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BLOW UP OF SOLUTIONS FOR KLEIN-GORDON EQUATIONS
IN THE REISSNER-NORDSTROM METRIC

SVETLIN G. GEORGIEV

ABSTRACT. In this paper, we study the solutions to the Cauchy problem
(utr — Au)g, + m*u = f(u), t€(0,1],x € R?,
’LL(].,I) =up € B;,p(RB)v ut(]-:x) =u1 € B;,;l(RB)v

where gs is the Reissner-Nordstré m metric; p > 1, v € (0,1), m # 0 are
constants, f € C2(R'), £(0) = 0, 2m2|u| < fO(u) < 3m2|u|, I = 0,1. More
precisely we prove that the Cauchy problem has unique nontrivial solution in
C((07 1]B;7P(R+))7

(t,7) v(t)w(r) forte (0,1], r <mr
u(t,r) =
0 for t € (0,1], » > r1,

where r = |z|, and lim;—¢ HuHng(R_,_) = oo.

1. INTRODUCTION

In this paper, we study properties of the solutions to the Cauchy problem

(ugr — Au),, +mu = f(u), te€(0,1],z € R? (1.1)
u(l,z) =ug € B} (R®), w(l,z) =u € B}, (R?), (1.2)

where g, is the Reissner-Nordstrom [2],

I O -
r2 r2 — Kr + Q2

dr? — r2d¢? — r? sin? ¢d6?,

the constants K and @ are positive, m # 0, p € (1,00) and v € (0,1) are fixed,
f € C3RY), £(0) =0, 2m?|u| < fO(u) < 3m3|u|, I = 0,1. More precisely we
prove that the Cauchy problem (1.1})-(1.2) has a unique nontrivial solution u in
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C((0, l]Bg,p(Rﬂ) such that lim;_q ||u||ng(R+) = 0o. The Cauchy problem (L.1)-
(1.2) may rewrite in the form

r2 1 9 9
g T T K @) w3
1 . - '
*maﬁ(sm pug) — Zain? 100 +mu = f(u),
u(l,r,¢,0) =ug € B;’p(R"r x [0,27] x [0, 7)), (1.4)

w(1,7,¢,0) = uy € B) M (RY x [0,27] x [0,7]),

where x = rcos¢cos, y = rsingcosf, z =rsinf, ¢ € [0,2x], § € [0, 7].
When g, is the Riemann metric, m = 0, f(u) = |ul’; up,u1 € CC(R3) in
[1, Section 6.3] is proved that there exists 7' > 0 and a unique local solution

u € C3([0,T) x R3) of (1.1)-(1.2)) such that
sup |u(t,x)| = oo.
t<T,x€R3
When g is the Riemann metric, m = 0, f(u) = |u|P, 1 < p < 5 and initial data
are in C§°(R3), in [I] is proved that the initial value problem (L.1))-(1.2) admits a
global smooth solution.
When ¢ # 0, 7,27, 8 # 0 are fixed constants we obtain the Cauchy problem

r? 1
Tt 0 (F = K4 Q) mPu = f(w), (15)
U(LT) =1up € B;Z,p(RJr)aut(lvT) =u1 € Bg,;l(RJr) (16)

Our main result is as follows.

Theorem 1.1. Let m be a non-zero constant, p € (1,00), v € (0,1) and K, Q be
positive constants for which

1
1-K+Q? ~
with 1 — K + Q? is small enough such that

K- V§2_4Q2—2 1-K+Q2>0.

Also let f € C2(RY), f(0) = 0, 2m?ju| < fO(u) < 3m2|u|, | = 0,1. Then the
Cauchy problem (L.1)-(1.2) has a unique nontrivial solution u(t,r) = v(t)w(r) €
C((0,1]1By ,(RT)) for which

K? > 4Q?, 1, 1-K+@Q*>0,

%i_{% ||u||B;)p(R+) = 0.

This paper is organized as follows: In section 2 we prove that the Cauchy problem

(1.1)-(1.2) has unique nontrivial solution @ = v(t)w(r) € C((0, I]Bg’p(R“‘)). In
section 3 we prove that

tm ||l 57, ey = 0,
where u is the solution, which is received in section 2.
Let

_ (m-%” )P
Vo — 17
Let A>0,Q>0,B>0,K>0,1<f < «a be constants for which
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(1) =grgp (radran 28+ ) <1, 5 >
(H2)
1 1 m2 112
—om2 2)( _ 7) >
1—aK+a2Q2(1—o¢K+a2Q2a4A2 mery )T 5) <
2
and a4(1—aKn3,_a2Q2)A2 - 2m27“% >0,
(H3)
2 6m?

opr(1=7) \ 1/p 8 8 2m ) )
(p(l—’y)) 1—K+Q2(1—K+Q2a2A2+m+AB><

m? 1 m?

1 1
(HY) & 1rrargzazar — iz >0

o=\ 1P 60 8 2m? 2
(H5> (p(lffy)) 1I—-K+Q? (17K+Q2 a2 A2 +4m ) <1

(H6) K2>4Q27A2ﬁ>1,%<1,1>¥>@,1—K+
Q? > 0 is small enough such that

K — /K2 —4Q?
1> @ —3V1-K+Q?>0,

2
2

K—/K?2-4Q2-2\/1-K+Q

=< f<a<s,

where

T1

K-VE QR V2 i
= 5 —zfl—K+Q?

Example. Let

1 1 3 1
64’ 67 p 27 ’y 37 « )
l:wa/K274Q2_§ K10 K:é+1620—§62
3 2 gV ’ 376 2
1 1 1
Q2:§+6€20_§€2’ m? =,

where 0 < € << 1 is enough small such that (H1)-(H6) hold. Then
1—aK+a?Q%=1-3K +9Q? = €2,
1-K+Q%=¢.
Remark 1.2. Let €2 = 1 — K+ Q?. Note that from (H6) we have g(r) = r? — Kr +

Q? > 0 for r € [0,71], g(r) is decrease function for r € [0,71]. Also (for r € [0,71])

we have
r2 1

< .
2—-Kr+Q? ~ 1-K+Q?

/K2 2
In deed, letting 7 = u, we have r =7 — %e. Note that function

7“2

P G
is increasing for r € [0,71]. Therefore,
r’ < ri 8__ 8
r2—Kr+Q? " r?—Krn+Q2 & 1-K+Q?*
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Note that the function

1
r2 — Kr + Q2
is increasing for r € [0,71]. Therefore, for r € [0, r1],
1 8
<

2 - Kr+Q? - 1-K+Q?

Here we will use the following definition of the Bg,p(M)—norm (ve€(0,1),p>1)
(see [3, p.94, def. 2], [1])

2 1/p
sz = (57 18wl )™
where Apu = u(x + h) — u(x).

Lemma 1.3. Let u(z) € C3([0,71]), u(x) = 0 for x > r1, 0 < 71 < 1. Then for
v €(0,1), p>1 we have
Cllull gy 0,1y = 1llzeo,r))-

Proof. We have

2
11—
lelZs o) :/0 R Al o 7yl

2
— 1= f
= [ Bt ) = @),

0

2

Z/1 h—l—p’YHu(x—‘rh) _u(x)”IL),P([O,Tl])dh
2

:/1 WP (@)1 o 0.y 4P

2
_ Hu(x)ngp([om)/l I

M7 — 1

= |\U(9C)||1£p([o,n])W;

ie.,
2P — 1

P p
||u||Bg,p([077‘1]) > pnypA/ ||u(z)||LP([O,T1])'

From this estimate, we have C’||uHng([O’rl]) > |lu(z)|| e (j0,r,]) Which completes the
proof. O

2. EXISTENCE OF LOCAL SOLUTIONS TO THE CAUCHY PROBLEM (|1.1))-(1.2)
Here and below we suppose that the positive constants A, K, @, B, 1 < < «
satisfy (H1)-(H6). Let ¢t € (0,1]. Let v(¢) be function which satisfies the hypotheses:

(H7) v(t) € C3[0,00), v(t) > 0 for all t € [0, 1]
(H8) v"(t) > 0 for all ¢ € [0,1], v'(1) = v""(1) =0, v(1) # 0
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(H9)
min v(t) > 1 max v(t) < 2
te[0,1] — A g0 - A’
min 0" (t) - m? ax 0" (t) < 2m?
tef0,1] v(t) T a2A2’  tef01] v(t) T a2A?’
m2 2

: 7 _ ey
}1_1%[11 (t) — a2A2U(t)] =+0, o"(¥) azsz(t) >0 fortel0,1].

Note that there exist a functions v(t) for which (H7)-(H9) hold. For example
consider the function

(t—1)2+ 2048

o(t) = yors . (2.1)

Then v(t) € C3[0,00); v(t) > 0 for all ¢t € [0, 1] because (H1), we have 22 > 1; i.e.,
(H7) holds. Since

/ _2(t_1) / _
U(t)_ A3%7 U(l)_ov
v (t) = 2 >0 Vtelo,1]
T opsel = D

’Um(t) =0, 1}”/(1) -0,
it follows (H8). On the other hand

b o) > L N II0) 2
min v —,  max v = =
t€[0,1] — A teo1 - A () (t—1)2+ 20;27?2 -1’

which implies

. v(¢) < m? v (t) < 2m?
min ,  max < )
tef0,1] v(t) — a?A?’ telo,] v(t) T a?A?

m2 4 2

" _ _ . " _ m _ .
VI(t) — () = 2= 0t m (1) — ()] = +0

i.e., (H9) holds.

Here and below we suppose that v(t) is a fixed function satisfying (H7)-(H9). In

this section we will prove that the Cauchy problem (|1.1))-(1.2)) has unique nontrivial
solution of the form

u(t,r) = {v(t)w(r) for r < ry,

0 for r > rq,

with ¢ in (0,1] and u € C((0, 1] B} ,(RT)).
Let us consider the integral equation

r 1 r 4 ”(t)
fr ' T2—K1+Q? frl (szflierQQ T)v(t) u(t’ 5)

+s?m?u(t, s) — f(u(t, s))$2>ds dr, for 0 <r <y, (2.2)
0

u(t,r) =

forr > rq,

where u(t,7) = v(t)w(r) and ¢ € (0,1].
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Theorem 2.1. Let p € (1,00), m # 0 and v € (0,1) be fized constants and the
positive constants A, B, Q,K, a > 8 > 1 satisfy (H1)-(H6) and f € C*(RY),
£(0) =0, 2m?|u| < fO(u) < 3m?|ul, I = 0,1. Let also v(t) is function for which
(H7)-(H9) hold. Then the equation has unique nontrivial solution u(t,r) =
v(t)w(r) for which w € C2[0,71], u(t,r1) = u(t,71) = upr(t,71) = 0 for t € (0,1],
u(t,r) € C((0, 1]3;4)[0,7“1]), forre [5 %] and t € (0,1] u(t,r) > ﬁ, forre [é,rl]
and t € (0,1] u(t,r) >0, for r € [0,71] and t € (0,1] |u(t,r)| < 25, u(t,r) =0 for
r>ry, t€(0,1].

Proof. Let N = {u(t,r) € C([0,7r1]) : t € (0,1]} with u(t,r) = u,(t,r) = upr(t,r) =
0 for t € (0,1], r > 71, u(t,r) € C((0, 1]3;,1,[0,7'1]). For r € [, %] and t € (0,1],
we have u(t,r) > -5. For r € [0,71] and t € (0,1], we have |u(t,r)| < 2. For
r€[1,r] and t € (0,1], we have u(t,r) > 0}.

We remark that if u € N is a solution of (2.2), u € C?([0,71]). We define the
operator R as follows

- 1 1 1 84 Uu(t)
R(u)—/r T2—K7+Q2/T (82—KS+Q2 v(t) ult, )
+ s2m2u(t, s) — 32f(u))ds dr,

for 0 <r <7y andt e (0,1].

First we show that R : N — N. For each u € N, we have the following five
statements:
(1) Since u € C([0,71]) and f € C?(R!), from the definition of the operator R we
have R(u) € C?([0,71]), R(w)|r=r, =0,

0 B 1 " st v (t)
ER(U) T2 Kr+Q2? /T1 [52 —Ks+ Q2% u(t) u+ 52(m2“ — f(u))]ds,
0
5R(u)|7‘:7"1 = 0,
0? B K —2r " s v (t)
ﬁR(u) C(r2— Kr+Q?)? /,d1 [82 - Ks+Q?% v(t) wt s*(m*u = f(u))]ds

7“4 U//(t)u(t r) N 7"2
(r2 —Kr+Q22 o(t) r2 — Kr+Q?
Since u(t,r1) =0, f(u(t,r1)) = f(0) = 0 we obtain

82

Sz RWl,_, =0
Note that R(u) = 0 for r > rq, t € (0,1] because u(t,r) = 0 for r > r1, t € (0,1]
and f(u(t,r)) = f(0) =0 for r > rq, ¢t € (0,1].
(2) For r € [0,71], t € (0,1] we have |u(t,r)| < -25. Then

| R(u)]

+ (m*u(t,r) — f(u)).

- /T: 72—K17+Q2 /T(52I§45+Q2 U:((tt))u—&-sz(m%—f(u)))dsdf‘

T1

" 1 o g4 U”(t) ) ,
= /7‘1 2 — K7+ Q? /rl <52 — Ks+Q? v(t) [u] + 57 (mJu] + |f(“)|))d3d7~
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Since |f(u)| < 3m?|ul), the above quantity is lees than or equal to

r 1 /T( 84 ”U”(t) 9 o
|u| + 4s“m |U|)d5d7’
/Tl K7 +Q? ), \s* = Ks+@Q* v(t)

" 1 " s* v"(t) 2,2
_ 4 dsd
/ﬁ 2 _Kr+ Q2 L1(52K5+Q2 o ™ )'“' sar

2 " 1 /T( st V" (t) 5 o
< +4s*m >dsd7'
AB ), T2 - K74+ Q? /. \s* — Ks+Q? v(t)

where we use r2_§j+Q2 < 1_K8+Q2, 7)2_K1T+Q2 < 1_K8+Q2 for r € [0,71]. The
above estimate is also less than or equal to
2 8 8 V" (t) 9
= 4 )
ABl—K+Q2(1—K+Q2 o v T
2 8 ( 8 2m? iy 2)
- = m
AB1 - K+ Q?\1 - K + Q? a2 A2
2
< —.
~ AB

In the above inequality we use (H1). Consequently,
2
|R(u)| < 1B for r € [0,r1],t € (0,1].
(3)For r € [£,7] and ¢ € (0,1] we have u(t,r) > 0. Then

B T1 1 1 84 ’U//(t)
R(u) = / oK1+ Q2 /T (52 K o M)
+ s2m2u(t, s) — szf(u))ds dr

(where we use f(u) < 3m?u for r € [1,r1], t € (0,1]. The above quantity is greater
than or equal to

" 1 " st v"(t) 2/, 2 2
‘/T m/T (SQ—K8+Q2 'U(t) u(t,3)+s (m u(t,s)_?)m U))dsd’r

r1 1 1 54 ’l)”(t) -
> —2m2s? )ult, 5)ds d
_/T TQ—KT-"-QQ/T (sQ—Ks—i—QQ v(t) ms” Jult, s)ds dr
m 1 n 1 . v"(t) 9 o
> Ty ) t,s)dsd
*/T TQ—KT—i—QQ/T (oﬂ(l—aK—l—aQQz) tg[%ﬂ} v(t) mry Jult, s)dsdr

= /Tl 1 /T1 ( m’ - 2m2r2)u(t s)dsdr
» T2—K74+Q% /), \a*(l—-aK+ a2Q?)A? ! ’ '

From (H2), we have

m2

at(l — aK + a?2Q?)A?

From this inequality and from u(¢,r) > 0 for r € [é, r],t € (0,1}, > = Kr+Q? > 0,
for r € [0,7], we get

— 2m27"f > 0.

R(u) >0 for re[é,rl], t € (0,1].
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(4) For r € [1, %] and t € (0,1] we have that u(t,r) > <. Using f(u) < 3m2u for

reli, %], t € (0,1], we have

T 1 T 84 ,U//(t) 9 9
> —2 dsd
R(u)/,.1 72—K7+Q2/,.1(52—K5+Q2 u(t) " Smu) ar

T 1 T 54 ’U”(t)
e
o T2 = K7+ Q% [, \s2 — Ks+ Q2 teo,1] v(t)
r 1 T 52 v (t) 2
A ~2m*u)dsd
[ mrerra | (astrae iy Sy e ) s
=) Pkt Q? s?2 — Ks+ Q2 tefo,1] v(t)

1
a

1

u— 2m2u) dsdr

T1 1 B 52 ’U”t)
> 2( i —om? )d d
> [, e ), g i e 2t

O YOS
T A2\1 — aK + 02Q? 0t A2 N B/ 1—aK+a2Q? = A%’

(see (H2)); i.e., for r € [1, %] and t € (0,1] we have R(u) > 4z.

(5) We have the estimate
r1 r+h 1 r1 g4 v"(t)
A P _ t
it = [ amra | (g o)

+ 82 (m?u — f(u)))ds dT’)pdr

r1 r+h 1 1 st U”(t)
<[ (] = ;| (2 5l
0 s T2—KT+@Q% ). \s2—Ks+Q? v(t)

+ 4m?|u(t, s) |52> ds, dT)pdT

where we use that for s € [0, ], 5271?4;@2 < 17K8+Q27 Sz,KlerQz < 1,K8+Q2 and
u(t,r) = 0 for r > r; and ¢t € (0,1]. By (H9) the above estimate is less than or
equal to

T 8 & 8 0" (t) »
T 1) + 4m? )d d ) d
/o (/ 1—K+Q2/T <1—K+Q2tgl[oa§] o(g) I mlulJdsdr ) dr
s 8 m 8 2m? p
< 4m? )d d ) d
,A ([ 1_K+Q2/-r (1_K+Q2(X2A2‘u|+ m|u| SaT T
1 r+h 2 r .
64 2m B 8 D
ds + ——— dm? d )d ) d
0 (/7 (1—K+Q2)2a2A2/0 |U|5+1_K+Q2m/o lulds )dT) dr

64 2m? 8 ) v
(Trropamlon + Tmrageimluloon)

IN

hS]

IN

h

i.e,,

HAhR(U) ||Zzp[o,r1]

< p<( 64 2m

2 8 9 p
1— K + Q2)2 a2 A2 HUHLT’[O,M] + mzﬁﬂ ||u||L1”[O,T1]) .
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Consequently,
p
IR 16,01
2
:/0 B AL R, g, 0
64 2m? 8.4m2 P
< ((1 — K+ Q2)2 a2 A2 HUHLP[O,rl] + m”unlﬂj[o,n]> /0 h 2 ’Y)dh’
_( 64 2m? lul N 8.4m? lul )p 2p(1=7)
T\ K + @z azaz M onl T gz el =5y
Therefore,

([ R (u) ||B;,p[o,r1]

. 64 9m? 8.4m2 gp(1=7) \ /P
= ((1 — K+ Q2)2 a2 A2 ||u||LP[O,r1] + (1 — K+ Qg) Hu||LP[0,r1]> (p(l — 7)) .
From Lemma [I.3] we have

64 2m?
(1 K+ Q2)2 a2 A2 HUHB;I,[O,M]

8.4m? lul ) ( op(1-7) )1/”
+ — ||l p _ .
(1—-K+Q2)" Pslonl) p(1 —7)

From the above inequality, if u € B;p[(),rl] we get R(u) € B;V’p[(),rl] for ¢t € (0, 1].
From statements (1)—(5) above, R: N — N.
Now, let u,u; € N. Then

A5 (R(u) = R(u1))[IL

1 r+h r 34 o
:/0 (/T ml (52—KS—|—Q2 U(%)(U(t,s)ul)
+ 82 (mP(u—w) — (f(u) — f(ul))))ds dTDpdr,

From the mean value theorem, |f(u) — f(u1)| = |u — w1 f'(£)| where £ € (u,uq) or
€ € (ug,u). Then

IRl gy f0,m] < C(

[f(u) = fu)| < 3m®[€]Ju — u| < 3m?|u—uallql,
where |g| = max{|ul,|u1|}. Since |u| < -Z5 for r € [0,74], t € (0,1] we have

6m?

[f(u) = fud)] < EW — ual.
Now, we use that u(t,r) = 0 for r > r; and ¢ € (0, 1], to obtain
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1An(R(u) = R(u1))|I7s
1 r+h UH )
S/o (/ KT+Q2/ <52 Ks+ Q2 ((t) ult, ) =

+ s*m?|u —u1| + | f(u) \)dsdT)
T1 r+h v//(t)
< v (t) ; B
_/0 </T KT+Q2/ (82 KS+Q2tEOI] v(t) [ut, s) = i
+ st mu— |+ |f(u) \)dsdT)

1 r+h //
S/O (/T KT+Q2/ ( K+Q2 te[o 1] UU((§)|u(t7s)_UI|

+m?u — uy| + ilB |u—u1|>dsd7) dr

- / ( /T*h 8 /( 8 2m? +6m2>
0 ” 1-K+Q? ), \1-K+Q?«a?A? AB

P
X |u— ul\dsd7'> dr

<hp< 8 )p( 8 2m +m2+6m2>p||u—u "
=TI -K+@Q?) \(1-K+@Q?) o242 AB HiLe:

ie.,

HAh(R(U) - R(U1)) ”111417[0,7"1]

< ( 8 )p( i 2| +6—2) o — |2
=T\ -K+@Q) \(1-K+Q?) a2A2 AB tize:
From the last inequality we get

8 P 8 2m? 6m2\r
_ P < -
1R() = Rl o, < (72 K+Q2) ((1 R Qpaza Tt A5)

2
= w2, / J= 1P g,
0

From the above inequality and Lemma

op(1=7) \1/p 8 8 2m?
1R (u) — R(ul)HBg,p[o,n] = (p(l _ 7)) 1- K+ Q2 ((1 — K +Q?) a2A?

6m 2
+m?+ 22 = o

<C((2p(1 7)))1/;; 8 (( 8 2m?2

(1—~ 1-K+Q>\(1-K+ Q?) a?A?
2

6m
it g ) e = wall 3, 0.0

<u—w HBg,p[o,n]

(see i3)). i.e.,
[1R(w) = R(w)ll g7 10.0) < 1o = urllgy 0.0y
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Consequently, the operator R : N — N is contractive operator. ([
Lemma 2.2. The set N is closed subset of C((0, 1]B;p(R+)),

Proof. Let t € (0,1] be fixed. Let {u,} be a sequence of elements of the set N for
which

lim ||un - ﬁ||Bg,p(R+) = O,

n—oo

where @ € Bg’p(R"’). We have

bl = @l 0. = O

We define

_Ja forre(0,r],
0 forr>rq.

We have

Jim Jun =l gy 0,0,y = 0-

First we note that for u € N, R(u) is continuous function of v and there exists
R'(u) because f(u) € C*(R'). In fact,

, B 71 1 /7’1 st U//(t) 5 2 ap
R(u)—/T T2 -Kr+Q? J; (52—K5+Q2 v(t) etm Sf(u>)d8d7-'
From which,
|’ (u)]

S S S A () ST
> —_— — dsd
—/r 72—K7+Q2/T Z-KstQ o) 0" SIS ()l ) ds dr

(
> /T1 _ /h( al ') + s*m? — 3m252\u|>d5,d7
(

72 — K7 + Q2 52— Ks+ Q2% o(t)
T 1 1 4 v”(t) 9 o 6m2 9
St _ O 2\ gsd
> [ mmmmre ] Goiraw tO - T e

m 1 " st V() 5 o 6
_ 1— —Y)dsdr.
/,, 72—K7+Q2/T <32—K5+Q2 v(t) +sm( AB))ST

From (H6), 1 > 6/(AB). Therefore, for s € [0,r1] we have
st v (t)
$2—Ks+Q? v(t)
Then for r € [0,71] we have
| R (u)|
T1 1 4 "
ZA 3 ). o vv((f)) + st (1= ) Jasdr

1
«

+ $2m? (1 — %) > 0.

2
>

( L )2 a >0
o= .
UM o) a242(1 — aK + a2Q?)?
From this, for u € N, there exists

M := min |R'(u)(z)] >0
z€[0,r1]
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because R'(u)(x) is continuous function of x € [0,r1]. Let

0
M; = max ‘— R (u))(r)].
ref0,r1]
Now we prove that for each € > 0 there exists 6 = §(¢) > 0 such that
|zt —y| <4 implies |um(z) —un(y) <e VYm.

We suppose that there exists € > 0 such that for every 6 > 0 there exist natural
m and z,y € [0,71], |z — y| < & for which |, () — um(y)| > €& We choose € > 0
such that é < Mé We note that R(u,,)(x) is uniformly continuous function of
x € [0,r1](For uw € N the function R(u)(r) is uniformly continuous function of r €

[0, 71] because R(u)(r) € C?([0,71]) and as in point (2) we have %R(u)(r)‘ < 5.
Then there exists 6, = d;(¢) > 0 such that for every u € N

|R(u)(x) — R(u)(y)| < € for for all z,y € [0,71]: |z —y| < ;.

Then we may choose 0 < § < min {51, Wg{#} such that there exist natural m

and z1 € [0,71], z2 € [0,7] for which |z — 22| < § and |up, (1) — um(z2)| > €. In
particular

| R(um)(21) — R(um)(x2)| < €. (2.3)
Then by the mean value theorem, R(0) = 0, R(um)(z1) = R'(&)(z1)um(x1),
R(um)(w2) = R'(§)(22)um(x2),

| R(um)(21) = R(um)(22)]

= [R(&)(z1)um (z1) — R'(§) (@2)um (2)]
= [R(&)(z1)um(z1) — R'(§) (1) tm (22) + R (&) (21)um (x2) — B () (w2)um (22)]
> R (&) (1) um (21) — R'(§)(w1)um (x2)| — |R'(§)(21) — R'(§)(w2)[|um (22)]
"(€) (

-2

=R 5y (B (©)(0) ||lz1 = @2lfum(@2)]

>Mé— M —>:
et € l(sAB_€7

which is a contradiction to (2.3]).
Consequently, for each € > 0 there exists § = d(e) > 0 such that

&) (1) ||um (1) — wm(22)

|z —y| <& implies|un, () — um(y)| <e VYm. (2.4)
On the other hand, from the definition of the set N we have
2
< — . .
[t 1B Vm (2.5)

From and (2.5)), we conclude that the set {u,} is compact subset of C([0, r1]).
Then there exists subsequence {u,,} and function v € C([0,r;]) for which: for
every € > 0 there exists M = M(e) > 0 such that for every ni > M we have
[tn, () — u(z)| < € for every = € [0,71]; u(z) = 0 for & > r1. From this and from
limg o0 [|tUn, — ll gy o,y = O we have: For every e > 0 IM = M (e) > 0 such
that for every ny > M we have

Biech [un, —ul <€, lun, —allgy o) <€
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Then for every nj > M we have

u—a] < |u—un, |+ [un, =8| < e+ —un,l,
1 1
/ lu — aldr < ery —|—/ |& — up,, |dz,
0 0

Using the Holder’s inequality,

B L 1/p 1 1
||u7u||L1[0,r1] <er1+ri/q(/ |ufunk|pdx) , ];+7 =1,
0

for A > 0, we have

1 1/p
h717m||u — lNL||L1[07T1] < h IV PYer + T}/qifl*m (/ [T — tn,, |pdz) ,
0

2
/ hiliprythu — aHLl[O,h]
1

9 2 ! 1/
< / h= PVdhery + ry/? / e (/ |ﬂ_“”k|pdx) ",
1 1 0

Using Holder’s inequality and that for & > 1 we have h(~=1=P7)P < p=1-P7,

1—27pY B
THU—UHU[O,M

1 -2 2 T 1/p
< ——er1 + ri/q/ hipy (/ la — unk|pdm) dh
Py 1 0

1—92-pPY 2 1 1/p
< —€er + r}/q (/ h(_l_pv)p/ |& — tnp, |pdxdh)
by 1 0

1—9-pY 2 1 1/p
< —er + T}/q (/ hi=py / |t — tn, |pdxdh) .
Py 1 0

Using that for x > 71, uy, (z) = @(z) = 0, the above expression equals

1—2777 2 m 1/p
——er + r}/q (/ Il / |AL(a — unk)\pdfcdh)
Py 1 0

1—=2 1/q ? —1-py " ~ P 1/p
7}97 ery + 1y (/ h |[AL(T — Up,)] da:dh)

0 0
1—-27P7 1/q ~
- e = g o
1-27P7 1/q
<e(———ri+1'Y)
Py '
i.e., for every € > 0,
1—27m 1-2-7 .
= il < €(———r1 +11/).
py py
Consequently u = @ a.e.(almost everywhere) in [0,71], |u[? = |@|” a.e. in [0,7q].

(From here |u, — u| = |u, — @ a.e., |u, —ulP = |u, — a? a.e. in [0,r1]. Since
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un(z) = u(z) = 0 for x > ry we have [Ap(un —u)|P = [Ap(un — @)|7, [Apulf =
|Apa|? a.e. in [0,71], for h > 0. Therefore, u € B} ,([0,71]) and

71 T1
/ |y, — ul|Pdz = / |ty — a|Pda.
0 0

Now, we show that lim,, o ||, — u”B;p([o,n]) = 0. Note that

lun = ull gy, o,r))

2 71 1/
_ (/ h‘l_m/ |Ah(un—u)|pdxdh) '
0 0
2 1 1/
_ (/ h*“m/ [An(un — WP dh) 5
0 0

= ||’LLn - aHBZ,p([Oml]) —n—oo 0.

Consequently, for every sequence {u,} with elements from N, which converges
in BY ,([0,71]) there exists function u € C([0,71]), v € BJ ,([0,71]), for which
lum =l 57, 0,11y —mse0 O-

Below we suppose that the sequence {u,} is a sequence of elements of the set
N which converges in BJ ,([0,71]). Then there exists u € C([0,71]), u(x) = 0 for
x>, u € B, ([0,71]), [|un — UHB;@([O,n]) —n—oo 0.

Now we suppose that u(r1) # 0. Since u € C([0,71]), u, € C([0,71]), un(r1) =0
for every natural n, there exist ez > 0 and Ay C [0,71], r1 € Ay, such that
€
2 )
for every natural n and every z € A;. Then for every natural n and for every
x € Al,

|un| < ul > €

m%@—uun>%.

Let €3 > 0 be such that
€1 —27P7 1 1 1
€3 < ———u(A)ry, 4, -4+ -=1, 2.6
s< (A e (26)

where p(Aq) is the measure of the set A;. There exists M > 0 such that for every
n > M we have |lu, — “HB;,p([o,rl]) < €3. Consequently for every n > M and for
every z € A; we have

€2

|un(x) - U(ZL’)| > 9 ||Un - u||B;,p([O,r1]) < €3.

Also using the Hélder’s inequality, we have
€2
Z(d0) < [ Jun(a) = u(w)lda
Ay
1
g/ () — ()| d
0
T1 1/
< ([ lunla) - utypas) i
0
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For h > 0, we have

1€ - n 1/p
e (ay) <t W(/O () —u(@)Pdz) 1,

9 € 2 T1 1/p 1/
R 2uandh < [ () (@) — u(@)Pda) i 9dn,
1 2 0 '

1
1—92-PY 2 1 1/
T%M(Al) < (/1 h(flfm)p/o lun(2) — u(az)\”dmdh) Pr%/q.

Since h > 1, h(=1=PMP < b =1-P7 and the above expression is less than or equal to

2 1 1/
(/ hilfpv/ |tn () — u(x)\pdxdh> pri/q <
1 0

Now using that u,, = u = 0 for = > r1, the above expression is less than or equal to

2 1 1/
([ [ 18ntunto) — utapprazan) e
1 0

2 T1 1/
< ([ wr [ Bnun(o) - @) Pdadn)
0 0

= |lup — u||B;1p([O’T1])ri/q < 637“}/(].
Therefore,
_9-pY
%%M(Al) < 637“}/‘17
which is a contradiction with (2.6). Consequently, u(r1) = 0. From this, u(t,r) = 0
for r > r1. Then u,(¢t,1) = u..(t,7) = 0 for every r > ry.
Now we suppose that the inequality

2
lu(t,r)| < B

is not hold for every r € [0,71]. Since u € C([0,71]) we may take e, > 0 and
Ay C [0,71] such that

2
|lu| > — +e4 for re A,

AB
Then for every natural n and for every r € Ay, we have
= ] > Jul = fun] >~ + €4 =~ =
Unp, u| = u Un < AB €4 AB—€4.
Let €5 > 0 be such that
1—-2777 1/q
————eap(Ag) > esry 7. 2.7
= (Az) 1 (2.7)

There exist M > 0 such that for every n > M we have ||u, — u||]-3;p([0’r1]) < €5.
Consequently for every n > M and for every = € Ay we have

(@) = u(@)] > ea Jwn —ull gy o) < 6.

Also using the Holder’s inequality, we have

expi( D) < / () — () da < ( /0 i (2) — u(x)|pd:c)1/ 1/,

Ao
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For h > 0 we have

™1 1/
R PYequ(Ag) < h=1P7 Uy () — u(x)|Pde prl/q,
; 1

S S " P 144
/ h™ 7PYeqp(Ag)dh < / h= 7Py (/ |t (2) — u(m)\pdx) ri"4dh,
1 1 0
Using Holder’s inequality and that for h > 1, A(=17PVP < 4=1=P7 e have

1-2-m

L2 ()
2 1 1/

< (/ h(717p7)p/ |tn (2) —u(cc)\’ﬂxdh) pr;/q
1 0
2 T1 1/

< (/ h_l_m/ [un () —u(m)\pdazdh) pri/q.
1 0

Using that u, = u = 0 for x > rq, the above expression is less than or equal to

</12 p-1-pY /’"1 A (a2 — u(gc))|pdxdh> Up?“i/q

0

2 " P 1/q
< ( / p1-py / | A (n () — u(z))|pdxdh) rl
0 0
1 1
= ||lun — u||B;’p([077,1])r1/q < 65T1/q.
Therefore,
1—27pPY
—eapu(Ay) < e5ri/q,
which is a contradiction with (2.7). Therefore, |u| < -2 for every r € [0,71].
Now suppose that the inequality

1
ult )l = -

is not true for every r € [, 5]. Since u € C([0,r1]) we may take €5 > 0 and

Az C [L, %] such that

|l S%—eg for reAs.
Then for every natural n and for every r € Az we have
1 1
[un, — u| > |up| — |u| > e =6
Let €7 > 0 be such that
1—27P7 1/q
prov 66/~L(A3) > erry’ . (28)

There exist M > 0 such that for every n > M we have ||u, — u||ng([07rl]) < €7.
Consequently, for every n > M and for every x € Ag, we have

fua(@) = u(@)] > €6, lwn —ullgy o)) < €

Also using the Hélder’s inequality, we have

esti(Dg) < / () — () da < ( /O i () — u(x)|1)d:c)1/ 1/,

Az
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For h > 0 we have

T1 1/
h_l_meﬁu(Ag) < p~impy (/ |t () — u(m)\pdx> pr}/q,
0

2 2 1 1/
/ B P egpu( Ag)dh < / ne( / jun(r) — u(a)Pde) i/ dn,
1 1 0

Using the Holder’s inequality and that for h > 1, R(=1=PVP < p=1-P7 we have

1—27P 2 1 1/
———eon(B) < ( / Rt / [un (@) — u(w)|*dzdh) "/
1 0

2 1 1/
< (/ lfl*m/ |un(z) — u(x)|pdxdh> pri/q.
1 0

Using that u, = u = 0 for x > r1, the above expression is less than or equal to

</12 p1-py /Tl |AR (un (2) — u(x))|pd$dh> Up?“i/q

0

< (/02 el /’“1 |Ap (un () — u(zmpdxdh)l/pﬁ/q

0
_ 1/q 1/q
= ||un — u||B;1p([0m])r1 < erry’t.
Therefore,
1— 2P

est(Az) < 577“}/‘7,

which is a contradiction with (2.8). Therefore, |u| > 5 for every r € [L, %]
Now suppose that the inequality
u(t,r) >0

is not true for every r € [, r]. Then from u € C([0,71]) and from u,, > 0 for every
natural n and for every r € [, 7], we may take es > 0 and A4 C [X, 7] such that
for every natural n and for every r € Ay we have

|t — u| > es.
Let €9 > 0 be such that

1—27P
S esi(Ag) > eort’ . (2.9)

There exist M > 0 such that for every n > M we have [[un — ullg (0.} < €o-
Consequently, for every n > M and for every € A, we have
lun(z) —u()] > €5, |lun —ullgy (o, < €o-

Also using the Holder’s inequality,

espi(Ag) < /A () — (el < ( /O i () — u(gg)|1’da:)1/ 1/,

For h >0,

T1 1/
W Peu(da) <07 ([ funte) - u(Pas) el
0

? —1— ? —1- " p 1/4q
h™ "PYegu(Ay)dh < h m( |tn () — u(:z:)|pdx) ry *dh
1 1 0
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Using Holder’s inequality and that for h > 1, h(=1=PV)P < p,=1=P7 we have
1—92-PY 2 1 1/p
T (A < ( / p(=1=P)p / g () — u(x)|pd:vdh> ri/a
1 0

2 st 1/
< (/ h_l_m/ |tn (x) — u(x)|pdmdh> pri/q.
1 0

Using that u, = u = 0 for > rq, the above expression is less than or equal to

</12 pl-pv /Orl |A (U (x) — u(x)ﬂpdxdh) l/pr}/q
= (/02 et / " A n(o) - u(:v))|pdmdh)1/ PV

0
1 1
= [lun — u||3;,,,([o,r1])7"1/q < 697“1/q-
Therefore,
1—2777
Py

which is a contradiction with (2.9). Therefore, |u| > 0 for every r € [X,7q].
Consequently u € N. Then for every sequence {u,} C N, which converges in
By ,([0,71]) there exists u € N for which

espi(Ag) < 697“}/(1,

Jim flun = ull gy 00, =0-
O

From lemma we have that the set N is closed subset of C((0,1]B} ,([0,71])).
Since C((0, 1] By ,([0,71])) is complete metric space and R : N — N is contractive
operator the equation has unique nontrivial solution # € N. From we
have that @(r) € C?[0,71] and (¢, 1) = @, (t,r1) = Gpp(t,71) = 0.

Let @ is the solution from the Theorem [2.1} i.e u is the solution to the equation
. Then @ is solution to the Cauchy problem — with initial data

4

I e I (st t (D)
up = 4 +s2(m2v(1)w(s) — f(v(l)w(s)))ds dr  forr <y,
0 for r > rq,

and

T1 T st
1" s 7 (im0
ur = {462 (20’ (1w(s) — f’(u)v’(l)w(s))dsdr =0 forr<r,
Ofor r > rq.

From the proof of the Theorem we have ug € ng(R*), u € Bg;l(]R*),
@ € C((0,1]B,[0,71]).

3. BLOW-UP OF SOLUTIONS TO THE CAUCHY PROBLEM ([1.1)-(|1.2))
Let v(t) be the same function as in Theorem
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Theorem 3.1. Let m? # 0, v € (0,1), p > 1 be fized and the constants A, B,
Q, K, 1 < B < « satisfy the conditions (H1)-(H6). Let f € C*(RY), f(0) = 0,
2m?|u| < fO(u) < 3m2|ul, | = 0,1. Then the solution i of the Cauchy problem

(L.1)-(L.2) satisfies
}Lr% ”aHBg,p[O’Tl] = oo
Proof. For t € (0,1], we have

1A R(@)[I7
1 r+h 1 r 4 "t

:/0 / 72 *KT+Q2/ b fI?erQ? Uv((t))a+82<m2a_ f(@))dsdr| dr
é r+h 1 r 4 "y

:/0 / T2—K7’—|—Q2/ [52_[?5+Q2 Uv((t))ﬂ+52(m2ﬁ—f(ft))}dsdT’pdr

T r+h T 4 "
! 1 ! s V(t) - 9 o - ‘p
+A /TTLKT+Q2/T s gz oy O (i f(@)]dsdr dr

Let

7 _/(11 /r+h 1 /n[ s ’U//(t)ﬁ
Yl oK+ Qr ) ' Ks+Q2 o)

+ s%(m*a — f(ﬂ))}dsdT’pdr,

1 r+h 1 1 84 ’U”(t) R
IQ:/ / 2 _ 2/ [ 2 _ 2 u
1), TP—Kr+Q? ), 's?—Ks+Q? v(t)

+ s%(m*a — f(ﬂ))}dsdT’pdr.

As in proof of Theorem [21] for I; we have the estimate

b= i a Kk

Using that u(t,r) =0, f(u(t,r)) =0 for r > ry), for I, we have

1 r+h 1 5 4 "y i ~ )
e / / TRt @ / e vué))“ +8%(m? — f(@)))dsdr

r+h 1 r1 4 a0 ) . »
* /r T2 - K74 Q2 / [82 - Ij's +Q? Uv((t))u + 55 m*a = f(@)dsdr dr

1
B

1 r+h 1 % 4 anm ) )
- /é </'r T2 — K7+ Q2 / [52 - Iis +Q? vv((t))u +5%(m*a — f())]dsdr

1
/T+h 1 /7‘1[ g4 U//(t),a
, T2—K1+Q? 1 s2— Ks+Q? v(t)

+ 2 (m2i — f(ﬁ))]dsdTDpdr.

op(1—7) ]P 8 2m? P
: (1 — K + Q2 a2A2 + 4m2) ||“||%;)php-

+
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20
Let
r+h 1 4 "
1 B S v (t),, 2 2~ ~
Iy = - dsd
2 /r 7'2—K7'+Q2/;[32—K3+Q2 v(t)u+8(mu f(@))dsdr,
r+h r 4 "
_ 1 ! s v (t) 2/ 2~ ~
Iy = /T TZ—KT+Q2A [32—K5+Q2 v(t)u+s (m~u — f(a))]dsdr|.
Then

T1 P
I, < / (121 + 122) dr.
1

o

For I5; we have the following estimate, we use that for r € [é

2m2u, therefore — f(u) < —2m?u,

r+h < 4 ”

1 ? $ V) . o o
I < - )dd
217/T - T+Q2/l e S+Q20(t)u s“m-u ) dsdr

r+h 3 4 7 27 25
:/ ! /ﬁ< > v AT fszmz—A u)deT
o TP=KT+Q? )1 \s? - Ks+Q? v(t) A? A?

5w >0, f(u) >

st v(t) 1 9 o 1\ 5.
—5°m ﬁ)A udsdr.

52— Ks+ Q2% v(t) A2

From (H4) we have that for s € [é, %],
s v(t) 1 s2m? S 1 1 m2 1 m2
s2—Ks+Q? v(t) A2 A2 T a?l-aK +a2Q?a?At (2 A2

On the other hand we have @ > % for every t € (0,1] and every r € [5 %]7

therefore, A%% > 1 and A%% < A%PiP. Consequently

> 0.

; </r+h 1 /é( ! U”(t)i ) 2i>A2p~pdd
A=) PR i \2 o Ks+ Q2 o(t) A2 7T 42) T
From (H6),
8
————— <A< AL
1-K+Q?>~  ~

From this inequality, we have

r+h % "¢ 2
I S/ i / [U ) _ m |A?PaPdsdr

1-K+Q2 )1 'o(t) o242

8 'Ull(t) _ 72”227) 1
< o A?P uPdsh
T 1-K+Q? v /0 was

8 v (t) — T—jzv
— « A2p ~ P h

e fal,
8 V() — 2y
( ) a2 A2 A2p||a||[[)1ph'

<
T (1-K+Q@%?
Now we use Lemma [I.3] to get
m2
]2 U”(t) - azAQUAQPH’LNLHPW B
(1—- K+ Q?)2 B p

Iy <C?
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As in proof of Theorem [2.1] for I55 we have

8 8 2m?
< 2all gy
Iy < C(l—K—l—QQ) (1—K—|—Q2a2A2 +4m )Hu”Bpph
Consequently,
8 8 2m?
L<[C 4m? ) ||al| g
2= (1-K+@? <1 “K+Qozar T )”“”Bp»ph
82 v (t) — m .
O g e Al
_ 8 8 2m? -
IMR@E < 105 o (Torrgr s * 4m° ) 1ls, b

P R U R Ly
+C (1— K+ Q2?)? ) A ||U||Bw_ h]
8P 8 2m? P
e ( )l W
O T ko T oK grazaz T4 ) Ml
Then
[l
8 8 2m?>
<|[le ( 4m?) 1
= H K+ @\ K+ @araz ),
82 v (t) — m . p
R G a5 I al, |
8P 8 2m? » 2
» A 2) 1P ] B (=)
+C (1—K+Q2)P(1—K+Q2 ez T AmT) el /O dh
2p(1=7) 8 8 2m?
- 4 2) ill
p(l—’y)H (1—K+Q2)<1—K+Q2Q2A2+ m) Il
p 8 VO EEY o TP
M ey iy, |
8P 8 2m? P
p ) )
+C (1_K+Q2)p(1_K+Q2a2A2+ m HUHBQ,,,,’
and
8.21—7 8 2m?
U Y < 20 4 2 U Y
lilsg, <20 g r oo (o s ara + 4 il
2 9l—vy " m?
(1-K+@%)2(p(l—7))t/» v Bip’
Let
8.21-7 8 2m?
D=2C 4 2)
(1-K+@Q*)(p(1 —7))1/”<1 “K+Qazaz T)
2
- 82 ol—v ,U//(t) — 7(;2711421)1421).

(-K+@Rp(—)"7 o

21
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From (H5) we have that D < 1. Then
lillg;, < Dlalgy, + Flalt,

from this inequality,

1-D

~ ~1|P ~p—1
(1= D)l gy, < [l . < ;! .

Since lim;_,o F' = +0, we have

lim 7] 55, = oo,

REFERENCES

[1] Shatah, J., M. Struwe; Geometric wave equation. Courant lecture notes in mathematics
2(1998).

[2] Taylor, M.; Partial differential equations III. Springer-Verlag, 1996.

[3] Runst, T., W. Sickel.; Sobolev spaces of fractional order, Nemytskij operators and nonlinear
partial differential equations, 1996, New York.

SVETLIN GEORGIEV GEORGIEV

UNIVERSITY OF SOFIA, FACULTY OF MATHEMATICS AND INFORMATICS, DEPARTMENT OF DIFFER-
ENTIAL EQUATIONS, BULGARIA
E-mail address: sgg2000bg@yahoo.com



	1. Introduction
	Example

	2. Existence of local solutions to the Cauchy problem (1.1)-(1.2)
	3. Blow-up of solutions to the Cauchy problem (1.1)-(1.2)
	References

