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CLASSICAL SOLUTIONS FOR DISCRETE POTENTIAL
BOUNDARY VALUE PROBLEMS WITH GENERALIZED
LERAY-LIONS TYPE OPERATOR AND VARIABLE EXPONENT

BILA ADOLPHE KYELEM, STANISLAS OUARO, MALICK ZOUNGRANA

Communicated by Vicentiu Radulescu

ABSTRACT. In this article, we prove the existence of solutions for some discrete
nonlinear difference equations subjected to a potential boundary type condi-
tion. We use a variational technique that relies on Szulkin’s critical point
theory, which ensures the existence of solutions by ground state and mountain
pass methods.

1. INTRODUCTION

Let us consider the positive integer T' and the discrete integer domain function
p:[]0,T|] — (1,00). We study the existence of solutions for the following class of
potential boundary value problems

—Aa(k — 1, Au(k — 1)) = f(k,u(k)) for ke [|1,T]], 1)
(a(ov AU(O))v 7(1(T, AU(T)) € 8](“(0)3 u(T + 1))a ‘

where Au(k) = u(k + 1) — u(k) is the forward difference operator. The function
f:R xR — R is Carathéodory and a(k,-): R — R is a continuous function for
all k € [|0,T]]. Also, j : R X R — (—o0; +00] is convex, proper (i.e., D(j) := {z €
R xR : j(z) < +o00} # 0), lower semicontinuous (in short, l.s.c.) function and 9j
denotes the subdifferential of j. Recall that for z € R x R, the set 95(z) is defined
by

dj(z) ={m e R xR :j(t) —j(z) = (m;t — z);Vt € R x R}, (1.2)
where (-;-) stands for the usual inner product in R x R. u : X — R is a function,
where the space X will be defined later.

Many potential boundary type condition problems arise from physical phenom-
ena (see [I3] and the references therein). In electrostatics, for example, in a system
involving conductor electrodes, the potential is often specified on electrode surfaces
and one is asked to find the potential in the space of the electrodes. Such problems
are called potential boundary value problems.

It is usual to note that nonlinear multivalued boundary conditions include par-
ticular cases of classical boundary conditions; these are obtained by appropriate
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choices of j (see, e.g., [9, Ch.2]). For other choices of j yielding various boundary
conditions, we refer the reader to Gasinski and Papageorgiou [6] and Jebelean and
Serban [10].

The study of boundary value problems with a discrete laplacian using variational
approaches was developed a few years ago. Most of the papers deal with classical
boundary conditions such as Dirichlet boundary conditions (see, e.g. Agarwal et al.
[1], Cabada et al. [3]), Neumann boundary condition (see, e.g. Candito and D’agui
[], Tian and Ge [21I]) and Periodic boundary conditions (see, e.g. He and Chen [§],
Jebelean and Serban [I0]). Recently, boundary value problems with the discrete
laplacian subjected to Dirichlet, Neumann or Periodic boundary conditions have
been studied by Molica Bisci and Repovs [16, [I7], Galewski and Glab [5], Guiro et
al. [7], Koné and Ouaro [I1], Mashiyev et al. [I2], Mihailescu et al. [14] [15]. In [2],
Bereanu et al. have made use of variational approach to obtain ground state and
mountain pass solutions for the following problem

Ay (ulk — 1)) = f(k,u(k)) for k € [|1,T]],
(hp(0y (Au(0)); =hpr) (Au(T)) € 97 (u(0), u(T + 1)),

where Au(k) = u(k + 1) — u(k) is the forward difference operator and A is a
discrete p(-)-Laplacian operator that is

*Ap(k—n(u(k —1)) = A(hp(k—l)(Au(k - 1)),

with Ay, : R — R is defined by hy)(u(k)) = |u(k)|P®~2u(k).

In this paper, we consider a more general forward operator which involves a
Leray-Lions type operator. Therefore, a variational approach underlying ground
state and mountain pass techniques for problem is essentially used. In this
view, we use some ideas and technics originated by Radulescu and Repovs [I§] (see
also Molica Bisci and Repovs[I6l [I7] and Szulkin [20]) , and combined with specific
tools, due to the discrete and anisotropic character of the problem. Our paper is
organized as follows: the useful preliminary results are presented in Section 2. In
Section 3, we deal with the existence of a solution to problem using ground
state methods. The last Section is devoted to the existence of non trivial solutions
by using mountain pass techniques.

2. PRELIMINARIES

Our approach for the boundary value problem (1.1)) relies on the critical point
theory developed by Szulkin [20]. We introduce the function p : [|0, T'|] — (1, +00),
where [[0,T]] :={0,1,2,...,T} and the space of functions

X :={u:u:[0,T+1]] - R}
which can be endowed with the Luxemburg norm

D1 k)
llullo,py = inf {)\ >0: O'Z m| X ‘p(k) < 1}_
k=1

Let us denote

p(k).

= k d p= = i
P ey plk) andpm= i

For the function a, we assume the following.
(H1) There exists A : [|0,T]] x R — R with a(k,&) = 0A(k,&)/0¢ for all k €
[10, 7] and A(k,0) =0 for all k € [|0,T].
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(H2) There exists C; > 0 such that |a(k, &)
and all £ € R.

(H3) (a (k 5) a(k,n)) - (£ —n) > 0 for all (§,1) € R? such that £ # 1.

(H4) [P0 < alk, &) - € < p(K)A(k, €), with p (10, T} — (1, 400).

Let ¢ : X — R be defined by

T+1
u) =Y A(k—1,Au(k—1)) forallucX. (2.1)

< CL(1+[€P™)=1) for all k € [|0, T']

Using the functional j, we introduce the functional J : X — (—o0, +00] given by
J(u) = j(u(0),u(T +1)) forall ue X. (2.2)

Note that, as j is proper, convex and l.s.c, the same properties hold for J. Let us
set

Y=p+J (2.3)
Let us also define

t
F(k,t) = / f(k,7)dr for all k € [|1,T]] and all ¢t € R.
0

Let us now introduce
== F(k,u(k)) forallueX. (2.4)

The energy functional associated with the problem (|1.1)) is
I=9%+4, (2.5)

where ® € C1(X,R) and ¢ : X — (—o00,+00] are convex, proper and lower semi-
continuous.

Lemma 2.1. Let u € X and pt < 400 then ||ull, .y is equivalent to the norm
defined by

ety mf{)\ >0 Z| B) i) < 1}

Proof. We have

T T 2
Z |p<k> > 23 Qe
= Pt k=1 A ,
thus,
ullopy = mallullpe)s
T T
ZL|7‘1} <z |@‘p(k‘)
k= (k) L A
hence,
ullopey < K2llullpc)-
Therefore,

rillullpey < llullopey < wallullpe)-
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Now, let us present some basic properties of the general critical point theory.
Let I: X — RU{+o0} be the functional satisfying the structural hypothesis

(H5) I =& + 1, with @ : X — R is a C! function and ¢ : X — RU {+o0} a is
convex, lower semicontinuous and proper function.

Definition 2.2. An element u € X satisfying (H5) is called a critical point of the
functional I : X — RU {+oo} if

(@ (u);v —u) +(v) —p(u) >0, forallveX.

Definition 2.3. The functional I : X — R U {400} satisfying (H5) is said to
satisfy the Palais-Smale (in short, (PS)) condition in the sense of Szulkin, if, every
sequence {u,} C X for which I(u,) — ¢ € R and

(D' (un);v — up) + P(0) —P(up) > —€l|v —up| forallve X (2.6)
where € — 0, possesses a convergent subsequence.

Proposition 2.4 ([20, Proposition 1.1]). If I satisfies (H5) then, each local mini-
mum point of I is necessarily a critical point of I.

Theorem 2.5 ([19, Theorem 23.2]). Let f be a convex function and let x be a point
where [ is finite. Then x* is a subgradient of f at x if and only if f'(x,y) > (z*;y)
forally € X. In fact, the closure of f'(x,y) as a convex function of y is the support
function of the closed convex set Of(x).

Theorem 2.6 ([20, Theorem 3.2])). Assume that I satisfies (H5), the (PS) condition
and

(i) I(0) =0 and there exist o, p > 0 such that I(u) > « if ||ul| = p,

(ii) I(e) <0 for some e € X with |le| > p.
Then, I has a critical value ¢ > « which can be characterized by

c=inf sup I(f(t)),
jof sup (f()

where I' = {f € C([0,1],X) : £(0) =0, f(1) = e}.

Proposition 2.7. Assume that (H1)—(H3) hold. Then
(i) ¢ is convex and is in C1(X;R);

(ii) J is proper, convexr and l.s.c;

(iii) v is proper, conver and l.s.c;

(iv) ® € CY(X;R).

Proof. (i) ¢ is well defined since, according to (H1) and (H2),

T+1
()| = > Ak — 1, Au(k — 1))]
k=1

T+1
<> Ak =1, Au(k —1))]
k=1
T+1
<CY [l Au(k — 1) < 4oc.
k=1
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A is convex with respect to the second variable according to (H1) and (H3). Let
A €10,1]. For all u,v € X,

T+1
P((1=Nu+ M) =Y A(k—1,(1— NAu(k — 1) + Mok — 1)).
k=1
Then
T+1
P((1=Nu+ M) <Y (1= NAMk -1, Au(k — 1)) + AA(k — 1, Av(k — 1))
k=1

< (1 =XNp(u) + Ap(v).
Therefore ¢ is convex. For u,v € X we have

Pl 80) = ()

§—0t 1)
T+1
— lim Z Ak — 1, Au(k — 1) + 0Av(k — 1)) — A(k — 1, Au(k — 1))
§—0+ — 1)
— o ACk =1 Au(k = 1) + 0Av(k — 1)) — A(k — 1, Au(k — 1))
o §—0t 1)
k=1
T+1
=Y a(k—1,Au(k—1))Av(k — 1)
k=1
Therefore,
T+1
(@' (W)iv) = alk—1,Au(k — 1)) Av(k - 1).
k=1

Every limit is finite because of the continuity of A(k,-). The continuity of the
derivative comes from the continuity of a(k, ). Hence, ¢ is in C*(X;R).
(ii) Note that as j is proper, convex and l.s.c, the same properties hold for J.
(iii) Since ¢ and J are convex then, 1 is convex. Suppose that ) can take the
value —oo; then, in this case, J = ¥ — ¢ can take the value —oo, which is not
possible. Therefore, 1 cannot take the value —oo. Hence, 1) is proper. Also,

J(u) < lim inf J(y).
y—u
Then
p(u) + J(u) < lim inf J(y) + ¢(u) < lim inf J(y) + lim inf o(y) < lim inf ¢ (y).

y—u y—u y—u y—u
Therefore ¢(u) < lim,_,,, inf ¢)(y). Hence, ¢ is Ls.c.

(iv) |®(u)] = |Z£:1 F(k,u(k))] < oo since F' is continuous. Then & is well
defined. By definition, ® is derivable and its derivative is continuous; hence ® €
C'(X;R). Moreover,

§—0t )
e Fl (k) + dy(k) — F(k,u(k))
§—0t 5

k=1
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Ny FlRulk) + 8y (k) = F(k u(k)
kﬂ5%0+ 1)
T

=— Zf(k,u(k))y(k) for all u,y € X.
k=1

Now, let us claim the following important result.
Proposition 2.8. If u € X is a critical point of the functional I in the sense that
(@' (u);y —u) +¥(y) —(u) >0, forally € X; (2.7)
then u is a classical solution of .

Proof. Since (®'(u);y — u) + ¥ (y) — ¥ (u) = 0, we can take y = u+ sw for all s > 0
in (2.7). Dividing (2.7) by s and letting s — 0T, we obtain
(@ (u); w) + (' (W) ) + T (w;w) >0 Yo € X, (25)

where J'(u;w) is the directional derivative of the convex function J at u in the
direction of w. Since

J(u) = j(u(0), (T + 1)),
we obtain from ,
(@' (u); w) + (@' (w);w) + 7' (w(0),w(T 4+ 1)); (w(0),w(T +1))) =0, foral we X.

Since

(@' (u);w) = — Z flk,u(k))w(k) for all u,w € X

k=1
and
T+1
(@' (u);w) = Z a(k —1,Au(k — 1))Aw(k — 1) for all u,w € X,
k=1

it follows that

T+1
=l u(k)w(k) + Y alk — 1, Au(k — 1) Aw(k — 1)

=1

k k
+ 5 ((w(0), w(T + 1)); (w(0), w(T + 1))) = 0.

Then
T T+1
= Sl u(k)w(k) + Y alk — 1, Au(k — 1))w(k)
k=1 k=1
T+

- a(k — 1, Au(k — 1)w(k — 1) + ' ((w(0), u(T + 1)); (w(0),w(T 4+ 1))) = 0
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such that

!

—kau k) + a(T, Au(T) D+ a(k— 1, Au(k — 1)w(k)

k=1
- Z a(k, Au(k))w(k) + j'((u(0), w(T + 1)); (w(0), w(T + 1))) > 0,

which leads to

- Z £k, u( )+ a(T, Au(T))w(T + 1) — a(0, Au(0))w(0)
le
+) ak — 1, Au(k — 1))w(k)
k=1
Za (k, Au(k))w(k) + 7' ((w(0),u(T + 1)); (w(0), w(T + 1))) = 0.
k=1
Therefore,
T
- Z fk,u(k))w(k) + a(T, Au(T))w(T + 1) — a(0, Au(0))w(0)
k=1
T
Z[ (k, Au(k)) — a(k — 1, Au(k — 1))]w(k)
'((U( )s (T +1)); (w(0), w(T 4 1))) = 0.
Consequently,

T T
=k uR)w(k) = Aa(k — 1, Auk — 1))w(k)
k=1

k=1
+ a(T, Au(T))w(T + 1) — a(0, Au(0))w(0)

+ 5 ((w(0), u(T + 1)); (w(0), w(T + 1)) > 0.

As w € X is arbitrarily chosen, we can take w(0)=w(T + 1)=0 to obtain

T T
>~ (= Aalk =1, Aulk = 1) Jwlk) = Y Fk u(k)w(k)
k=1 k=1
Hence, it follows that
—Aa(k —1,Au(k — 1)) = f(k,u(k)) forall k € [|1,T]]. (2.9)

It remains to show that (a(0, Au(0)), —a(T, Au(T))) € 95(u(0),u(T + 1)). One

T
= fkue)wk) = Aa(k -1, Au(k — 1)w(k) + a(T, Au(T))w(T + 1)

= 1
= a(0, Au(0))w(0) + 5 ((u(0), w(T + 1)), (w(0), w(T +1))) > 0
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and

T T
Z ( — 1, Au(k ) Z fk
k=1 k=1
Therefore,

7' (((0), u(T + 1)); (w(0), w(T + 1)) = —a(T, Au(T))w(T + 1) + a(0, Au(0))w(0),

for all w € X. Taking w € X with w(0) = p and w(T + 1) = ¢, where p,q € R are
arbitrarily chosen, it follows that

7' ((u(0), w(T +1)); (p, ) = —a(T, Au(T))g + a(0, Au(0))p, for all (p,q) € R?
which by Theorem [2.5] implies
(a(0, Au(0)), —a(T, Au(T)) € 95 (u(0); u(T + 1))).

Lemma 2.9. Let u € X and pt < +o00. Then, the following properties hold:
(1) [Jullopey <1 implies

T
Pt Ju(k)[P™*) o

(i) |lullgpy > 1 implies

|
lullg o) < @ Z —” ”op()

Proof. Suppose that [|u[/s .y > 1. Then

Z'u |p(k) i ‘ (k) | p(k)
u 6;0()‘
250 | Tallop
T
SO Tl
k= o.n(:
Therefore,
o Z [u( k’|p(k) XT: ‘ p(k)
2 % kzlp(k) lwllop(

Using the same arguments one has

|u |p(k) T 1 u(k) ) -
Z >0 ) [l
p(k) Hlullgp

k=1 (-

Then
u(k) P

— p(k) ’ l[tll -

|o.p(-

Finally,

o \u |p<k> o1 uk) o o |u(k) |p<k>
I e T

l[ullg, p() k=1 =1 P )‘”“”07170) HUHP ) k=1 p(k)
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which is equivalent to

T )[P(k) T )[P(k)
o Z|u(k| <1< ¢ Z\u(lﬂ

= < —
P p(k) ull? ., = Pk)

Hqup( =1

Thus,

|
lullg o) < @ Z —” ”op()

Suppose now that [|ul/, ) < 1. Then

Zap ||u\| aoty PO
p(k) -
<o ‘ ‘ lal? .
Z ||u|g,p() ()

Therefore,

0 g uBP® s 1) ulk) o

. o |
ull? ., = Pk) = p(k) Hlullopc

One also has

T (k) [P T u(k) p(F) +
P 2 L 5 g M
Thus,
o imk PO gy L k)
||U||§;() =1 p(k kzlp(k)
So,
o i‘u(k |p(k) il‘u(k) p(k)< o im(k |p<k
7 = pE e Tl (A=

which is equivalent to

T )[P(k) T )[P(k)
2 ISP )

<
- = +
lull? ) o=t P(R) lull?,, = P(R)

We conclude that

T
) <o 3 EPE
op() = p(k) — " ler()

k=1
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3. PROOF OF THE EXISTENCE OF CLASSICAL SOLUTIONS BY GROUND STATE
METHODS

We begin with a result which states that the energy functional I has a minimum
point in X provided that the potential of the nonlinearity f lies asymptotically on
the left of the first eigenvalue like constant

T+1 T
1 1
A1 = inf ——|Au(k — 1)|PD (B PR
vt {(3 Sy laute - D) /(3 )
we X — {0} and (u(0),u(T + 1)) € D(j)}.
The existence result will be obtained under the assumption that A; > 0.

Theorem 3.1. Assume that (H1)—(H4) hold and Ay > 0. Also assume that

p(k)F'(k, t)
[t|]— o0 |t|p(F)

Then, problem (1.1) has at least one classical solution which minimizes I on X.

<A\, forallkel[1,T]. (3.1)

Proof. Step 1: We first show that I is sequentially lower semicontinuous on X.
Indeed, from Proposition[2.7} the functional ¢ is lower semicontinuous and the func-
tion ® is C* on X. Therefore, the functional I is sequentially lower semicontinuous
on X.

Step 2: We prove that I is bounded from below and coercive on X. One the one
hand, using (3.1)), one obtains the existence of some constants & > 0 and p > 1
such that
AL —

p(k)
On the other hand, by the continuity of F(k,.) over [—p,p], there is a constant
M, > 0 such that

|F(k,t)| < M,, forallkel]l,T|]andallte [—p,p].

Hence, we infer that

F(k,t) < L14P®) for all k € |1, 7] and all t € R with |¢| > p.

F(k,t) < M, + Al(;)amp(k), for all (k,t) € [|1,T|] x R.
p

To prove the coercivity of I, we use the above inequality to obtain for all (k,t) €
[1;T] x R,

3 L fu(k) P
,ZF(k,u(t)) > —M,T — (\ 7Q)ZW
It follows that = k=1
T
Ju(k) ™)
[(w) 2 p(u) = M,T = (A1 — a) ; oy H
_ _ T W . T M )
> ¢(u) M,T )\1; (k) + kz:l o5 + J(u)
T+1 .
u) — — # Wk — DPF-D L g M .
> p(u) = M,T = pk— 1) | Au(k — 1P k}_:l .
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From hypothesis (H4),

1
Ak —1,Au(k — 1)) > ———|Au(k — 1)|P*—1,
( (= 1)) 2 s Al 1)
which leads to
T+1 1 o
u) > ———Au(k — D|PH. 3.9
o) > 3 Syl Atk = 1) (32

Hence, if |[ul|y,p.) > 1, one makes use of Lemma and (3.2) to obtain

T+1

I@Q;zE:%X?ETﬂAqu—UP“_”——N@T

k=1
T+1 T

_ 1 wlk — DPE-D 4 o Ju(k) P®) "
;p(k_l)lﬁ (k—1)] + ; o) +J(u)

T
B u®)®
> MPT-I-akZ:l o) J(u)

> MT+||qu (T J ().

Since j is convex and l.s.c, it is bounded from below by an affine functional. There-
fore, using J(u) = j(u(0),u(T)), there are constants my, mga, mg > 0 such that

I(u) > —M,T + ||uH —mq|u(0)] — ma|u(T + 1)| — ms

o,p(")

> ||lu ||gp( —ma|u(0)| — ma|u(T + 1)| — C1, where Cy = M,T + mg3

> ul|? = Callufle — C1, where Cy = my + mo.

a.p(")
Also, any norm on X is equivalent to || - ||, ). Then, there exists C3 > 0 such that

I(w) = Jlull} .y = Csllullopcy = Cr.

o.p(")
Consequently, I(u) — 400 as |[ul|,,(.) — oo. Therefore, I is coercive on X.

Step 3: We now show that the functional I is bounded from below. For that, let
lul5pcy < 1. By (H4) and Lemma we obtain

I(u) 2 p(u) = M,T + J(u)
> MT+||qu () T /()
> —M,T + [[ull2) s —ma|u(0)] — mafu(T + 1)] - my

> [lull?) — Killulloo — K,

o,p(")

where K" = M,T +ms3. Since any norm on X is equivalent to || - ||5,,(.), there exists
K" such that

1) 2 [l ) = K Jullop — K’
_K Hu”o',p(-) - K/

-K" - K' > —c0.

()

AVARLY,

Therefore, I is bounded from below. Finally, we conclude that I is sequentially
lower semicontinuous, bounded from below and coercive on the real Banach space
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X. Thus, I attains its infimum at some u € X. Using now Proposition [2:] and
the Proposition on obtains that the problem (1.1]) has at least one solution on
X. O

4. EXISTENCE OF CLASSICAL SOLUTIONS USING MOUNTAIN PASS METHODS

In this section we are concerned with the existence of non trivial solutions to
problem ([1.1). The main tool in obtaining such results will be [20, Theorem 3.2].

Theorem 4.1. Assume (H1)-(H5) hold. Also assume that \y > 0 and that there
exist constants 0 > p*, K, M > 0 such that
(H6) '(0, 0) =0;
(HT) j'(2,2) < 0j(z) + K,Vz € D(j);
(H8) limyy—qsup % < A1, for allk € [|1,T];
(H9) 0 < OF (k,t) < tf(k,t) for all k € [|1,T|] with |t| > M.
Then, there exists a non trivial solution u € X to problem (1 .

Proof. Step 1: We show that the functional I satisfying (H5) satisfies the (PS)
condition in the sense of Szulkin on (X, || - [|5p())- So, let {u,} C X be a sequence
for which, I(u,) — ¢ € R and hold, with ¢, — 0. For this purpose, since X is
a finite dimensional space, it is sufficient to prove that {u,} is bounded. We may
assume that {u,} C D(I) = D(J) and ||un|[spc) > 1 for all n € N. By (H7) and

(2.2), it follows that

1
J(v) — aJ’(v;v) > Ky, forallve D(J), (4.1)
with K; = £ . Using the relation (H9), one deduces that for all n € N,
T

Z (0F (k,un(k)) — un (k) f (K, un(k))] < 0.

k=1, u(k)|>M

Consequently,
1 1 &
—®(un) + 5 (P (un =3 > (0F (kyun (k) — wn (k) f(k, un (K))]
k=1
- é S [0FCeun(k)) — (k) f (, wn (k)
|un (k)|>M

b 0F Gk (k) — (RS (k)]
k=1,|un (k)|[<M

k=1, |un (k)| <M

<

S

T
< ézlrr‘lax 0F (k,x) — xf (k;x)| =: Cs,
k} xT

where C5 is a positive constant. Therefore, one can write

— ®(uy,) + 7
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Since the real sequence (I(uy))nen converges to the real number ¢, it is clear
that, there is a constant Cy > 0, such that

[I(upn)| < Cy, forallneN. (4.3)

Furthermore, setting v = u,, + su,, in (2.6, dividing by s > 0 and letting s — 0%,
one obtains

(D (un);un) + (@' (Un);un) + J (un;un) > —€nlluy|| for all n € N. (4.4)
Using (4.3) and (4.4), we deduce that
€n
Ca+ g llunllope

€n
> O(up) + @(un) + J(un) + g”un”o,pb)

1J'(un;un)

> D) — {0 (n); )+ p(un) — 5 ) ) + Tn) —

0

and by (4.1) @ ) and ( @, it follows that

K1+C3+C4+ HUn

Ia,p Z @(un) - %(Q@ (U'n) un>

while
plun) — 54 () )
T+1 1 T+1
=Y A(k—1,Aup(k—1)) — 7 > ak =1, Aug (k — 1)) Auy (k — 1).
k=1 k=1

We use (H4) to obtain
T+1

@(un)—é@ (un); un>2< 1 p >Z|Aun (k — 1)[PE=1),

So,
€ -1 1 R
K1 +C34+Cy + §"||un||g,p > (5 + F) > | Au, (k- 1)[P¢Y. (4.5)
k=1
Since _
< > k=1 p(k my | Au(k — 1)[ptE=1)
1= )
> et a0y (k) [P
we have
T T+1
A\ Z p( ) (k)[P* < Z |Au —1)pE=),
k=1
Hence,

T
—1 1 1
K1+C3+C4+ HunHop Z 9 +F))‘12m|u(k)lp(k)
k=1

and, from Lemma [2.9] we deduce that

-1 A
Ko+ Cot ot Glunlopy = (5 + 52) 2l

a.p(+)”

Moreover, 6 > p*. Then, we infer that the sequence (un)nen is bounded.
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Step 2: We show that I has a “mountain pass geometry”. From (H6), it is clear
that

1(0) = ©(0) + ¢(0) + J(0) =
Using (HS8), we have
p(k)F (K, u(k))

li < A1.
oo U Ju(R)pE S
This leads to the existence of €, 3 > 0 such that
A1 — .
F(k,t tP®)  with |t < .
(k,t) < o) ‘|
Consequently,
T
1
O(u) > —(M—e) > —=u(k)P™), (4.6)

p
for all u € X — {0}, u(0) = w(T + 1) and |u| < §. Using again hypothesis (H4) and
([4.6), we can write

D(u) + p(u) = —(A1 —¢) kZTl % (k) [P™®) + TZH \Au —
G
> ; m\ﬂ(k)l”(k)
According to and (H6) we have J(u) = j(u(0),u(T + 1)) = 5(0,0) = 0.

Therefore, for g < 1,

T
O(u) + o(u) + J(u) = ey —=luk)P® > HUII

Up(

1
Hence, choosing ||u||f:;(') = (3 which is equivalent to ||ul|y,,.y = 877, then I(u) > «
with a = £.
Coming back to relation (H9) and taking |u| big enough, we have

Sk u(k) _ 0

F(k,u(k)) — u
So, F(k,u(k)) > cu? for |u| big enough. Thus, F(k,u(k)) > cu® — K, for all u > 0.
One can use (H1) to say that

3
Ak, &) = / a(k, \)dA.
0
Using (H2), we have the existence of a real C; > 0 such that

la(k,&)] < C1(1 + €[ =1 for all k € [|0,T]] and all £ € R.
Therefore,

13 €
/ |a(k;,/\)\d>\§(]1/ (14 [APF~1yax
0 0
)\p(k)]g
p(k)

< C1[N5 4 Cy]
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< Cl‘ﬂ +C, |€| k).
p(k)
One deduces that
T+1
=Y Ak —1,Au(k - 1))
1
T+1 T+1

_ 1 ) [Pk

<012|Au —1|+CIZ|A“

Let ug € X — {0} be such that uo(0) = uo(T' + 1) = 0 and ||uo|s;p(y > 1. From
(H6), we have that J(sup) = 0 for all s € R. Then

I(sug) = ®(sug) + ¢(sug) + J(sugp)
T+1

T
=Y F(k,sug(k)) + Y Ak — 1, Asug(k — 1)) + 0

k=1
T T+1
sAug(k — 1)[P)
< SO — elsuoR)I’) + 3 O (Isuglh — 1) + 220G DI
= st p(k)
:TK+Z (Clsuo (k)| = clsuo(k)|?] + —||su0\|op()

<TK + Cl ||SUO||oo —es”|lugll% + C3's"* luglloe — —o00

as 8 — —+oo because § > pT. Hence, we can choose s large enough such that
I(sug) <0 and |sugl|sp(.) > B. Using [20, Theorem 3.2] deduce that problem (1.1

has at least one non trivial solution. (]
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