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THE HEUN EQUATION AND THE
CALOGERO-MOSER-SUTHERLAND SYSTEM II:
PERTURBATION AND ALGEBRAIC SOLUTION

KOUICHI TAKEMURA

ABSTRACT. We apply a method of perturbation for the BC'1 Inozemtsev model
from the trigonometric model and show the holomorphy of perturbation. Con-
sequently, the convergence of eigenvalues and eigenfuncions which are ex-
pressed as formal power series is proved. We investigate also the relationship
between L2 space and some finite dimensional space of elliptic functions.

1. INTRODUCTION

In this paper, we report some properties for eigenvalues and eigenfuncions of the
BC(C7 Inozemtsev model. Consequently, we obtain results on Heun function.

The BC Inozemtsev model is a one-particle model of quantum mechanics whose
Hamiltonian is

2L
H=-—0 +;ll(ll+1)p(x+wl), (1.1)
where p(x) is the Weierstrass p-function with periods (1,7), wg = 0, wy = 1/2,
wy = (14 7)/2, wg = 7/2 are half-periods, and I;, (i = 0,1,2,3) are coupling
constants. This model is sometimes called the BC; elliptic Inozemtsev model,
because the potential is described by use of elliptic functions.

There are two evidences which ensure the importance of the BCy Inozemtsev
model. The first one is equivalence to Heun equation, which will be explained
in section 2. The other one is that BC; quantum Inozemtsev model is a special
(N = 1) case of BCy Inozemtsev model [3], which is a generic integrable quantum
system with By symmetry. In fact, classification of integrable quantum systems
with By symmetry was done by Ochiai, Oshima, and Sekiguchi [6], and it was
shown that integrable quantum system with By symmetry is BCy Inozemtsev
model or its degenerate one. It is known that BCy Inozemtsev system contains
the well-known Calogero-Moser-Sutherland system with By symmetry as a special
case.
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In this paper, we try to obtain physical eigenfunctions and eigenvalues of the BC
Inozemtsev model, and investigate their properties. Here a “physical” eigenfunction
means that it is contained in an appropriate Hilbert space, which is often a space
of square-integrable (L?) functions. Note that roughly speaking the “physical”
eigenfunction corresponds to the Heun function of Heun equation.

Applying a method of perturbation is a possible approach to this problem, which
was done in [12, 5] for the Calogero-Moser-Sutherland system of type Axn. Now we
explain this method shortly. Elliptic functions have a period 7. By a trigonometric
limit p = exp(my/—17) — 0, the Hamiltonian of the BC; elliptic Inozemtsev model
tends to the Hamiltonian of the BC; Calogero-Moser-Sutherland model, and it
is known that eigenvalues and eigenstates of the BC; Calogero-Moser-Sutherland
model are obtained explicitly by use of Jacobi polynomials.

Based on eigenstates for the case p = 0, we can obtain eigenvalues and eigen-
states for the BCy elliptic Inozemtsev model (p # 0) as formal power series in p.
This procedure is sometimes called an algorithm of perturbation (see section 2.3).
Generally speaking, convergence of the formal power series obtained by perturba-
tion is not guaranteed a priori, but for the case of BC elliptic Inozemtsev model,
the convergence radius of the formal power series in p is shown to be non-zero (see
Corollary 3.8), and this perturbation is holomorphic. As a result, real-holomorphy
of eigenvalues in p and completeness of eigenfunctions is proved. Note that a partial
result was obtained in part I [13] by applying Bethe Ansatz.

There is another method to investigate eigenvalues and eigenstates of the BC}
Inozemtsev model. If the coupling constants ly, l1, l2, I3 satisfy some equation,
the Hamiltonian H (see (1.1)) preserves a finite dimensional space of doubly pe-
riodic functions which is related to the quasi-exact solvability [17, 2]. On a finite
dimensional space, eigenvalues are calculated by solving the characteristic equation,
which is an algebraic equation, and eigenfunctions are obtained by solving linear
equations. In this sense, eigenvalues on a finite dimensional space are “algebraic”,
and eigenvalues and eigenfunctions on a finite dimensional space would be more
explicit than ones on an infinite dimensional Hilbert space.

In this paper, we also investigate relationship between Hilbert spaces (L? spaces)
and invariant spaces of doubly periodic functions with respect to the action of the
Hamiltonian H. In some cases, a finite dimensional invariant space becomes a
subspace of the Hilbert space. Then it is shown under some assumption that the
set of eigenvalues on the finite dimensional invariant space coincides with the set
of small eigenvalues from the bottom on the Hilbert space.

This paper is organized as follows. In section 2, the relationship between the
Heun equation and the BC7 Inozemtsev system is clarified. Next we consider a
trigonometric limit and review that eigenstates for the trigonometric model are
given by hypergeometric (Jacobi) polynomials. We also explain how to apply an
algorithm of perturbation in order to obtain formal eigenvalues and eigenfunctions
for the BC elliptic Inozemtsev model. In section 3, we prove convergence of the
algorithm of perturbation by applying Kato-Rellich theory. We also obtain several
results related to Kato-Rellich theory. Although holomorphy of the eigenfunctions
Om(z,p) in p as elements of L? space is shown by Kato-Rellich theory, conver-
gence of the eigenfunctions for each z is not assured immediately. In section 4, we
show uniform convergence and holomorphy of the eigenfunctions oy, (z,p) for  on
compact sets.
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In section 5, finite dimensional invariant subspaces of doubly periodic functions
are investigated and relationship to the Hilbert space (L? space) is discussed. In
section 5.3, we focus on the case lo,l1,l2,l3 € Z>o. In section 6, examples are
presented to illustrate results of this paper (especially section 5). In section 7, we
give some comments. In section 8, some propositions are proved and definitions
and properties of elliptic functions are provided.

We note that some results of this paper are generalized to the case of the BCy
Inozemtsev model (see [15]).

2. HEUN EQUATION, TRIGONOMETRIC LIMIT AND ALGORITHM OF PERTURBATION

2.1. Heun equation and Inozemtsev system. It is known that the Heun equa-
tion admits an expression in terms of elliptic functions and this expression is closely
related to the BC} Inozemtsev system [9, 6, 8, 13]. In this subsection, we will ex-
plain this.

Let us recall the Hamiltonian of the BC7 Inozemtsev model

3
+ ) Ll + Dol + w), (2.1)

=0

d2
H=-"
dx?
where p(x) is the Weierstrass p-function with periods (1,7), wo = 0, w = 1/2,
we = (14 7)/2, wg = 7/2 are half-periods, and I; (i = 0,1,2,3) are coupling
constants. Assume that the imaginary part of 7 is positive. Set

. €y — €
ei:p(wi) (2217273)7 a:ua
€1 — €3
~ lg+1 l1+1 lo+1

Pw)=w 2 (w—1)"2 (aw—1)"2".

Note that a is nothing but the elliptic modular function A(7). We change a variable
by

€1 — €3
w=——". 2.2
o) — 3 22)
Then
- . ~ d \2
O(w)™" o Ho®(w) = —4(e; — 63){’(1)(’(1) —1)(aw — 1)(d—)
w
1,2+ 3 21 + 3 a(2l2+3) d -
Jr2( w +w—1jL aw — 1 )dw}+aaﬁw+q},

(2.3)

where § = (&2 S8 L+ —allo+1la+2)2 = (o +11+2)%), a = bohiebde 1
g = lotli+lp—13+3
L .

Let f(x) be an eigenfunction of H with an eigenvalue E, i.e.,

2 3
(H-—E)f(x) = (— % + Zli(li + Dp(z + w;) — E)f(a:) =0. (2.4)
i=0

From (2.3) and (2.4), we obtain

dy2 Jdo+32 L+2 bL+3 4 afw —q sy
() + (2 + Vot e T =) f0 =0 29

dw w w—1 w-1
a a
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where f( oo @za)ti)(@‘a)__ezs) = f(z) and ¢ = — 45 (Z + q). Note that the condi-
tion
3 3 3
l0+§+l1+5+12+§:ﬁ+ﬁ+1 (26)

is satisfied.

Equation (2.5) with condition (2.6) is called the Heun equation [9, 10]. It has
four singular points 0, 1, a~', oo, all the singular points are regular. The following
Riemann’s P-symbol show the exponents.

0 1 a~t 00
P 0 0 0 a z q
A

Up to here, we have explained how to transform the equation of the Inozemtsev
model into the Heun equation. Conversely, if a differential equation of second order
with four regular singular points on a Riemann sphere is given, we can transform
it into equation (2.5) with condition (2.6) with suitable I; (i = 0,1,2,3) and ¢
atd

—L)yas £ Tt is known that if @ # 0, 1 then there exists a solution 7 to the equation
a= 2= (e; (i =1,2,3) depend on 7). Thus the parameter 7 is determined. The
values ey, es, e3 and F are determined by turn. Hence we obtain a Hamiltonian of
BC4 Inozemtsev model with an eigenvalue E starting from a differential equation

of second order with four regular singular points on a Riemann sphere.

by changing a variable w — and a transformation f — w* (w — 1)*2(w —

2.2. Trigonometric limit. In this section, we will consider a trigonometric limit
(1 — v/—100). We introduce a parameter p = exp(my/—17), then p — 0 as 7 —
v/—1oo. (Note that the parameter p is different from the one in [13].)

If p— 0, then e; — 37r2, ey — —§7r2, e3 — —571' and a — 0, and the relation

between x and w (see (2.2)) tends to w = sin® 72 as p — 0. Set

2 2 2
Hp = — el +lo(lo + )Sln — +l1(l1+1)m (2.7)
2 o+3 h+3.d  (lo+1+2)?
Lr = — 14— 2 2)— f—— 2.
= w(w ){dw2+( w w—l)dw dw(w — 1) } (28)

Then H — Hp — %22?20 li(l; + 1) and equation (2.5) tends to (Ly — & —
3 S22 Li(li+1)) f(w) = 0 as p — 0. The operator Hr is nothing but the Hamilton-
ian of the BC trigonometric Calogero-Moser-Sutherland model, and the equation
(Ly — C)f(w) =0 (C is a constant) is a Gauss hypergeometric equation.

Now we solve a spectral problem for Hp by using hypergeometric functions. We
divide into four cases, the case lj > 0 and I; > 0, the case [p > 0 and I; = 0,
the case l[p = 0 and [; > 0, and the case [y = [; = 0. For each case, we set up
a Hilbert space H, find a dense eigenbasis, and obtain essential selfadjointness of
the gauge-transformed trigonometric Hamiltonian. The Hilbert space H plays an
important role to show holomorphy of perturbation in p, which will be discussed in
section 3. We note that the case [ = 0 and [; > 0 comes down to the case [y > 0
and l; = 0 by setting © — x + %

2.2.1. The case lg >0 and [y > 0. Set
®(z) = (sinwx)o T (cosma) T Hp = &) Hrd(z),
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then the gauge transformed Hamiltonian Hr is expressed as

d? (lo+1)cosmx  (l4 +1)sinmzy d 9 o

By a change of variable w = sin? 7z, we have

sinmx CoS I

HT —7T2(2m+l0 +ll —|—2)2

2
= —47r2{w(1 - w)% (2.10)

+ (2l0+3
2

d
—((lo+l1+2)+1)w)%+m(m+lo+ll+2)}

for each value m. Hence the equation Hp — 71'2(2m +lo+ 1 + 2)2 is transformed
into a hypergeometric equation. Set

2lp+3

2
where the function G,, (o, B;w) =2 F1(—m,a + m; §;w) is the Jacobi polynomial
of degree m and

Y () = wfflo’ll)(a:) =G, (lo +1 +2, :sin® 7T.13> (m € Z>p), (2.11)

L \/ﬂ(2m+ lo+ 0 +2)0(m+1lo+ 1 +2)L(lo +m+ 3)
" m!T(m + 11 + 2)D(lo + 2)2
is a constant for normalization. Then
Hrtbm (z) = 72 (2m + I + 11 4+ 2)%,, (). (2.12)
We define the inner products

mmzAdwmmw,gmmzﬁdquMMM? (2.13)
Then (Yo, (), Y/ (2))e = Omms. Set

1
H= {f : R — C : measurable with / If(2)]?|®(z)|2d2 < +oo0,
0 (2.14)

f(@) = fle+ 1), f(z) = f(-2) ae. o}

and define an inner product on the Hilbert space H by (-,-)¢. Then the space
spanned by functions {¢,,(z)|m € Z>¢} is dense in H. For f(zx), g(z) € HNC>(R),
we have

(Hrf(x),9(x))e = (Hr f(z)) ®(x), g(x)®(x)) = (Hr (f(2)®(2)), g(x)P(2))

= (f(2)@(), Hr (9(2)®(2))) = (f (), Hrg(2)).
(2.15)
It follows that the operator Hr is essentially selfadjoint on the space H.

2.2.2. The case ly >0 and [y = 0. Set
®(z) = (sinwx)o™, Hp = &(z) ' Hpd(z),
then the gauge transformed Hamiltonian is expressed as

d? (lo +1)cosmzy d 5 9
HTffﬁ—%r(i)%Jr(loJrl) .

sinmwx
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By a change of variable w = sin? 7z, we have a hypergeometric differential equation,
Hy — 7%(2m + o + 1)?

d? 2lp+ 3 d
= —ar*{w(1 - W) + (F5= = o+ 1)+ 1)w>% +m(m+lo+1)}.
(2.16)
for each m. Set
PG (x) = G Clott(cosma) (m € Zso), (2.17)
where the function C%,(z) = 1;(;11-(5-22;)) oF1(—m, m+2v; v+ 1; 15%) is the Gegenbauer

2200+ (m 4 lo+ )m!T(lo+1)2
T(m+2lo12) - Then

polynomial of degree m and &$, = \/

Hrip(x) = 72 (m + lo + 1)y (x),
and (S (x), 9%, (2))e = Om,m/, where the inner product is defined as (2.13) for
() = (sin7x)lotl,
There are relations between Gegenbauer polynomials and Jacobi polynomials.
More precisely, ¥§ (z) = fqlf’_l)(x) and ¢§ . 1 (z) = (cosz) 7(7110’0)(30) (m € Z>g).
Set

1
H= {f : R — C : measurable With/ |f(2)]?|®(z)|*dx < +oo,
0

f(@) = flw+2), f(z) = f(-2) ac. o}, (2.18)
H, ={feH|f(z)=f(x+1)ae. z},
H_ ={fcH|f(z)=—-f(x+1) ae. z},
and inner products on the Hilbert space H and its subspaces Hy, H_ are given by
<', '>q>. Then H+ 1 H_and H= H+ eH_.

The space spanned by {¢G (x)|m € Zs¢} is dense in H. For f(x),g(x) € HN
C*(R), we have (Hrf(x),9(z))e = (f(x),Hrg(x))e similarly to (2.15), and it
follows that the operator Hr is essentially selfadjoint on the space H.

Similar results hold for subspaces H; and H_. In fact the space spanned by
functions {¢,,(z)|m € 2Z>¢} (resp. {Ym(x)|m € 2Z> + 1}) is dense in H (resp.
H_) and the operator Hr is essentially selfadjoint on the space Hy (resp. H_).

2.2.3. The casely =0 andl; > 0. Although the case [p = 0 and I; > 0 comes down
to the case Iy > 0 and [; = 0 by setting z — = + %, we collect results for the [ = 0
and [; > 0 case for convenience. Set

®(x) = (cosmx)' T, Hp = &(x) " Hrd(z),

then the gauge transformed Hamiltonian is expressed as

d? (lh + Dsinmzy d 5 o
= 27— ) — + (1 +1 .
Hr dx? 7T( COS X )da: + (1)
Now we set
Y& (z) = ¢& CLtl(sintz) (m € Zso), (2.19)

where C¥ (z) is the Gegenbauer polynomial appeared in (2.17) and
&G = \/2211+1(m+zl+1)m!r(zl+1)2 then

T(m+20;+2)

HroS (2) = n(m + L+ 1)%0S (),
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and (S (), S, (2))a = m.m/, where the inner product is defined as (2.13). Set

1
= {f : R — C : measurable wiht / If(z)?|®(z)Pdz < +o0,
0

J@) = fl@+2), f@) = f(~a+1) ac. ),
H, = {f € H|f(z) = f(x + 1) a.c. z},
H_={fecH|f(z)=-f(z+1) ae. x}.
Here the inner product on the Hilbert space H is given by (-,-)¢. Then H; 1 H_

and H = H, @ H_. The space spanned by functions {)C (x)|m € Zs¢} is dense
in H, and the operator Hr is essentially selfadjoint on the space H.

2.2.4. The case lg = 0 and l; = 0. In this case, the trigonometric Hamiltonian is
Hr = —%. Set ®(z) =1, Hp = Hr = —%7 Ym(7) = V2cosmrz, pp,(z) =
V2sinmzx (m € Zs1), and g (x) = 1. Then
Hrpm(x) = mmPhm (2),  (m € L),
HTQOm(x) = 7T2m290m(m)a (m € Z> )
(Y (), Y (2))o = (Pm (), m (T))e = Om
<'(/Jm(x)7 ©m/ (.I‘))@ =0,

where the inner product is defined by (2.13). Set

1
= {f : R — C : measurable With/ |f(2)]?dx < +oo,
0

f(z) = f(x+2) ae. x}
H, ={f(z) eH: f(z) = f(x +1), f(z) = f(—x) ae. z},
H, = {f(x) € H: [(2) = f(z + 1), [(z) = —f(~2) ae. a},
Hs; ={f(z) cH: f(z) = —f(x + 1), f(z) = f(-x) ae. x},
Hy={f(z) eH: f(z) = —f(z+1), f(z) =—f(-=) ae. z}.

Then the spaces H; are pairwise orthogonal and H = @?:11'12‘-

The space spanned by the functions {¢, (z)|m € Z>o} and {@m,(x)|m € Z>1} is
dense in H and the operator Hy is essentially selfadjoint on the space H, and also
on subspaces H;, (i = 1,2, 3,4).

2.3. Perturbation on parameters a and p(= exp(my/—17)).

As was explained in section 2.2, eigenvalues and eigenfunctions of the Hamilton-
ian H are obtained explicitly for the case p = 0. In this section, we apply a method
of perturbation and have an algorithm for obtaining eigenvalues and eigenfunctions
as formal power series in p.

Since the functions p(x + w;) (¢ = 0,1, 2,3) admit expansions (8.16) and (8.17),
the Hamiltonian H (see (2.1)) admits the expansion

H=Hp+Cr+ Y Vi(z)p", (2.20)
k=1

where Hr is the Hamiltonian of the trigonometric model defined in (2.7), Vi(z)
(k € Z>1) are even periodic functions with period 1, and Cr = 7%2 Z?:o Li(l;+1)
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is a constant. Note that for each k the function Vi (z) is expressed as a finite sum
of cos2mnz (n=0,...,k).
First we consider the case (lp > 0,13 > 0), (Ip > 0,1, =0) or (Ip =0, I, > 0).
Set
Vm(2)®(z)  (lo >0, l1 >0)
vm =4 U (2)®() (o >0, b =0)
i (@)@(x) (lo =0, b >0)
for m € Z>g. Then v,, (m € Z>() is a normalized eigenvector of Hy on H. Let
E,, be the eigenvalue of Hy w.r.t. the eigenvector v,,, i.e.,

(2m+lo+ll+2)2 (lo>07 ll>0)
E,, = (m+l0—|—1)2 (l()>0, 11:0)
(m+1+1)° (lo =10, I > 0).

Then we have E,,, # E,,/, if m #m/’.

We will determine eigenvalues E,,,(p) = Ep +Cr+> oy B p¥ and normalized
eigenfunctions vy, (p) = Vm + D opey Do ciﬁ}m,vm/pk of the operator Hyr + Cp +
> re, Vi(z)p* as formal power series in p. In other words, we will find E,,(p) and
vm(p) that satisfy equations

(Hr +Cr + Y Vi(@)p")om(p) = B (p)om(p), (2.21)
k=1

<Um(p); Um(p» =1, (222)

as formal power series in p.
First we calculate coefficients of ), dﬁ%,vm/ = Vi(x)vn,. Since Vi(x) is a
finite sum of cos2nmwz (n =0, ...,k) and the eigenvector vy, is essentially a hyper-

geometric polynomial, coefficients diﬁn/ are obtained by applying the Pieri formula
{k}

m,m’

repeatedly. For each m and k, d = 0 for finitely many m/'.

Now we compute E}{f }and c;{f)};n, for kK > 1. Set cir?};n, = dpm,m/. By compar-
ing coefficients of v,,/p*, it follows that conditions (2.21, 2.22) are equivalent to
following relations

k k—k'} (K Bl {h—k'Y (K
4 St (S el Ay ) = S el B

m’ “m,m’ "m/" m’ k'=1"m,m/’ I
' = : : : , 2.2
i o (' #m) (2.29
1 k—1
k} {k'}y  {k—EK'}
C;{n,}m - _5( Z chhm//cm7m// )7 (224)
k/zl m//
k k—1
k—k k' _E ’
ST = 303 o il = D0 eIV BL (2.25)
k'=1 m' k=1

Note that the denominator of (2.23) is non—zero because of non-degeneracy of eigen-
{k}

m,m’
uniquely. It is shown recursively that for each m and k, #{m”| c;{r]f}m,, = 0} is finite
and the sums on (2.23 - 2.25) in parameters m’ are indeed finite sums.

Therefore we obtain “eigenvalues” E,,(p) and “eigenfunctions” v,,(p) of the op-

erator H as formal power series in p. At this stage, convergence is not discussed.

values. Then numbers c and E;{nk} are determined recursively from (2.23 - 2.25)
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Now consider the case [p = I3 = 0. Though there is degeneracy of eigenvalues
on the full Hilbert space H, the degeneracy disappears when the action of the
Hamiltonian is restricted on H; for each ¢ € {0,1,2,3} and the calculation of
perturbation works compatibly on each space H;. Hence the calculation is valid for
the case [p = 1; = 0.

Let us discuss perturbation for equation (2.5) on the parameter a (: %)
We consider the case o > 0 and I; > 0. Write

3. d
L= (aw— 1)Ly +aw(w —1)(lo + 5)% +aqw+ &, (2.26)
where
d? lo+3 hL+3\ d (lo + 1 +2)?
o= (lo+li+la—1I3+3)lo+l+la+1l3+4)—(lo+1; +2)?
1= )
4
E 22 L+ 1
5: _(l0+l2+ )a_zlz(lz+ )83.
4(61 — 63) 4 =0 4(61 — 63)

Then the equation Lf(w) = 0 is equivalent to (2.5).

We are going to find eigenvalues and eigenfunctions of L as perturbation on a.
Set z/;m(w) = Uy =2 F1(—m,m+1ly+1; +2; 21°2+3;w), where sin? 72 = w. We will
use the following relations later which can be found in [9].

~ 2 ~
LT¢77L(1U) = (2m tho I ht 2) %n(w%

qujm(w) = Am"[’m—i—l(w) + BmTZJm('w) + Cm"/;m—l(w)v

d - _ _ _
w(w = 1) =thn (w) = A1 (w) + Byt (w) + Crpthm—1 (w).

where
A = (m+10+11+2)(m+21027+3)
m Cm+1lo+1+2)2m+1ly+ 1 +3)
A — m(m+l0+l1+2)(m+2107+3)

m (2m+lo+l1—|—2)(2m—|—lo—|—l1+3)’
C2m(mAlo+1 +2)+ 2B (g + 1 + 1)

Bin = Cm+lo+L +1D)2m+1lg+1; +3)
B m(m +lo + 11 +2)(lo — 1)
moCmHl+h+1)2m A+l + 1 +3)]
o - m(m + 2L
T 2mAlo+h +2)2m+ o+ + 1)’
o m(m+1lo+ 1 —|—2)(m+2hT+l)

(2m+lo+ll+2)(2m+l0—|—l1+1).

Set &y, = LmHOELE2E £ (0) = £, + T2, &l ok,
U (@) = Uy + Dy Dot Egi};n,um/ak, and &3, = 0 for k > 1 and all m. We will
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determine &} and &t} (k > 1) to satisfy Lf(w) = 0. Substituting in (2.26) with

Cmym/
E = &n(a), the following relations are shown:

1k 1 {k-1} A {k—1} 5 {k—1}
Ciﬂ’}m/ - Em — Emy (C?{mm’}:&-lcm/-i'l + C;{n,m’}Bm/ + Cin,m’}—lAm/_l) (m/ # m),
(2.28)
gl = Crr + 0108 + a0 A, (2.29)
where
3

Ay =—(la + A = EnAm = q14m
B (m+lo +1 +2)(m+ 2102+3)(m+ lo+l1+122*13+3)(m+ lo+l1+122+13+4)

- 9

(2m+l0+l1+2)(2m+lo+ll+3)

3
Bm = 7(l2 + §)B;n - EmBm - qle

200 +3)(lo + 1 + 1
=—<2m(m+lo+l1+2)+( 0t )(20+ )

n (lo+l1+52—lg+3)(lo+l1+lz+13+4)))
4

- ((2m+l0 YL 43)2m o+l + 1))

Y(m(m+1lo+ 14 +2)

(ZQ + %)(lo — ll)(m+lo +ll + 2)m
Cm+lo+hL+3)2m+1lg+1 +1)

Cp = —(l2 + g)o;n —&,Cy — q1Chm,

_ m(m_|_ 2112+1)(m+ lo+ll—122+13+1)(m_|_ lo+11;l2—13)
Cm+ly+l+2)2m+1lo+1 +1)

Solving the recursive equations (2.28,2.29), &,,(a) and u,,(a) are obtained as formal
power series in a. By expanding ej, es, and e3 as series in a, eigenvalues of the
operator L are obtained as formal series in a.

Now we compare two expansions of eigenvalues (E,,(p) < &n(a)) and eigen-

functions (v, (p) < um(a)). From the formula a = 16p[], -, (%)8 (see [18,
§21.7]), it follows that a is holomorphic in p near p = 0 and admits an expansion
a = 16p + O(p?). Hence the formal power series u,,(a) and &,,(a) are expressed
as the formal power series in p, and coefficients of p* on u,,(a) (resp. En(a))
are expressed as linear combinations of coefficients of a' (I < k) on wu,,(a) (resp.
Em(a)). Set U, (p) = (1 — aw)~=2+1/2y, (a) and Em(p) = &n(a), then they also
satisfy equation (2.21) as formal power series in p. Since the coefficients are de-
termined by the recursive relations uniquely, it follows that E,, (p) = En(p) and
Um(p) = Crn(p)vm(p), where Cy,(p) is a formal power series in p. Note that C,(p)
appears from a difference of the normalization.

In summary, the perturbation on the variable p is equivalent to the one on the
variable a.

3. PERTURBATION ON THE L? SPACE

Throughout this section, assume lg > 0 and {; > 0.
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3.1. Holomorphic perturbation. In this subsection, we will use definitions and
propositions written in Kato’s book [4] freely. The main theorem in this subsection
is Theorem 3.6. As an application, we show convergence of the formal power series
of eigenvalues F,,(p) (resp. &n(a)) in p (resp. a) which are calculated by the
algorithm of perturbation explained in section 2.3.

We denote the gauge-transformed Hamiltonian of the BC; Inozemtsev model by
H(p), ie.,

H(p) = ®(z) Lo (——+Zz (I +1)p x—l—wi)) o ®(z), (3.1)
where
(sinTz)lot(cosmx)itl  (Ip > 0,11 > 0);
X lo+1 —0)-
() = (sinmx) (lop > 0,1, =0);
(cos )l tt (lo=10,11 > 0);
(lo=0,l1 =0),

and p = exp(mv/—17). Let Vi (z) be the functions in (2.20), Cr be the constant in
(2.20), and Hr(= ®(z) ' Hr®(x)) be the gauge-transformed Hamiltonian of the
B(C; Calogero-Moser-Sutherland model. Then the operator H(p) is expanded as

H(p)=Hr +Cr+ Y _ Vi(z)p*

k=1
Note that H(0) = Hr + Cp. The functions Vi (z) satisfy the following lemma.

Lemma 3.1. Let s be a real number satisfying s > 1. Then there exists a constant
A such that Vi,(z) < As* for all k € Z>1 and xz € R.

Proof. The functions Vi (z) are determined by relations (8.16). Write

Clp) = Z Vip®
2n

S 2
(Z (lollo +1)+ bl + )= (3.2)

n(p™ + 2n
+ (l2(l2 + 1) +13(I3 + 1)) (W))
Then the function Y p-, Vi(z) is uniformly evaluated by coefficients of majorant
series C(p) = Y o, Vip® for z € R. Since the convergence radius of (3.2) in p is 1,
we obtain the lemma. O

Proposition 3.2. The operator H(p) (—1 < p < 1) is essentially selfadjoint on
the Hilbert space H.

Proof. Fix the parameter p (=1 < p < 1). Set W(p) = H(p) — H(0). Then the
operator W (p) acts as multiplication of a real-holomorphic periodic function of x
with period 1. We denote the multiplication operator W (p) by W (p; x).

From (3.2), an inequality W (p;z) < C(p) is shown for all z € R. Hence the
boundedness ||W(p)f] < C(p)| f]l for f € H is shown. By definition of the inner
product on H, the operator W (p) is shown to be symmetric on the whole space H.
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In sections 2.2.1-2.2.4, essential selfadjointness of the gauge-transformed trigono-
metric Hamiltonian Hyp is illustrated. Thus the operator H(0) is also essentially
selfadjoint. Therefore essential selfadjointness of the operator H(p) = H(0)+ W (p)
is derived from the stability theorem for essential-selfadjoint operators (see [4, V-
§4.1]). O

Let T denote the closure of a closable operator T. Then H(p) (-1 < p < 1)
is the unique extension of H(p) to the selfadjoint operator. Since the symmetric
operator W (p) is defined on the whole space H, the domain of the operator H(p)
(=1 < p < 1) coincides with the one of H(0).

Proposition 3.3. The operators ﬁ(p) form a holomorphic family of type (A) for
-1<p<l.

Proof. Let s be a real number satisfying s > 1. From Lemma 3.1, we have
|Vi(z)f|| < AsF||f|l, because the measure of an interval (0,1) is 1. On the other
hand, the operators Vi (z) are defined on the whole space H and symmetric. Hence
the proposition follows from Kato-Rellich theorem [4, VII-§2.2, Theorem 2.6]. O

For the case p = 0, the operator H (0) coincides with the gauge-transformed
Hamiltonian of the trigonometric BC; Calogero-Moser-Sutherland model up to
constant. All eigenfunctions of the operator H(0) were obtained explicitly in section
2.2. The spectrum o(H(0)) contains only isolated spectra and the multiplicity of
each spectrum is 1 or 2. Then the resolvent R(¢, H(0)) = (¢ — H(0))~! is compact
for ¢ & o(H(0)).

From Theorem 2.4 in [4, VII-§2.1] and Proposition 3.3 in this paper, we obtain
the following statement.

Proposition 3.4. The operator f{(p) has compact resolvent for all p such that
-l1<p<l1.

Let o(H(p)) be the spectrum of the operator H(p). From Theorem 6.29 in [4,
IT1-§6.8] and Proposition 3.4 in this paper, it follows that

Proposition 3.5. The spectrum o(H (p)) contains only point spectra and it is dis-
crete. The multiplicity of each eigenvalue is finite.

Combining Theorem 3.9 in [4, VII-§3.5], Propositions 3.3 and 3.4 in this paper
and the selfadjointness of H(p), the following theorem is shown.

Theorem 3.6. All eigenvalues of the Hamiltonian H(p) (—1 < p < 1) can be rep-
resented as Ep,(p) (m € Zso), which is real-holomorphic in p € (—1,1), and E,,(0)
coincides with the (m + 1)st smallest eigenvalue of the trigonometric Hamiltonian
H(0), which was obtained in section 2.2 explicitly. The eigenfunction Uy, (p,z) of
the eigenvalue Em(p) is holomorphic in p € (=1,1) as an element in the Hilbert
space H, and eigenvectors 0 (p,x) form a complete orthonormal family on H.

As an application of the theorem, convergence of the formal power series of
eigenvalues in the variable p obtained by the algorithm of perturbation is shown.

Corollary 3.7. Let E,,(p) (m € Z>¢) be the eigenvalue of the Hamiltonian H (p)
of the BCy Inozemtsev model obtained by the algorithm of perturbation (see section
2.8), and v,,(p) be the eigenvector of the eigenvalue E,,(p). If |p| is sufficiently
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small then the power series E,,(p) converges, and the power series v, (p) converges
as an element in the Hilbert space.

Proof. From Theorem 3.6, for each m € Z>¢ and p € (—1,1), there exists real-
holomorphic eigenvalues E,, (p) and normalized eigenfunctions o, (p, z) € L? which
converge to the trigonometric ones as p — 0. Since the eigenvalues E,, (p) and the
eigenfunctions ¥,,(p, x) are holomorphic in p near p = 0, there exists ¢, € Rsg
such that E,, (p) and o, (p, ) are expanded as the series in p and they converge on
Ip| < €m. The convergence of ¥, (p,z) is as an element in H. Eigenvalues E,,(p)
and eigenfunctions oy, (p, x) satisfy the following relations for |p| < €,

(Hr +Cr + 3 Vi@ph) 8(@)on(p.2) = En(p)®(@)n(p. ),
k=1

(@(2)0m (p, ), ®(2)0m (p, ) = 1.
These equations are the same as (2.21, 2.22). From uniqueness of the coefficients

obtained by perturbation, it is seen that E,, (p) = E(p) and ®(2) oy, (p, ) = vm(p).
Hence the convergence of E,,(p) and v, (p) are shown. O

We also obtain the holomorphy of perturbation on the variable a from Theorem
3.6, because p is holomorphic in a near a = 0 (see section 2.3).

Corollary 3.8. Let &, (a) (m € Z>q) (see section 2.3) be the eigenvalue and u,(a)
be the eigenvector of the Heun operator L (see (2.26)) obtained by the algorithm for
perturbation from Lt (see (2.27)). If |a| is sufficiently small then the power series
Em(a) converges, and the power series u,,(a) converges as an element in L? space.

3.2. Properties of the eigenvalue. In this subsection, we will show some prop-
erties of eigenvalues. First we discuss the multiplicity of eigenvalues. Under some
assumptions, it is seen that eigenvalues never stick together. We also introduce
some inequalities for eigenvalues.

Theorem 3.9. Assume lg > 1/2 or ly > 1/2. Let E,(p) (m € Zsq) be the
eigenvalues of H(p) defined in Theorem 3.6. Then Ey,(p) # Em:(p) (m # m') for
—1 < p < 1. In other words, eigenvalues never stick together.

Proof. Assume Em(po) = B, (po) for some m < m’ and —1 < py < 1. Let us
consider solutions of a differential equation (H(po) — Enm(po))g(z) = 0. Exponents
of solutions at * = 0 (resp. = = 1/2) are lp + 1 and —ly (resp. I3 + 1 and
—l1). From the condition (lp > 1/2 or I; > 1/2), solutions g(x) satisfying the L?
condition fol lg(2)|?dx form a one-dimentional space. Therefore the multiplicity of

the operator H(pg) on the Hilbert space H with the eigenvalue E,,(po) is one.
From Proposition 3.5, the spectrum o(H (po)) is discrete. Hence there exists
61 € Ryg such that H (po) has exactly one eigenvalue in the interval (Em(po) —
€1, Em(po) + €1). Since the operators H(p) (=1 < p < 1) form a holomorphic
family, there exists e; € Rsq such that H(p) has exactly one eigenvalue in the
interval (E,,(po) — €1/2, Em(po) + €1/2) for p such that po — ez < p < po + €2 (see
[4, V-§4.3, VII-§3.1]). Set f(p) = Ep(p) — Epv(p). Then the function f(p) is real-
holomorphic in p € (—1,1), f(po) =0, and f(0) # 0. From the identity theorem for
the real-holomorphic function f(p), it follows that the point p = pg is an isolated

zero, i.e., there exists € € Ry such that E,,(p) # E,/(p) for 0 < |p— po| < e.
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Hence if |p — po[(# 0) is sufficiently small then values E p), B (p) belong to
the interval (E,,(po) — €1/2, Em(po) + €1/2) and E,, (p) # En (p). This shows that
H(p) has no less than two eigenvalues in the interval (E. ( 0) — €1, Em(po) + €1),
and it contradicts. Therefore, we obtain the theorem. ([l

Corollary 3.10. Assume lo > 1/2 orly > 1/2, then Ep(p) < Ep(p) for m < m’
and -1 <p<1.

Proof. From the labelling of the eigenvalues E,,, (p), it follows that E,,(0) < Ep,:(0)
for m < m’. Tt is seen in Theorem 3.9 that values E,,(p) and E,, (p) never stick
together for —1 < p < 1. Hence Ep,(p) < Ep(p) for m <m/ and =1 <p<1. 0O

Now we introduce another inequality.

Theorem 3.11. Assume ly = I3 = 0. Let En,(p) (m € Zso) be the eigenvalues
of H(p) defined in Theorem 3.6. For each m, the eigenvalue E,,(p) is monotonely
increasing for 0 < p < 1 and monotonely decreasing for —1 < p < 0.

Proof. Set H(p) = H(0) + 332, Vag(2)p?*. From the formulas (8.16, 8.17), it is
seen that Vor(z) > 0 for all k € Z~o. Hence d% (3pe; Var(z)p?*) > 0for0<p<1
and d (Zk L Var(x )p? )SOfor—1<p§0.

Let U (p, ) be the normalized eigenfunction of H(p) labelled in Theorem 3.6.
By definition we have H (p)Up, (p, ) = Epm(p)0m(p, ) and

<g(p)’t~}m(p,l‘)7l~}m(p7 x)>‘1> = Em(p)- (33)

By the way, we have < vm(p7 x), Um(p, x))e = 0, which is obtained by differentiat-

ing the equality <vm(p7 ), Um(p;x))e =1 in p.
Let us differentiate the equality (3.3). From the right hand side, we have
'm(p). From the left hand side, we obtain

|
oSl

<(d—iv2k< P2 ) (p. 7). O (p2) ) +2<Ff<p>am<p,x)%@m(p,x>>®

d
P

-/ e > Vo (0™ o () 0(0) e + 2o () (B, )
o \dp dp N

/ ( ZV% k)‘f’m(p’ $)|2|‘I’($)|2dx.

Here we used the selfadjointness of H(p). Thus

o) / (& ZV% P ) B (p. ) P () P

If 0 < p < 1 then the integrand is nonnegative for all z € [0, 1]. Hence diE' (p) > 0.

The inequality -2 i Em(p) <0 for —1 < p < 0 is shown similarly. O

4. PERTURBATION ON THE SPACE OF HOLOMORPHIC FUNCTIONS

In the previous section, we obtain eigenfunctions oy, (p, z) of the BC dimensional
Inozemtsev model as elements in the Hilbert space. On the other hand, for the case
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lo,l1 € Z>p and l; = I3 = 0, holomorophy of the function o,,(p,z) in the variable
z for sufficintly small |p| is shown by applying the Bethe Ansatz method [13].

In this section, we show holomorphy of the function oy, (p,z) in the variable x
for sufficintly small |p| for the case ly,l1 € R>g, l2,l3 € R. The proof of holomorphy
in x is similar to the one for the elliptic Calogero-Moser-Sutherland model of type
Apn, which was done in [5]. The paper [5] would be helpful to understand contents
in this section.

Let v, be a normalized eigenfunction of the trigonometric Hamiltonian H (0)
and E,, be the corresponding eigenvalue which were obtained explicitly in sections
2.2.1-2.2.4.

The action of the resolvent (H(0) — ¢)~" on the Hilbert space H is written as

(H(O) - <)71 Zcmvm = Z(Em - C)ilcmvma

m

for 3 ¢mvm € H. Hence if ¢ ¢ o(H(0)), then the operator (H(0) — ¢)~*!
bounded. Set W(p) = H(p) — H(0). Then the operator W (p) is bounded and
[W(p)|| — 0asp— 0. If ||(H(0) — )" "W (p)|| < 1 then the resolvent (H(p)—¢)~!
is expanded as

(H(p)— )~

+ (H(0) Q)" 'W(p) T (H(0) — )

oweyao-o Y

@Mé@ﬁ

Let T be a circle which does not bump the set o(H(0)) and let r = dist(T', o (H(0))).
Then there exists pg > 0 such that [W(p)|| < r and I' does not bump the set
o(H(p)) for all |p| < po. Set

Pr(p) == — )dc.

QWF /
Then the operator Pr(p) is a projection to the space of linear combinations of
eigenfunctions in the Hilbert space H whose eigenvalues are inside the circle I'. Fix
E,, € o(H(0)). Since the set o(H(0)) is discrete, we can choose a circle T',,, and
Pm € Rsg such that T, contains only one element E,, of the set o(H(0)) inside
I',, and the projection Py, (p) = Pr,, (p) satisfies || P, (p) — P (0)]| < 1 for [p| < pm.

For the case (lp > 0, Iy > 0), (Ip > 0, Iy =0) or (I[p = 0, I; > 0), multiplicity
of every eigenvalue of the operator H (0) on the Hilbert space H is one. Then a
function Py, (p)vy, for each m is an eigenvector of the operator H(p) and admits an
expression

Pm(p)vm = c(p,m){}m(pa x)7 (42)

(¢(p,m) 1s a constant) for sufficiently small [p|, because the operator H(p) preserves
the space Py, (p)H and oy, (p, z) is an eigenvector of H(p) with the eigenvalue E,, (p)
(see Theorem 3.6).

For the case o = [; = 0, the Hilbert space H is decomposed into H; & Hy &
H3 @ Hy (see section 2.2.4). For each space, there is no degeneracy of eigenvalues
for the operator H(0). Hence the expression (4.2) is also valid.

As for the expansion of P, (p)vy, in v, (m' € Zsg), the following proposition
which is analogous to [5, Proposition 5.11] is shown.
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Proposition 4.1. Let |p| < 1. Write Pp(p)vm = >, Smm'Vm/. For each m
and C € Rsq, there exists C' € Rso and p, such that coefficients sy, m: satisfy
|Sm.m| < C'(Clp|)lm=m"1/2 for all m' € Zx>o and p (|p| < px)-

We prove this proposition in section 8. To obtain holomorphy of the function
P, (p)vm, we need the following proposition, which we will prove in section 8.

Proposition 4.2. Let i, (x)(= vpm,) be the (m + 1)st normalized eigenfunction of
the trigonometric gauge-transformed Hamiltonian Hr. Let f(x) = > cmthm(z)
be a function satisfying |c,| < AR™ (Ym € Z>) for some A € Rso and R € (0,1).
If v satisfies 0 < r' < 3=log %, then the power series Y °_ Cmtm(x) converges
uniformly absolutely inside a zone —r' < Sx < 1/, where Sz is an imaginary part
of the complex number x.

Remark. By the relation w = sin® 7z, a zone S| < % log % in the variable x

corresponds to a domain inside an ellipse in the variable w with fori at w = 0,1
R+R”!
5

Holomorphy of the power series v,,(p) in variables « and p is shown by applying
Propositions 4.1 and 4.2.

and a major axis r =

Theorem 4.3. Let v,,(p) be the eigenfunction of the Hamiltonian H(p) obtained
by the algorithm of perturbation (see section 2.3). Then the power series vy, (p)
is an analytic function in variables x and p for |Sx|, |p|: sufficiently small. More
precisely for each r € Rsq there exists pg € R such that the series vy, (p) converges
absolutely uniformly for (p,z) € [—po,po] X By, where B, = {x € C||Sz| < r}.

Proof. We prove for the case lg > 0 and 1 > 0. Write Py, (p)vm = D,/ Sm,m/Vm/
and apply Proposition 4.1 for the case C' = 2. Then there exists C' € Rso and
s such that coefficients s,y satisfy [, me| < C(2|p))l™=™1/2 for all p, m’ such
that [p| < ps«.

Let py = min(p, /2, exp(—57r)/2). Then we have r < = log \/2#% < 5= log \/2#%

and there exists A € Rsq such that s,/ < A(/2[p))™ for [p| < po(< ps)
and m’ € Z>o. By Proposition 4.2, the series >,/ Sy m/ U converges absolutely
uniformly for (p, ) € [—po, po] X By. Since the function v,,(p) constructed in section
2.3 coincides with a function Py, (p)v,m, up to constant and the function P, (p)v, =
> it Sm,m'Ums converges absolutely uniformly for (p,z) € [—po,po] x B, we obtain
absolutely uniformly convergence of vy, (p).

For the case (Ilp > 0 and I; = 0) or (lp = 0 and [ > 0) or (Ip = i1 = 0), we
can prepare alternative propositions to Propositions 4.1 and 4.2, and can prove the
theorem similarly. [

5. ALGEBRAIC EIGENFUNCTIONS

5.1. Invariant subspaces of doubly periodic functions. If the coupling con-
stants lo, {1, l2, I3 satisfy some equation, the Hamiltonian H (see (2.1)) preserves a
finite dimensional space of doubly periodic functions. In this section, we look into a
condition for existence of the finite dimensional invariant space of doubly periodic
functions with respect to the action of the Hamiltonian H (see Proposition 5.1).
After that, we investigate relationship between invariant spaces of doubly periodic
functions and L? spaces.
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Proposition 5.1. Let &; be a number such that &; = —1; or a; = 1;+1 for eachi €
{0,1,2,3}. Assume — Zf:o &;/2 € Z>o and set d = — Z?:o &;/2. Let Vg a1,a0,65

be the d + 1 dimensional space spanned by {(Ul(m))5‘1(02((I))&2(03(z))d3p(x)” |n=

o(x) o(x) o(x)
0,... ,d}, where o(x) is the Weierstrass sigma-function defined in (8.13) and o;(x)

(i =1,2,3) are the co-sigma functions defined in (8.14). Then the Hamiltonian H
(see (2.1)) preserves the space Vi, a1 ag.ds-

Proof. Set z = p(z), ®(2) = (z—e1)M/2(z —e3)%2/2(2 —e3)%/2 and H = &(z)~!
H o ®(z). Then

~ ) 5 g4l
H:_4(2_61)(2_62)(2—63){%4_2 +2i}

— z—e; dz

+{—(@1+as+azs—1lo)(G1+az+as+lo+1)z
+ 61((552 + 543)2 + 62(6&1 —+ 5[3)2 -+ 63(5[1 + 5[2)2}.

Let Vd+1 be the space of polynomials in z Wlth degree at most d. From formulas

(8.15), it is enough to show that the operator H preserves the space Vd+1
The action of the Hamiltonian is written as

H(z = e2)" = =4((r +m)(r +72) (= = e2)™*!
+ ((ea — e3)(r+ G + a1)r + (e —e1)(r + @z + as)r +¢')(z — e2)”

+ 7"(7“ e %)(62 —e3)(ea —eq)(z — eg)r_l),
(5.1)

where ¢/ = — % (e1(az2 + a3)? + e2(a1 + a3)? + e3(a1 + a2)?) + 27172,

Y1 = (O~é1 + 5[2 —+ 5[3 — lo)/2 and Y2 = (5[1 + 6&2 —+ 6[3 —+ ZO + 1)/2 Hence the operator

H preserves the space of polynomials in z. Since ag = —ly or Iy + 1, it follows

that (r +y1)(r +v2) =0 for r =d, (d = — Zf:o &;/2). Hence the coefficient of

(z — 62)r+/1\ on the right hand side of (5.1) is zero for the case r = d. Therefore the

operator H preserves the space Vg41. (Il

Proposition 5.2. With the notation in Proposition 5.1, assume d = — Z?:o a;/2 €
Z>o. For the trigonometric case (p = 0), the eigenvalues of the Hamiltonian H
on the finite dimensional space Va, a,.60,a5 are written as {m*(2r + aop + da1)* —

2
5 Z?:o Li(li + 1) }r=o,....d

Proof. As p — 0, we have e; — 272/3, e — —72/3, and e3 — —72/3. In this
case the coefficient of (2 — e2)"~! on the right hand side of (5.1) is zero for all r.
Hence the operator H acts triangularly. Then the eigenvalues appear on diagonal
elements. By a straightforward calculation, the coefficient of (z — e3)” on the right
hand side of (5.1) is written as

2 3
N ™
72 (2r + @ + a3)? — 3 ; Ll +1).
Here we used relations a2 — &; = ;(I; + 1) (i = 0,1,2,3). Therefore the eigenvalues
of the Hamiltonian H on the finite dimensional space Vz, a,,6,.a5 are {m2(2r +



18 KOUICHI TAKEMURA EJDE-2004/15

Gy + az)? — %2 Z?:o Li(l; + 1)}r=0,....a. By replacing » — d — r, we obtain the

proposition. O

5.2. Algebraic eigenfunctions on the Hilbert space. In this subsection we
investigate a relationship between the Hilbert space H and the finite dimensional
space Va, a,,60,a; Which was defined in the previous subsection. Throughout this
subsection, assume [y > 0 and [; > 0.

Let us consider the case &; € {—1;,l; +1} (1 =10,1,2,3) and d = — Z?:o a;/2 €
Zxp. It is easily confirmed that if &y > 0 and &; > 0 then any function f(z) in
Vao,a1,62,a5 15 square-integrable on the interval (0,1).

Set Viao.cy.do.ds = {é((i)) |f(z) € Vay.61.60.a5 |, where ®(x) is the ground state of
the trigonometric model which was defined in section 2.2.

Proposition 5.3. Let a; € {—I;,l; + 1} for i =0,1,2,3. If &9 > 0, & > 0 and
d= —Z?:o &;/2 € Z>q, then ‘7@0,&175[2@3 C H. For the case (lp > 0 and l; =0)
or (lo =0 and l; > 0) we have ‘7@0,@1754275[3 C H; fori =+ or —, and for the case
lo =11 =0 we have ‘7&075[17@2,&3 C H; fO’/’i =1,2,3 ord.

Proof. We consider four cases, i.e., the case lp > 0, [y > 0, the case [p > 0,13 =0
case, the case lp =0, l; > 0, and the case [ =1; = 0.

First, we prove the proposition for the case Iy > 0, I; > 0. The numbers &y and
&1 must be chosen as &g = lg+1 and &; = l1+1 from the condition &g, a1, lg, 11 > 0.
Now we check that, if f(x) € Vay.g,.60.a5, then f(z) satisfies the definition of the
Hilbert space H (see (2.14)). Square-integrability of the function f(z) follows from
the condition &y > 0 and &; > 0. Periodicity and symmetry of f(z) follow from
the condition — Z?:o G;/2 € Z. Hence f(x) € H.

For the case lp > 0 and Iy = 0, &g and @; are chosen as &y =1lo+ 1 and (&3 =0
or 1). Then ‘7&0,@17@2@3 C H; for ¢ = 4 or — is shown similarly. Note that the sign
of 7 is determined by whether functions in Va, &, 4,.6, are periodic or antiperiodic
(for details see section 5.2.2).

For the other cases, the proofs are similar. ([l

Remark. A function in Vi, a,.a4..4, is multi-valued in general, and so we should
specify branches of the function. In our case, the analytic continuation of the
function near the real line should be performed along paths passing through the
upper half plane.

In the finite dimensional space Vi, a, a..45, cigenvalues are calculated by solv-
ing a characteristic equation, which is an algebraic equation, and eigenfunctions
are obtained by solving linear equations. In this sense, eigenvalues in the finite
dimensional space are “algebraic”.

Now we figure out properties of the spaces ‘7&0’&1’5[2,543 contained in the Hilbert
space H. We divide into four cases.

5.2.1. The case ly > 0 and l; > 0. Let as € {—la,lo + 1} and a3 € {—I3,l3 + 1}.
From Proposition 5.3, if d = —(lo +11)/2 — 1 — (G2 + &3)/2 € Z>o then the d + 1
dimensional vector space ‘7lo+1,ll+1,&2,63 is a subspace of the Hilbert space H. We
will show that the set of eigenvalues of the gauge-transformed Hamiltonian H(p)
(see (3.1)) on the space Viy 11,1, +1.60.65 15 the set of small eigenvalues of H(p) on
the Hilbert space H from the bottom.
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Lemma 5.4. For the trigonometric case p = exp(ny/—17) = 0, if d = —(lp +
11)/2 =1 — Gg — &3 € Zx( then the set of eigenvalues of the gauge-transformed
Hamiltonian H(0) on the finite dimensional space Viy 11,1, 11.as.a5|p=0 coincides with
the set of small eigenvalues of H(0) on the Hilbert space H from the bottom. In
other words, the m-th smallest eigenvalue of H(0) on H is also an eigenvalue on
Vie+1,01+1,d9,a3 lp=0, if and only if m < d+ 1.

Proof. From Proposition 5.2, eigenvalues of the trigonometric Hamiltonian H on
the finite dimensional space Vz, a,.4,.a; are written as {m?(2r + lo + i1 + 2)? —
%2 Z?:o Li(l; + 1)}r=0,...,a. On the other hand, from equality (2.12) and the limit
H — Hp — %2 320 I;(I; + 1) as p — 0, eigenvalues of the gauge-transformed
trigonometric Hamiltonian H(0) = ®(z)H®(z)"*|,=¢ on the Hilbert space H are
written as {m2(2r + lo + I +2)% — %2 Z?:o Li(l; + D}rez.,. Therefore the lemma
follows. a

From the previous lemma, eigenvalues of the trigonometric gauge-transformed
Hamiltonian H(0) on the finite dimensional space Vi, 111, +1.40.45 are {E.(0) |r =
0,...,d}, where the values E,(p) are defined in Theorem 3.6. It is obvious that the
eigenvalues of the operator H(p) on the finite dimensional space ‘7l0+1’l1+1’d2’&3 are
continuous in p. Hence if —1 < p < 1 then the eigenvalues of the gauge-transformed
Hamiltonian H(p) on the finite dimensional space ‘7lo+1,ll+1,d2,&3 coincide with
{E.(p)|r=0,...,d}. By applying Corollary 3.10 for the case ly > 1/2 or the case
l; > 1/2, we obtain the following theorem.

Theorem 5.5. Assume d = —(lo+1)/2—1— (G2 + &3)/2 € Z>o. If (Ip > 1/2
and ly > 0) or (g > 0 and Iy > 1/2), then the set of eigenvalues of the gauge-
transformed Hamiltonian H(p) on the finite dimensional space ‘7104_1111“,&275‘3 co-
incides with the set of small eigenvalues of H(p) on the Hilbert space H from the
bottom. In other words, the m-th smallest eigenvalue of H(p) on H is also an
eigenvalue on Vig1 1.1, 41.60.65, if and only if m < d+ 1.

5.2.2. The caselyp >0 andly = 0. Let g € {—l2,lo+1} and a3 € {—I3,l3+1}. If
d=—(lg+1)/2 = (G2 + a3)/2 € Z>, then the d + 1 dimensional space Vi, 41.0.a4s.a5
is a subspace of the space H, and if d = —(lp +2)/2 — (&2 + &3)/2 € Z>¢, then
the d + 1 dimensional space Vi, 1.1.4,.4, 15 a subspace of the space H_.

Similarly to Theorem 5.5, the following statement are shown.
oelfd=—(lo+1)/2—(&2+a3)/2 € Z>p, lp > 1/2, and —1 < p < 1, then the set
of eigenvalues of the gauge-transformed Hamiltonian H(p) (see (3.1)) on the finite
dimensional space ‘7lo+1,0,6x2,&3 is the set of small eigenvalues of H(p) on the space
H, from the bottom.
elfd=—(lo+2)/2— (G2 +3)/2 € Z>p, lp > 1/2, and —1 < p < 1, then the set of
cigenvalues of H(p) on the finite dimensional space Vi,11.1.4,.4, 15 the set of small
eigenvalues of H(p) on the Hilbert space H_ from the bottom.

5.2.3. The case ly =0 and l; > 0. Let &o € {—l2,l2+ 1} and a3 € {13,153+ 1}. If
d= —(11+1)/2—(d2+d3)/2 S ZZO7 then VO’11+17&2,5¢3 C H+ and dim ‘/()1114,1’&2’&3 =
d+1. Ifd =~ +2)/2 — (G2 + a3)/2 € Z>o, then Vi 14,6, C H_ and
dim Vl,lﬁl’d%@g =d+ 1. We can confirm similar statements to the ones in section
5.2.2.
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5.2.4. The case lg = 0 and l; = 0. Let g € {— lg,lg—!—l} and as € {— l3,l3—|—1}
Ifd= (052 +a3)/2 S Z>0, then VE)OO‘2 as C H,, Vl 1,692,835 C Ho, dlm%0a2 a3 =
d+1, and d1mV1 1,640,643 = =d. Ifd= —1/2 (CM2+O¢3)/2 S Z>07 thenV1 ,0,62,a43 C Hy,
%)1@2@3 C H;, and dim V; 0,800,635 = dlm% Las,as =d+ 1.

5.3. The case of nonnegative integral coupling constants. If the coupling
constants lg, 1, 2, [3 are nonnegative integers, the model satisfies some special prop-
erties. Specifically, it admits the Bethe Ansatz method [13] and the potential has
the finite-gap property [16, 11, 14]. In this subsection, we reproduce several results
more explicitly for the case ly,I1,ls,l3 are nonnegative integers. Note that some
results were obtained in [13].

Throughout this subsection, assume [; € Z>¢ for ¢ = 0,1,2,3. Assume B; €

(1=0,1,2,3) and — Z?:o [31-/2 € Z>o. Let Vj 5 5 5, be a vector space spanned

0(1’) By (02(2)\Ba (03(2) \ 3 n 0 _

by {( o (2) ) ( =) )% ( () )% () }n:o,...,fzfzn G2 and we set Vg 5 5 5 =

é(i)) |f(x) € V3, 5, 5.5, 1> Where ®(z) was defined in section 2.2. Let &; € {~1;,li+
1} (1=0,1,2,3) and

Vao,dl,&z,dm Z?:O 541'/2 € ZSO;
Usag,a1,82,65 = § Vi—ao,l—a1,1—d2,1—ds> Z?:o Q)2 € Li>o;
{0}, otherwise,
Vdo,dl,&mdm Z?:O 641'/2 € ZSO;
Uso,d,dn,s =  Vi—dio 111Gl —dis s Z?:o Q)2 € L>o;
{0}, otherwise.

If lo + 1y + l2 + I3 is even, then the Hamiltonian H (see (2.1)) preserves the spaces
U—to,~t1,~l2, s Uto,—11 a4+ 1,05415 U—to i 41,—1a,05+1, U—i,l141,1541,~15- The gauge-
transformed Hamiltonian H(p) (see (3.1)) preserves the spaces U_j,, 15 —i5,—1s,
Uty —tyla+105+1> U—ig iy 41,~lots+1s U—igly+1,00+1,—15- 1f lo + 11 + 12 + I3 is odd,
then the Hamiltonian H preserves the spaces U_j; _i, —i,,0154+1, U—ig,—i1,la+1,—15>
U_tgt1+1,—l2,—ls> Ulg+1,—11,—15,—15, and the gauge-transformed Hamiltonian H (p)
preserves the spaces U_jy,—1y,—15,05+1> U—ig,—i1,0o+1,~15s U—ig,l14+1,—15,~15, and
Ulo+17*ll,*127*l3' 5

Now we present results on the inclusion of Ugs,,a,,4.,65 in & Hilbert space. We
consider eight cases.

5.3.1. The case l() >0 ll >0 andlo+l1+l2+13 18 even. Iflg+l3*lo*ll >2
then W0+1 I1+1,—12,—13 C H and dll’Il ‘/20+1 I1+1,—1s,—13 = (12 + l3 — 0 — ll)/Q

5.3.2. The case ly > 0, 11 > 0 and lop + 11 + 12 + I3 is odd. Iflo —lg— 11 — I3 > 3,
then Vig+1,1,+1,—1o05+1 C H and dim Vig 411, 41,—1515+1 = (o —lo — I3 — I3 — 1)/2.
Ifls —lg— 11 — 1y > 3, then Vlo-i-l li41,lo+1,—15 C H and dim ‘/lo+1 li4+1,la+1,—15 =

(s — o — by — I — 1)/2.

5.3.3. The casely > 0,11 =0 and lo+11 +12+13 is even. Iflo+13—1p > 2, then the
space W0+1,1,*l2,*13 is a subspace of the space H_(C H) and dim V}OH 1,—ly,—ly =
(12+l3—lo)/2 If lg—lo—lg Z 2, then ‘fl0+1107*l21l3+1 C H+ and dim ‘ﬁ0+1707*l2=13+1
(lg*lo*lg)/z Ifi3—lg—Is > 2, then Vig+1,0,104+1,~15 C H, and dim Vig+1,0,la4+1,—15 =
(I3 —lo — [2)/2.



EJDE-2004/15 HEUN EQUATION II 21

5.3.4. The case lo >0, 11 =0 and lo + 11 + 12+ I3 is odd. If I3 + 13 —lop > 1, then
Vigt1.0.—1n,—1; C Hy and dim Vi, 41,0 o1y = (2 +l3—lo+1)/2. If I — o — 13 > 3,
then W0+1’1’il2"l3+1 C H_ and dim w0+1’1»7f2’l3+1 = (lg —lg—1I3— 1)/2 If l3—1op—
lo > 3, then ‘/10+1 1,0o+1,—15 C H_ and dim W0+1 1la+1,—l3 = (lg —lg— 1y — 1)/2

5.3.5. The casely=0,1; >0 andlo+ll+lg+13 18 even. If Iy + 13 — 11 > 2, then
V1 Ji+41,—la,—1s C H_ and d1mV1 D41, —la—ly = (la+l3—11)/2. Iflo—1; —13 > 2, then
%)114_}7_12,134_1 C Hy and dim VO,l1+}7—l2,13+1 =(a—1l1=13)/2. Uiz —1; — Iy > 2,
then V0’11+1’12+1’,l3 - H+ and dim %711+1’l2+1’713 = (l3 -l - lg)/2

5~.3.6. The case lg =0, 1y > ONand lo+ 114+ 1s+13 is odd. If o + 13 — 11 > 1, then
VE)JIJFE’,[%,IS C H; and dim Vb,llJrlL*lm*ls = (l2 +il3—11 + ].)/2 Iflo—1;— 13 > 3,
then V1711+1’_~12_’l3+1 C H_ and dim V1711+1,_~12’l3+1 = (lg -l —1l3— 1)/2 Ifls—1; —
la > 3, then Vi 1, 41.15,41,-1; C H_ and dim Vi g, 41,0541,—15 = (ls3—1l1 —la—1)/2.

5~.3.7. The case lo =11 =0 and ly + 11 + I3 + I3 is even. In this case, the spaces
Vo012, ~tas Vid—ta—1s

Vio~tatatts Voa-ioisir (l2>1s)
Vioga+t,—tss Voria+1,—1s (l2 <l3)

{0} (I =13)

are subspaces of the Hilbert space H.

5.3.8. The case lg = 11 = 0 and lg + 11 + I3 + I3 is odd. In this case, the spaces
Vi0—ta—tss Vol,—la,—lss

Vit —totatts Voo-baistr (l2>1s)
Vitiadt,—tss Vooa+1,—ts (l2 <l3)

{0} (I =13)

are subspaces of the Hilbert space H.

6. EXAMPLES
In this section, we show examples that illustrate results of this paper.

6.1. The case [y = 1,11 = 2,l, = 0,l3 = 8. In this case, the Hamiltonian is
2

H= —dd2 +2p(x) + 6p(x + 1/2) + T2p(x + 7/2).

Set ®(z) = (sinwz)?(cos z)? and consider the gauge-transformed operator H(p) =
®(x)"1 o H o ®(x), where p = exp(my/—17). By the trigonometric limit p — 0, we

obtain H(0) = Hy — 80; where

d? 2cos T
Hp = —— —an (28
dzx sin Tz cosmx ' dx

The Hilbert space H and the inner product are defined by (2.13, 2.14). Then

the eigenfunction of the gauge-transformed trigonometric Hamiltonian H(0) with
2 8072

i d
SSINTLY 4 s, (6.1)

the eigenvalue (2m + 5)%n is the Jacobi polynomial ¥, (z) = Pa? (x) (see
(2.11)). The functions (Y, (x))mez., form an orthogonal system on the Hilbert
space H. Let H(p) be the selfadjoint extension of H(p). From Theorem 3.6 and
Corollary 3.10, it is shown that all eigenvalues of H(p) (=1 < p < 1) on the Hilbert

space H can be represented as E,,(p) (m € Zxq), which is real-holomorphic in
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p € (=1,1) and E,,(0) = (2m + 5)27% — %. Moreover, E,(p) < Epn/(p) for
m<m and -1 <p<1.
Define spaces of doubly periodic functions as follows:

Vo s = <(01(x))3(02(x))(ag(x))fsp(x)n>

o(z) " o(z)

’
n=0,1

o(x o(z) " o(x) '
Va,—2,0,—8 = <(O;(;)))_2(?((;)))_8@(@n>n_07_ 4
V_130,-8= <(Z1(%))3(?((;)))Bp(m)n>no,...,3’
and set Vﬁo B1.B2.8s — {é(;)) : (,T) € Vﬁo 81,52, 53} Then the Hamiltonian 1

preserves the spaces Va3 1,8, V_1,_2.1,-8, V2,—2.0,—8, V_1,3,0,—8 and the gauge-
transformed Hamiltonian H (p) preserves the spaces ‘727371,_8, ‘7_1)_2717_8, 1727_2,07_8,
f/71,3,0,7& ~Among the spaces V2,3,1,—8, ‘771,72,1,787 ‘72,72,0,787 ‘771,3,0,78» only
the space V331,—8 is a subspace of the Hilbert space H. The eigenvalues of
the gauge-transformed Hamiltonian H(p) on the space Va3 g are written as
1le; — ez £ 21/106€3 + T3e1eq + 46€3, where e; = p(1/2) and ey = p((1 + 7)/2).
From Theorem 5.5, we obtain E‘o(p) =1le; — 9ey — 2\/1066% + 73e1eg + 46€2 and
E‘l (p) = 1le; — 9eq + 2\/1066% + T3e1eo + 466%. Hence the smallest eigenvalue and
the second smallest one on the Hilbert space H are obtained algebraically.

6.2. The case Iy = 1,1y =2,l, =1,l3 = 0. In this case, the Hamiltonian is

d2
H= o +2p(x) + 6p(x + 1/2) + 2p(z + (7 + 1)/2).
Now set ®(x) = (sin7z)?(cos7z)? and consider the gauge-transformation H(p) =
®(z)"to Ho®(x). The Hilbert space H is defined similarly to the case lp = 1,1 =
2, lg = 0,[3 = 8. Define

Vi o= <(Ul(x))_Q(UQ(x))_lp(x)">

o()

(x) o(x)
Vo o 11— <(01($))72(02(CL’))71(03(1}))>7

o(z)

Q

f(w) . .
and set Vﬁo A {<1>(:1; (x) € Vﬁ0 1., 53} Then the Hamiltonian H pre-
serves the spaces V_1 _2 10, V_1,-22.1, V2,—2,—1,1 and the gauge-transformed
Hamiltonian H (p) preserves the spaces V_1,—2,-1,0, V=1,-2,2,1, V2,—2,-1,1. But none

of spaces V_1,_9 1,0, V_1,-2,2,1, V2,—2,—1,1 is included in the Hilbert space H.

6.3. The case [y = 1,1y =0,l; =4,l3 = 1. In this case, the Hamiltonian is

2

H= fddQ + 2p(x) + 20p(x + (7 + 1)/2) + 2p(z + 7/2).
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Set ®(x) = sin 7z and consider the gauge-transformation H(p) = ®(z) " to Ho®(z),
where p = exp(my/—17). By the trigonometric limit p — 0, we obtain H(0) =
Hr — 872, where

Hp = — + 472, (6.2)

d? 2cosmx  3sinmz\ d
L or _ el
dax? ( ) dx
The Hilbert space H, its subspaces H,, H_, and the inner product are defined
by (2.13, 2.18). Then the eigenfunction of the gauge-transformed trigonometric
Hamiltonian H(0) with the eigenvalue (m + 2)?7% — 872 is written by use of the
Gegenbauer polynomial 1S (z) (see (2.17)). The functions (Y& (z))mez-, (resp.
(WS (@)Y meaz o, (VG ())me2z-+1) form an orthogonal system on the Hilbert space
H (resp. H,, H_). Let H(p) be the selfadjoint extension of H(p). From Theorem
3.6 and Corollary 3.10, it is shown that all eigenvalues of H(p) (=1 < p < 1) on
the Hilbert space H can be represented as E,,(p), which is real-holomorphic in
€ (~1,1) and E,,(0) = (m + 2)?x2 — 872. Define

Voroas = (24
(

sinmwx COS XL

n=0,1,2,3"

() ()

Vi = (DD G o),y
‘/2,0,74,2 = <<?(f))>_4(?(%))2>’
_ o1(z)\ 02()\ -4, 03(7) 2 )"
Voii,—a2 = <( o () )( o(z) ) (0(:C) ) o(z) >n:0717

and set ~Bo,ﬁ1,52,33 = {é((a;)) : f(z) € V5, 3,.5,.5, ) Then the Hamiltonian H pre-
serves spaces V_10,—4,-1, V2,1,—4,—1, V2,0,—4,2, V_1,1,—4,2, the gauge-transformed
Hamiltonian H (p) preserves spaces ‘771,0,74,717 V2,1’74,,1, 172,0,,4,2, ‘7,1’1,,4,27 and
we have ‘72707,4’2 - H+, and ‘7271’,41,1 CH_.

The eigenvalue of the gauge-transformed Hamiltonian H (p) on the space Va g 4.2
is —12e; — 12e5 and the eigenvalues of H(p) on the space ‘72717_4,_1 are written as
12e1 — 3eq 2\/396% + 3e1eq — 66%. From the results in section 5.2.2, the smallest
eigenvalue on H, is —12e; —12e5 and the smallest two eigenvalues on H_ are 12e; —
3eq + 2\/396% + 3e1ez — 6e3. Hence Eo(p) = —12¢; — 12¢4, Ey (p) = 12e1 — 3eq —
21/39¢2 + 3ejeq — 662, and E3(p) = 12e; — 3ep + 24/39¢2 + 3e1eq — 6€2. In other
words, the smallest eigenvalue, the second smallest one, and the fourth smallest one
on the Hilbert space H are obtained algebraically.

7. CONCLUDING REMARKS

In the paper [1], Gomez-Ullate, Gonzalez-Lopez, and Rodriguez found square-
integrable finite dimensional invariant spaces for the BCy Inozemtsev model with
some coupling constants, and they observed numerically for an example of the BC
Inozemtsev model that the set of eigenvalues on a finite dimensional invariant space
would coincide with the set of small eigenvalues of the Hamiltonian on L? space
from the bottom. In the present paper, we justified this phenomena concretely
for the BC; Inozemtsev model in Theorem 5.5 and sections 5.2.2, 5.2.3, and we
illustrated plainly with examples in section 6. It would be possible to obtain similar
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results for the BCy Inozemtsev model by combining the Kato-Rellich theory and
the trigonometric limit.

We comment on relationship to the known facts for the Heun equation. In
books [9, 10], notions “Heun polynomial” and “Heun function” are introduced.
Roughly speaking, the Heun polynomial corresponds to a doubly periodic eigen-
function of the BC Inozemtsev model, and the Heun function corresponds to a
square-integrable eigenfunction or a doubly periodic eigenfunction of the BC; In-
ozemtsev model. We hope that both the Heun equation and the Inozemtsev model
are elusidated substantially in near future.

8. APPENDIX
8.1. Proof of Proposition 4.1. In this subsection we prove Proposition 4.1.

Lemma 8.1. Let ¢, (x) be the normalized eigenbasis of the gauge-transformed
trigonometric Hamiltonian Hr (2.9) defined in (2.11), and write Yooy Vi(z)p* =
H(p) — H(0). Then

Vm (2)Vis(2) = Z v Y (), (8.1)
[’ —m| <k
for some constants ¢ (|m' — m| < k).

Proof. From the Pieri-type formula for the Jacobi polynomials, it follows that
¢m($) cos 2mx = C—¢m—1(93) + CO'l/}m (l’) + C+wm+1($)a (82)

for some constants c_,cyp and cy. On the other hand, the function Vi(x) is a
polynomial in the variable cos 27z with degree k. By applying (8.2) repeatedly, we
obtain (8.1). O

Proposition 8.2. Let |p| < 1 and (Y, Vi(2)p")tm(z) = > meZs ot O ().
For each C such that C > 1 and Clp| < 1, there exists C"” € Rsq such that

m/ —m|+1

| < C"(Clp]) ™

Proof. Since the normalized Jacobi polynomials form a complete orthonormal sys-
tem, it follows that £, = (Vs (@), (O Vie(2)DF) 0 (7)) 8.

If k < |m’ —m)|, then (Vi,(2)p*®m(x), ¥ (x))e = 0 by Lemma 8.1 and orthogo-
nality. Therefore,

ot = [ (2, (3 Vel ) ml))

k=

o

=

[e%s) 1
< v k o () ()@ ()% |d
<] 20 e et ewei
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where V}, is defined by (3.2). For the case m’ = m, we obtain |t m| < > 5, Vilp|*.

Since the convergence radius of the series ) V,,p" is equal to 1, for each C
such that C > 1 and C|p| < 1 there exists C” € Rsq such that [t ../ <
C’”(C’|p|)‘m,_m‘ (m # m') and |ty < C"(Clp|) < C"(C|p|)*/? . From an in-

[ —

equality (C|p))l™ =™ < (C|p|) = for |m’ —m| € Z>1, we obtain the proposi-
tion. g

Proposition 8.3. Let D be a positive number. Suppose dist(C,o(H(0))) > D.
Write (H(p) = O) ™ m(x) = 32,0 tmm/ny (), where (H(p) — ¢)™F is defined in
(4.1). For each m € Zx¢ and C € Rs4, there exists C' € Rs¢ and po € Rso which
do not depend on ¢ (but depend on D) such that ty, m/ satisfy

[t mr| < C'(Clp)™ =12, (8.3)
for all p, m' such that |p| < po and m' € Z>y.

Proof. Recall that the operator (H(p)—¢) ™! is defined by Neumann series (4.1). Fix
a number D(€ Rsg) and set X := (¢ — H(0))" (332, Vi(x)p"*). From expansion
(4.1), there exists p; € Rs¢ such that an inequality || X || < 1/2 holds for all p and
¢ such that |p| < p1 and dist(¢, o(H(0))) > D. Then we have (35, X*)(H(0) —
O = (H(p) — )" I we write Y., b (2) = (H(0) = OL5, conrtho (),
then |c/,,| < DY cyy| for each m/. Write Xt (x) = 3,/ Lo msm (). By com-
bining with Proposition 8.2, we obtain that for each C' such that C' > 1 and
%pl < 1, there exists C” € R+ which does not depend on ¢ (but depend on D)
such that |f, /| < C” (S |p|) ™ =m+D/2 for |p| < py.

To obtain Proposition 8.3, we use the method of majorants. For this purpose,
we introduce symbols e, (m € Z) to avoid inaccuracies and apply the method of
majorants for formal series ), Cmr€,v. For formal series, we define the partial
ordering < by the following rule:

Z Me,,. < Z Py = vm!, |1 < |2,
m/'€Z m’'€Z

We will later consider the case that each coefficient CS:L), (i=1,2,m' € Z) is ex-
2

pressed as an infinite sum. If absolute convergence of c,,; is shown for each m/,

then absolute convergence of csi? for each m/' is shown by the majorant. Set Xe,, =
>t tm,m €, where coefficients €, v are defined by X, (z) = 3,/ to /().

Our goal is to show (8.3) for t, ;s such that 3", tm s (v) = 300, X7 (H(0)—
C)ilwm(x)' Since (H(O)_C)ilwm(x) = (Em_C)ilwm(m) and |(Em_<)71‘ S D717
it is enough to show that there exist C* € R~ and po which do not depend on ¢ (but
depend on D) such that ¢}, .. are well-defined by Y2220 X*enm =2, cpth €ms
and satisfy

. C+1, plm'-ml/2
|tm,7n" < C*(T|p|>

for all p and m’ such that |p| < po and m' € Z>. Set

C+ 1 |m—m'|+1
Ze,, = Z Zm.m/ €m = Z C’”(ip) Toen.

2
mEZ m/'€Z

Then we have Xe,,<Ze,,. Let k € Z>. If coefficients of Zke,, with respect to
the basis {e,, } converge absolutely, then X ke,, is well-defined and X*e,,<Z*e,,.

; (8.4)
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. k
From the equality Z%e,, = Zu(”,.n,r/(’“—l) Zy (D) 2y (1) (@)« -+ Zy(e=1) € and the
property Em,m’ = 20,m’—m; it follows that

> rren=3 Y i

k=1m/€Z [s|=1

k ’
( E zoﬁ,,s”) s " dse
vEZ

k !’
_ Z Z (ZC//ﬁ(W\Jrl)SV) s lse
k= 1meZQ7TV IsI=1 * ez
= Z Zm,m’em’7
m’'€Z

where p = (C— )1/2 and

1 c’ gm=m'=1q
Lt = (P—p )_ L — (8.5)
21/ =1 Jjs)=1 (1 = ps)(1 = ps™) = C"(p — p°)
Note that we used a formula 3, _, ¢/"I*12" = Wﬂquj_l). Equality (8.5) make
sense for p < po, where py is a positive number satisfying inequalities py < 1,

W < 1and C"py < 1. Therefore each coefficient of Y- | Z*e,, with respect

ot the basis {e,, } converges absolutely. It follows that

ZXkem<em +ZZkem<em + Z L €m! - (8.6)
k=0 = m/ €%
Let s(p) be the solution of an equation (1—ps)(1—ps—1)—C”(5—p>) = 0 on the
variable s satisfying |s(p)| < 1. Then s(p) is holomorphic in p near 0 and admits
an expansion s(p ) p+ 02p +. and

1 C”(p p%)s" " lds ol
(QWF) fh 1 (T=ps)(1 —ps=1) — C"(p — p3) =pf(p)s(p) (8.7)

where f(p) is a holomorphic function defined near p = 0. Note that relation (8.7)
is shown by calculating the re&due around s = s(p) for the case n > 0 and we need
to change a variable s — s~! and calculate the residue around s = s(p) for the case
n < 0. By combining (8.5-8.7) there exists a positive number such that

ZXkem<em+ Z BFB)s(B)™ e (8.8)

m/€Z

1
for |p| < p3. By combining (8. 8) a relation p = (C;rlp) ?, an inequality % <C

and an expansion s(p) = p + c2p? + ..., we obtain (8.4) and the proposition. [
The following proposition is essentially the same as Proposition 4.1.

Proposition 8.4. Let E,, € o(H(0)) and T, be a circle which contains only one
element E,, of the set o(H (0)) inside it. Let ), (x) be the corresponding normalized
eigenfunction. Set P, (p) = *ﬁ me (H(p) — ¢)~d¢ and write Py, (p)m(z) =
Yoo Smum' U (). For each C' € Rsq, there exist C' € Ry and p. € Rsg such
that Sp,m: satisfy

|Smme| < Cl(c|p|)|m/_m|/27 (8.9)
for all p and m' such that |p| < p. and m' € Z>y.
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Proof. Since the spectrum o(H(0)) is discrete, there exists a positive number
D such that dist(¢,0(H(0))) > D for ¢ € Ty,. Write (H(p) — ¢) *tom(z) =
Yt tmms (O (). From Proposition 8.3, it is shown that for each C' € Ry
there exists C € Rsg and p, € Ry which do not depend on (€ T',,) such that
b Satisfy [t Q)] < C(Clpl) 5™
m' € Zzo.

Let L be a length of the circle T, and write —r\l/jl Jr, (H(p) =)~ dCpm(z) =
> it Sm,m¥me (). By integrating the function ), ty, s (¢)%m/ (x) over the circle

I, in the variable ¢, it follows that |s,, /| < £ C. (C|p\) L for all p, m’ such

that |p| < p. and m’ € Z>(. Therefore, Proposition 8.4 is proved. O

for all p, m’ such that |p| < p. and

8.2. Proof of Proposition 4.2. We prove Proposition 4.2.

Proposition 8.5 (Proposition 4.2). Let ¥,,(x) be the (m + 1)st normalized eigen-
function of the trigonometric gauge-transformed Hamiltonian Hr. Let f(x) =
Yoo Cmm(x) be a function satisfying |cp,| < AR™ (VYm € Zsq) for some A €
Ryo and R € (0,1). If v’ satisfies 0 < 1’ < 5-log %, then the power series
> o CmWUm () converges uniformly absolutely inside a zone —r' < Sz <1/, where

Sz is an imaginary part of the complex number x.

Proof. We prove for the case lp > 0 and I; > 0. For the other cases, they are proved
similarly. We introduce a Rodrigues-type formula for the Jacobi polynomials
) (w) — (_1)mw_l0_1/2(1 _ w)_ll_1/2<i)m (wl0+m+1/2(1 _ w)ll+m+1/2> ]
" m/! dw

. T (m+1lo+3/2)0(m~+1;+3/2
Then pm(sm2 7x) = dimm(x), where d,, = \/wm!((;bwr?oil{+)2)(11y2m+lo+/l1)+2)' From

the Stirling’s formula, we have (d,,)'/™ — 1 as m — oo. Hence it is sufficient
to show that the power series >, CmPm (sin? mz) converges uniformly absolutely
inside the zone —r' < Sz < 7.

The generating function of the Jacobi polynomials p,,(w) is written as

- 1
> pm(w)g™ = l : , (8.10)
= ST g
where S = /(1 +£)? — 4€w. Now we set > oo G (y)E™ = ———,
V(1=8)2—4y¢
S @i ()€™ = and

(1- £+\/(1 —£)2—ayg)e’

P (y)E" = . (8
mz::op s (VI =62 —4y€) (1 — &4 /(1 = £)2 — 4y)lothatl (8.11)

Then it is shown that, if a > 0, then G, (y) and (j,(,(f) (y) are polynomials in y of degree
m with nonnegative coefficients. Hence p,,(y) is also a polynomial in y of degree m

with nonnegative coefficients. Set p,(y) = >, Opg,]f)y and P, (y) = Zk Opg,]f)
From formulas (8.10, 8.11) and the nonnegatlwty, we obtain |p(k)| < p ) for all m

and k. From the inequality |sm x| < |(%) | for —r’ < Qx < 7/, it is seen
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that

m

m
[Py (sin? ) Z Pt (sin? i) k| < Zﬁgﬁf)|sin2 nx|*
k=0 (8.12)

< !ﬁm(<L )

for all m € Z>p and z such that —r' < Sz <7/,

On the other hand, the series > °_ Oﬁm((%)%"n with respect to the

variable £, has radius of convergence e ; because the singular point of the
right hand side of (8.11) which is closest to the origin is located on the circle
€] = e72™". Let r" be a positive number §uch tlhat r <" < s-log(1/R).
Then there exists A’ € R such that py, (<)% < A’ Hence we
have ‘Cm”ﬁm((%)Z)’ < AA'(ReQ’"”)m. Since Re2™" < 1, the series
Yo o |cm|’ﬁm((%)2)| converges. From inequality (8.12), uniformly abso-
lute convergence of > o €mpm (sin® 72) inside the zone —r' < I < 1’ is obtained.
Therefore, the proof is complete. O

—2mr’,

8.3. We note definitions and formulas of elliptic functions. Let w; and ws be
complex numbers such that the value w3 /w; is an element of the upper half plane.
The Weierstrass p-function, the Weierstrass sigma-function and the Weierstrass
zeta-function are defined as follows:

p(z) = p(r|2w1, 2ws3)

1 1 1 (8.13)
==+ ) - )
2 _ _ 2 2
T2 ) CERBA{0.0)} (z — 2mw; — 2nws) (2mwy + 2nws)

olx) == H (1 — m)

(m,n)eZxZ\{(0,0)}
2

x x
X e
*p <2mw1 + 2nws + 2(2mwy + 2nw3)2)’

Setting wy = —w; — w3, €; = p(w;) and n; = ((w;) for i = 1,2, 3 yields the relations
er+ext+e3s=mn+n+n =0,
p(r) = —('(z ), (¢ (2))* = (@(x) —e1)(p(z) — e2)(p(z) — e3),

o
(x) 1 1 1
o) + + ) :

1
(2))? 2(3:—61 T —ey T —es3
(ei
+

plx+w;)=c¢;

—ealleizen) ;g
plr) —ei
where i',¢" € {1,2,3} with i’ <", i # 4 and @ # ¢".
The co-sigma functions o;(x) (i = 1,2,3) are

oi(x) = exp(—nx)o(r + w;)/o(w;). (8.14)




EJDE-2004/15 HEUN EQUATION II 29

and satisfy

az(x) 2
)
Set wy = 1/2, w3 = 7/2 and p = exp(my/—17). The expansion of the Weierstrass
p-function in the variable p is written as

2
(z) =

=p(z) —e;, (i=1,2,3). (8.15)

T 7.(.2 e np2n
—_ — — — 87 ———F—(cos2nmx — 1). 8.16
Sin2(7T(E) 3 ; 1_p2n( ) ( )

By setting x — x+1/2, x4+7/2, x4+ (147)/2, the following expansions are obtained

1 2 2 0 np2n
=T T 82N P ((—1)"cos2nmr — 1
p(z+ 2) co?(nz) 3 ™ ;171)2“(( )" cos 2nmx — 1),
(040 =T st Y mpr 2T 8.17
e T D I (8.17)
1+7 72 5=, (=1)"cos2mnz — p"
p(x 5 ):—37877 ;np 1= pn .
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