we present the main
result. In the second section, we give auxiliary results. The third part deals with the
study of the shape optimization problem and the existence of Lagrange multiplier
Aq. Namely, we study at first the existence result for the shape optimization
problem: Find

min{J(w),w € O.},

where
O, ={w C K : w is an open set satisfying the e-cone property and vol(w) = mq}
where vol denotes the volume, myg is a fixed value in R* . The functional J is

1
J(w) = 7/ [V ||Pd,
P Jrk\w

where u,, is a solution to the Dirichlet problem

—Apuy, =0 in K\w, 1 <p<oo
Uy =1 on Ow (1.3)
Uy =0 on OK.

Next, we obtain an optimality condition:

ou D 1
— = (——=A)"/? on 0Q.
ov ( p—1 o) on
Then we conclude this section with a monotony result. The last part is devoted to
the proof of the main result.
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2. MAIN RESULT

Let K be a C2-regular, star-shaped and bounded domain and K* a ball of radius
R centered at the origin such that vol(K) = vol(K™*). Let

e/Rk ifp=N
a(Rk,p,N) := |20
|22 V=p —(
where Ry = sup{R > 0: B(o,R) C K}. Let
& :={ck : vol(K) = vol(K™)},

where ¢k is the minimal value for which the interior Bernoulli problem (1.1]) admits
a solution.

—N
D
1

s

Pfl}ﬁ ifp#N.

|
—1 —,
=) NP

Theorem 2.1. If the solution Q) of the shape optimization problem min{J(w),w €
O} is C?-regular, then for all constant ¢ > 0 satisfying ¢ > a(Rx,p, N), Q is the
classical solution of the free-boundary problem . Moreover:

(i) The constant ci satisfies 0 < cx < a(Rg,p, N).
(ii) Replacing K by K*, the constant cx~ which is the minimal value for which

admits a solution, satisfies
¢+ = a(Ry,p, N),
0 <ck+ <a(Rg,p,N).
We have also a(Rg,p, N) = max €.

To prove this theorem we need some auxiliary results.

3. AUXILIARY RESULTS

For the rest of this article, we consider a fixed, closed domain D which contains
all the open subsets used.

Let ¢ be an unitary vector of RV, e be a real number strictly positive and y be
in RY. We call a cone with vertex y, of direction ¢ and angle to the vertex and
height €, the set defined by

Cy.¢e;e) = {z € RY : o —y| < e and |(z — y)¢| = [o — y|cose}.
Let © be an open set of R™Y, 2 is said to have the e-cone property if for all z € 9Q
then there exists a direction ¢ and a strictly positive real number e such that
C(y,(,e,€) C Q. for all y € B(z,e) N Q.
Let K7 and K5 be two compact subsets of D. Let
d(x, K1) = inf d d(z,Ks3) = inf d .
(1’7 1) ylEnKz (.’E, y) ’ (l’, 2) ylenKl (iC, y)

Note that
p(K1,K5) = sup d(z, K1), p(Ka, K1) = sup d(z, K3).
r€K> re Ky
Let
dH(Klv KQ) = max[p(Kl, KQ)» p(K27 Kl)]7
we call Hausdorff distance of K; and Ko, the following positive number, denoted
dy (K1, Ks).
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Let (2,,) be a sequence of open subsets of D and 2 be an open subset of D. We
say that the sequence (€2,,) converges on  in the Hausdorfl sense and we denote
by Q2 Q if limy, oo dgr (D\Qy, D\Q) = 0.

Let (2,) be a sequence of open sets of R and  be an open set of RY. We
say that the sequence (£2,) converges on €2 in the sense of LP, 1 < p < o0 if xq,,
converges on g in LfOC(RN ), xq being the characteristic functions of 2.

Let (2,,) be a sequence of open subsets of D and 2 be an open subset of D. We
say that the sequence (£2,,) converges on € in the compact sense if

(1) Every compact G subset of §, is included in (2, for n large enough.
(2) Every compact @ subset of ¢, is included in S for n large enough.

Lemma 3.1. Let (fn)nen be a sequence of functions of LP(Q), 1 < p < oo and
f e LP(Q). We suppose f,, converges on f a.e. and lim, .o ||fullp = || fllp. Then
we have lim, .o || fn — fll, = 0.

For the proof of the above lemma see for example [7].

Lemma 3.2 (Brezis-Lieb). Let (fn)nen be a bounded sequence of functions of
LP(Q), 1 < p < co. We suppose that f, converges on f a.e., then f € LP(Q)

and ”f”p = limy, oo (|| fr — pr + ”anp)

For the proof of the above lemma, see for example [7].

Lemma 3.3. Let (Q)nen be a sequence of open sets in RN having the e-cone
property, with Q,, C F C D, F a compact set and D a ball, then, there exists an
open set §), included in F, which satisfies the §-cone property and a subsequence
(Qn,. )ken such that
Lt H
X, = X2 Sy = Q
o0, L oa, Q. 2

The above lemma is a well known result in functional analysis related to shape
optimization. But let us present the proof again.

Proof. Tt is known that the Hausdorff topology is compact, then there exists a
subsequence (€, )ren, 2 and an open set  such that €, H Q, xa,, —f with
o(L>*,L'),0< f <1and xq < f a.e. To obtain yo = f a.e., we have only to show

that f is identically equal to zero on D\Q. Let us take x € 9 since D\Q,,, R D\Q
and denoting again nj, by n, there exists z,, € D\, such that x,, converges on z.

Let &, € 0Q, such that ||z, — &,| = d(x,,dQ,), we claim that I, converges
on z if not there exists n; and n > 0 such that d(z,,,0Q,,) > n. This implies
that B(z,,,n) C D\Q,, and by the continuity of the inclusion for the Hausdorff
convergence, we have B(z,n) C D\Q. This is impossible, because 2 € 9. Since
by assumption €, satisfies the e-cone property we have C(&,,((#,),€,€) C D\S,.
There also exists a subsequence of (&, ) which converges on ¢ = ((z). By passing
to the limit, we have C(z,{(x),€,€) C D\, and then C(z,((z), 5, §) C D\Q. Let
us take y € B(z,€) N D\, then there exists y, € D\, such that y,, converges on
y and we have ||y, — || converges on |y — z|| < € and ||z, — 25| converges on 0.
Then, for n big enough, we have |y, — Z,|| <e.

The e-cone property implies that C(yy,, (), €, €) C D\Q, and by the continuity

of the inclusion for the Hausdorff convergence, we obtain C(y, ((x), €, €) C D\ then
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C(y,¢(x), 5, 5) € D\Q. This means that the $— cone property is satisfied by D\Q
and then by Q too. Let us take ¢ € L'(D), then,

/ ¢dxr = lim odx
C(y,((z),e.€) nmee C(yn,C(En),€€)

= lim XD\Q,, ¢dz
e C(yn,¢(%n),€,€)

-/ o(xp — fdz
C(ya4($)7676)

:/ d)dxf/ ofdx.
C(y,((2),¢656) C(y,¢(x),€€)

We obtain that fC(y,C(:E),e,e) ¢fdr = 0, for all ¢ € LY(D) and then f = 0 on
C(y,C(x),¢€,€) ae.

By varying y € B(z,e) N D\ and next z € JQ, we obtain f = 0 on the set
{z € D\Q;d(z,00) < €}.

By the same reasoning for y € D\ such that d(y, 9§2) > ¢, we show that f =0
on {y € D\Q;d(y,02) > e}. We also have just showed that xq, converges on xo
a.e. and in L'(D) sense.

Now we show that €,,, = Q: for a subsequence €, such that Q,,, 2 G and it
is sufficient to show that G = Q. Let B(z,n) C Q then B(x,n) C Q,, for n large
enough, then, B(z,n) C ,,. By the continuity of the inclusion for the Hausdorff
convergence, we have B(x,n) C G for any ball in Q. This imply that  C G then
QCG. Let F=D\Q and x € GNF, we have to show that z € Q. We remark
that, there exists a subsequence (,, )ren C Qni such that mz,, converges on x
and yn, € D\Q,, such that y,, converges on z. The sequence &,, belongs to
[Ty, Yn,] N 0Ny, , then we have &,, which converges on z.

It is interesting to remark that

C(nsC(Eny)s €6,6) T oy Dy C Qs
C(&ny, =C(Eny), €,6) C D\, D\ Oy, C D\ Q.
We can assume that ((&,,) converges on ((z) then
C(z,((z),e,6) CG
C(z,—((z),¢,€) C D\Q.
Let n > 0 and set
Cni(n) = {2 € Cliny, ((Eny), € €),d(2,0C (Eny, ((Eny), €, €) = n}-

We remark that p(Chy, (1), Fn,) > 1, and by passing to the limit p(C(n), F) > n,
then C(n) C Q. This implies that C(z,((x),€,€) C Q, then GNF C Q and
GNF C 0. It is easy to see that by an absurdity reasoning, we have G\Q = ),
and then G C Q. (]

4. SHAPE OPTIMIZATION AND MONOTONY RESULTS

Theorem 4.1. The problem “Find Q € O, such that J(Q) = min{J(w),w € O.}”
admits a solution.



6 I. LY, D. SECK EJDE-2004/109

Proof. Consider the function @ defined by

ol if v € K\Q
)1 ifzeQ

Vil — Vu 1fa:€{(\Q
0 ifxe)

Let E be a functional defined on W, (K) by
1
i) = 7/ Vit |Pdz, 1<p < oo
PJk

where i, is the extension by 1 in Q of u,, solution of the problem
—Apuy, =0 inw\K
Uy =1 on Jw
Uy =0 on K
Let J(w) := E(iy). Then J(w) > 0 this implies that inf{J(w),w € O} > —oc.
Let o = inf{J(w),w € Oc}. Then, there exists a minimizing sequence (2, )nen C
O, such that J(€Q,) converges on .

~ Since the sequence (€2,),cn is bounded, there exists a compact set F' such that
Q, C F C K. By lemma (3.3)), there is a subsequence (£, )xen, and 2 verifying

the e-cone property such that €, A 0 and XQ,, —Xo a.e. Let us set ug, = up

and show that the sequence (i, )nen is bounded in WP (K). If not, for all s there

exists a subsequence denoted @f, € W, *(K) such that S IV, ||Pdz > s and
IVaslrde+ [ |V o,

[vazras= [
K K\Q, Qn

/ Vs Pz = / Vs .
K K\Q,

That is, J(€2,) converges on +oo. Then, inf{J(w),w € O} = 400 is a contradic-
tion. Since WHP(K) is a reflexive space, there exists a subsequence (uy,, )ren and
u* such that u,, converges weakly on u* in WP(K) and

/ (IVu*||Pdx < liminf/ IV, ||Pdz.
K\Q K\O

nk
From the above we get J(Q) < J(Q,,) and J(Q) < inf{J(w),w € O.}. Finally, we
have J(2) = min{J(w),w € O.}. O

Remark 4.2. On the one hand, it is easy to verify that u* equals ug and satisfies
—Ayu* =0 in K\Q
u* =1 on 99
u* = O0on OK

On the other hand, we have a regularity of ug solution to the problem (|1.3)); see
4, 9, 18].
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For the rest of this article, we assume that Q is C?-regular in order to use the
shape derivatives. This hypothesis is possible because if we work with a class of
domains which are C3-regular and verifying the geometric normal property, we can
show that € solution to the shape optimization problem is C?-regular.

Theorem 4.3. Let L be a compact set of RYV. Let (fn)(newy be a sequence of
functions, f, € C3(L) with
Ofn

52| <M |

Pf | 5,
0x;0x; ’ - |8xi8xj8xk
where M is a positive constant independent of n. We define a sequence () (neny,
by Q, = {x € L: f,(x) > 0}. We assume that there exists a > 0 such that
|fr(@)] + |V fu(z)] > a for all x belonging to L. We assume in addition that
O, has the geometric normal property. Then there exists, Q a C*-reqular domain
and a subsequence of () (nen) denoted (0, ) (ke such that Q,, converges in the
compact sense on Q and J(2) = min{J(w) : w € O.}.

| < M,

)

We remark that€2,, and €2 as above belong to O.. For this theorem, we need the
following lemma. Then the proof of Theorem can be found in [13].

Lemma 4.4. Let (fy)men) be a sequence functions defined as in theorem , One
supposes that  is an open set defined by

Q={zeL:h(x)>0} with 0Q={zxeL:h(x)=0}

where h is a continuous function defined on L which is a compact set of RN . If f,
converges uniformly on h, then we have €, converges in the compact sense to ).

Proof. Let K1 be a compact set included in €, and let a = infx, h, we have o > 0.
There exists ng belonging to N, such that for all n > ng we get | f, — h|pe (k) < .
Then for all z belonging to K7 we have f,(x) > h(z) —a > 0 for n > ng. This
implies that K is contained in €Q,,.

Let Lo be a compact subset of ¢ by hypothesis we have Q = QUIQ = {z € L
h(z) > 0} then 8 := maxy, h < 0. Therefore, there exists n; belonging to N such
that for all n > ny implies that [f,, — h|p~(r,) < —B. One has f,(z) < h(z) - 3
for all « belonging to Ly. This implies that f,,(z) <0 and then Lg is contained in
Q¢ because {x € L: h(z) < 0} C QF. O

The next theorem gives necessary conditions of optimality.

Theorem 4.5. If Q is the solution of the shape optimization problem min{J(w) :
w € O}, then there exists a Lagrange multiplier Aq > 0 such that 3% = (p’%l)\g)l/p
on 0f).

Proof. The main technique used to prove this result is the shape derivatives as used

in [I6, [I5]. For the computations, we refer to [10, page 42-52], O
Remark 4.6. A consequence of the Theorems (4.1)) and (4.5) is that (Q,uq) sat-
isfies

—Apug =0 in K\Q,1<p<oo
uo =1 on 9N
un =0 on 0K
3UQ_( P

1/p
—_—=(— Q.
ey p_l/\g) on O
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To conclude this section, we state a monotony result, in the following sense.

Theorem 4.7. Suppose that K is star-shaped with respect to the origin. Let 1 and
Qs be two different solutions to the shape optimization problem min{J(w),w € O.},
star-shaped with respect to the origin such that Q1 C Qg and 0Q1 NINy # O, then
A, = Aq,-

Proof. For any i € {1,2}, if ; is the solution of the shape optimization problem
min{J(w),w € O}, we have u; which satisfies that

—Apui =0 IDK\Q“ l<p<oo
u; =1 on 99
u; =0 on 0K.

On the one hand, consider the problem
—A,z=0 inK\Qs, 1<p<oo
z=wu; on 0y (4.1)
z=0 on0K.
It is easy to see that z = u; is a solution to problem (4.1)). We have 0 < uy < 1,

0<wup <1,and ug > u; on O(K\€s). By the comparison principle [17], we obtain
ug > up in K\Qo. Let g € 9Q; NNy, then

us(xg — vh) — ua(zg) S up(xg — vh) — uy(zg)
h - h '

Passing to the limit,

. ug(xo — vh) — uz(xo)
}LEI%) h flL—>0 h

this implies

hence, 92 (o) < G4 (o).

On the other hand u; and us are solutions to the shape optimisation problem |,
then there exists Aq, and Aq, such that

% = (]%AQl)l/p on 591 ,
ou
52 = (pf Xa,)'/7 on 00,

Then %(xo) > %(mo) is equivalent to

(LAQ ) > (L)\Q

)1/p
p—1"" p—1"7

and therefore g, > Aq,- O
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5. PROOF OF THE MAIN RESULT

We use the preceding theorems to prove the main result.

Proof of Theorem[2.1. Let Rx = sup{R > 0: B(o,R) C K}. Let r > 0 such that
B(o,r) C B(o, Rg). First, we have to look for a solution ug to the problem

—Apu =0 in B, \B,r
u=0 on0Bg, (5.1)
u=1 ondB,.

The solution ug is explicitly determined by

In ||z]|-In R . _
lnrflnRKK 1fp =N

— p=N PN

W@ =\ e ar 2

p—N p—N
R§71 —r p—1

and
1 e
r(In Rx—Inr) lfp =N
IVuo(@)l = q 2= oy 5=
Le——=~ ifp#N.

|rP—1T —RP-1]

In particular ||Vug| > ¢ on 0B, for r small enough.
Now consider the following problem

~Ayu=0 in K\B,
u=1 on dB, (5.3)
u=0 on JK.

The problem (5.3) admits a solution denoted by w,. This solution is obtained by
minimizing the functional J defined on the Sobolev space

V' ={ve WH(K\B,),v = lon 0B, andv =0 on 0K}
and J(v) = 2 Jie\s, IVV[[Pda.

TP
Consider the problem
—Apu=0 in Bg,\B,
v=1 on 0B, (5.4)

v=1u, ondBpg,.

It is easy to see that v = w, is a solution to problem (5.4). By the comparison
principle [I7], we obtain 0 < uy < 1 and 0 < u, < 1. On 9(Bg, \B;), we obtain
up > ug and then, u, > ug in Br, \B,. Finally, we have [|Vu,| < |[Vug|ondB,.

Case where p = N.

1
Vuollom, = m =g(r), Vre€]o,Rkl.

B[ and a strictly

increasing function on ]RTK,RK[. Then for all r €]0, Rx|, [|Vuolom, > g(RTK) =

Ry *

It is easy to see that g(r) is a strictly decreasing function on 0,
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(1) For ¢ = ¢/Rg, let 6 > 0 be a fixed and sufficiently small number. To initialize
we choose 7o €]0, Z[U] £ Ry [ such that |||Vu()||‘33rU —¢| > 4. To fix ideas let
us consider rq €]0, RTK[ The process will be identical if 7 E]RTK, Rkl

By varying r in the increasing sense, we will achieve a step denoted n such that

rn €]0, RTK[and |||Vu0|||83m - c| < 0.
Consider O,, the class of admissible domains defined as follows
O, ={weO,B,, Cw,dB, Now+#0, and vol(w) =V},
where V{) denotes a fixed positive constant. We look for Q2 € O,, such that
—Ay,u=0 in K\Q

u=1 on Jf)
u=0 ondK (5.5)
% =cq on I

where cq = (ﬁ)\g)l/ P, Applying the theorem 1) the shape optimization prob-

lem min{J(w),w € O,} admits a solution and by theorem (4.5), Q satisfies the
(-5

overdetermined boundary condition g—;‘ = cq. Then problem ([5.5) admits a solu-

tion .
Since Q € O,,, we have B, C Q, B,, N 0N # () and w,., satisfies

—Apu,, =0 in K\B,,
u., =1 ondB,, (5.6)
u,, =0 on JK.
Let us consider the problem
—A,z=0 in K\Q
z=u,, ondf (5.7)
z=0 on0K.
It is easy to see that z = wu,, is a solution to the problem (5.7), and we get

0<wu, <land 0 <u <1. On 9(K\Q), we have u,, < u. Since 2N IB,, # 0,
let zy € 02N OB,.,, we have

lim Uy, (xg — Vh) — ., (x0) < lim u(xg — vh) — u(xo)7

h—0 h h—0 h

This is equivalent to

ou,. ou
T > 7 — co.
ov (o) 2 ov (o) = ca

Let Q = Qg as the first iteration. We iterate by looking for Q; € OL such that
—Ayup =0 in K\Qy
u; =1 on 9
u; =0 on 0K (5.8)
ouy

— =cqo, on Q.

ov
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where cq, = (p%l)\gl)l/p, and

O} = {w,w € 0,9 C w,andow N IB,, # Bvol(w) = Vi },whereV;

is a strictly positive constant and Vy < Vi. By the same reasoning as above, we

conclude that
Ouy,

ov (1) 2
where z; € 00 N 0B,,,. We can continue the process until a step denoted by k
which we will determine and we have

%(xk) > %qj/k (xg) =cq, and =z € 0N NIB, .

(’)ul
T(‘Tl) = €y

Finally, we have constructed an increasing sequence of domain solutions: Qo C
Q1 C Qg+ C Q. By the monotony result, we have cq, > cq, > cq, -+ > cq,-

Since ||Vu,, || < [|[Vug|| on 0B, k is chosen as follows: At each point s € 9B, ,
we have

ou

0
e, < 5(50) < coy -
Then we obtain the inequality
e Oug e e
—— < —(s9)— =— <c -
R — Ov ( 0) R — Q-1 Ry

The sequence (cq;)o<j<k) is decreasing and strictly positive, then it converges on

[. Passing to the limit in || we obtain that [ = - and there exists 2 solution

to problem (I.1). The sequence (£2;)<;<k) gives a good approximation to Q. The
uniqueness of the solution 2 is given by the monotony result.

(2) For ¢ > - and r €0, B [U]£% Ry[. We have the same reasoning and we

show that the problem (1.1)) admits a solution.

CQy, (59)

Case where p # N. Here the reasoning is identical to the case p = N. We note
that

p—N 1 1
IVuolljom,, = | il | =~ =9(1)
“T (gt
and ¢ is strictly increasing on ](%)%RK,RK[ and a strictly decreasing on
10, (£=2) %7 Rc[. For all
p—N 1 1 p—1_ »-1
CZ| | N1 . p—L 729(( )prRK)’
P13 ™ — (2R R~ TN T

problem admits a solution.

Let us now prove the assertions (i) and (ii) of theorem (2.1). It is easy to have,
0 <cx <a(Rg,p,N). If K is a ball of radius R, an explicit computation gives
¢k = a(R,p,N) and for all 0 < ¢ < cx problem has no solution.

To prove the assertion (ii), let K* be a ball of radius R; and K C RY be star-
shaped with respect to the origin such that vol(K) = vol(K*). We remark that
Ry < Ry and this implies

a(R17p7 N) < Oé(RK,p,N),CK* = a(Rlvpa N)

The sequence (a(Rg,p,N))k is reduced by cx+ and decreasing in the follow-
ing sense: For all K, K’ : vol(K) = vol(K*) = vol(K’') if Rk < Rk then
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a(Rk/,p,N) < a(Rg,p, N) this implies that the sequence a(Rg,p, N) converges
on Cg~. g

Commentary. If there is no K; different from the ball K* such that vol(K™*) =
vol(K7) and ¢k~ > cg, then for all K such that vol(K) = vol(K*), we have
ci+ < ci. If there exists K; such that vol(K7) = vol(K*) and cx+ > ¢k, then K3
can’t be a ball and Ry, < R;.
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