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GENERIC SOLVABILITY FOR THE 3-D NAVIER-STOKES
EQUATIONS WITH NONREGULAR FORCE

JIHOON LEE

ABSTRACT. We show that the existence of global strong solutions for the
Navier-Stokes equations with nonregular force is generically true. Similar re-
sults for equations without the nonregular force have been obtained by Fursikov
[5]. Our main tools are the Galerkin method and estimates on its solutions.

1. INTRODUCTION

We are interested in the generic solvability for the 3-dimensional Navier-Stokes
equations with nonregular force on the periodic domain T2 x [0, c0).

ou B dg
a-ﬁ-(u-V)u—!—Vp—VAu—Ff—l—a, (1.1)

divu =0, (1.2)
u(z,0) = uo(x), (1.3)

where wu is the fluid velocity vector field, p is the scalar pressure, v is the positive

viscosity constant and f + % s the external force. ug is a given initial data. The

nonregular part is denoted by %. We assume g € C([0,00); V?2) which means g(t)
is a continuous function in V2, where the space V2 is defined below. Since we only
consider the periodic domain T3 = [0,27]3, every function can be regarded as a
periodic vector field with period 27, i.e., u(x; + 27, x9, x3) = u(x1, 2, x3), etc. For
this above Navier-Stokes equations with nonregular force, the existence of the weak
solution was shown in [4].

Recently, Flandoli and Romito[3] proved the paths of a martingale suitable weak
solution for the Navier-Stokes equations with nonregular force have a set of singu-
lar points of one-dimensional Hausdorff measure zero. Also the stochastic Navier-
Stokes equations have been intensively studied by many authors (see [1], [2], [6] and
references therein). One of the most important problems in nonlinear partial differ-
ential equations is to show existence of global strong solution for three-dimensional
Navier-Stokes equations or to construct an example of the finite blow-up of the
solution for the three-dimensional Navier-Stokes equations. Although, it is still far

2000 Mathematics Subject Classification. 35A05, 7T6N10.

Key words and phrases. Stochastic Navier-Stokes equations, generic solvability.
(©2004 Texas State University - San Marcos.

Submitted February 24, 2004. Published June 4, 2004.

Supported by the post-doctoral Fellowship Program of KOSEF.

1



2 JIHOON LEE EJDE-2004/78

from being proved the global existence, it is known to be generically true for (1.1)—
without the nonregular part % (see [B] and [7]). In this paper, we show that
generic solvability is still true even with the nonregular force.

We assume f and g are divergence free vector fields for simplicity. In the fol-
lowing, we consider the Banach spaces LP(0,7T; B) for any Banch spaces B, i.e.
we say f € LP(0,T;B) if and only if |f|rro,r;5) < 00 (we use the same nota-
tion for the Banach space of 3-dimensional vector fields with the Banach space for
scalar valued function for simplicity). We denote Up<r<oo LP (0, T; B) is denoted by

L? (0,00; B). Let H™ be the usual Sobolev space(see [7]). Following the notation
in [7], we denote the space of L? divergence-free vector fields by H, the space of
H™ divergence free vector fields by V™ (V! will be denoted by V for simplicity
and convention). We define the projection operator Py;, as the projection to the
divergence free vector fields.

Note that {€;e**|i =1,2,3,k € Z3}, where ¢&; is an i-th standard unit vector,
is a complete orthonormal basis for L2. Hence projection operator, Py, is defined
as

1k-x — k®k -\ i1k-x
Py (@e™ ):(a—7|k| ~a)e’C )

Let a;(k) = |Pyiv(€:€™*®)| 2. Hence K = {a Pdw(el T keZdi=1,2, 3}

is a complete orthonormal basis for H. Deﬁne B(u,v) = —Pyiv(u - Vv, A2u =
—PyivAu, where Py, is the L? projection operator as above. By projecting 7
to the divergence-free vector field, we obtain

du dg(t

S uNu(0) — Blu) = £+ 4.

For the three-dimensional Navier-Stokes equations with regular force, Fursikov|[5]

and Temam [7] proved that for any initial data ug € V', there exists a set F' which
is included in L?(0,T; H) and dense in L9(0,T;V’) with 1 < ¢ < 4 (V' is the
dual space of V'), such that for every external force f € F', the equations have a
unique strong solution u. Using methods similar to those developed in [], [5] and
[7], we obtain the following generic existence and uniqueness of the Navier-Stokes
equations with nonregular force.

(1.4)

Theorem 1.1. Assume that the initial data is ug € V. We also assume that f €
L% (0,00; H). There exist fm € L2 _(0,00; H) satisfying f,, — f in L (0, 00; L5/%)

or all q satisfying 1 < q < % such that (1.4]) corresponding to ug and f,, possesses
ying 3 g

a unique strong solution in L2 (0,00; V) N LE (0,00; V?).

We remark that since L%/® < V', Theorem can be regarded as a slight
generalization of the results in [7].

2. PROOF OF MAIN THEOREM

For the proof of Theorem we use the methods developed in [4], [5], and [7].
First, we consider the following Galerkin approximation of the system (|1.1)—(1.2).

dum dg
Au,, — P, B —P P
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The projection onto the space spanned by {%(k)Pdiv(e}eik'“’) ||k| < m} is denoted

1

by P,,. Note that (2.1)) is equivalent to the integral equation

um(t)—i—u/o A2um(s)d8—/0 P B(um(s), um/(s))ds 0

t
= U, (0) Jr/ P, f(s)ds + Ppg(t).

0
Using contraction mapping argument, we can show, local in time, existence of

solution w,, for (2.2). Following the argument given in [4], we consider the following
auxiliary equation for given zg € V.

t
zm(t) + V/ A2z (8)ds = Ppzo + Prg(t), t>0. (2.3)
0

This equation has a unique solution, which is continuous with values in V' and
global in time. We show z,, converges in C([0,00); V) N L _(0,00; V?). (2.3) is
equivalent to

¢
Zm(t) = eV Pz + Pg(t) — 1// AQe_”(t_S)AQng(s)ds.
0

Note that for ¢(y) = max,;>o z?7e™%, we have

—tx
A2 e 2
A% tA ey < c()

—, (2.4)

where [|FllLzy = supjsy,<i [F(f)lz and A; is the smallest eigenvalue of AZ.
Hence

t
Az, (t) = e*"tAQAszo + AP,,g — u/ AQ*Qee*”(t*S)AZAHZEng(s)ds
0

is a continuous function in H. Since z,, € C([0,00); V), it follows that z,, converges
in C(]0,00); V). We let z be the limit of z,,. Set

t
pm(t) = e P2 —/ I/AZB_”(t_S)Aszg(s)ds.
0

Then p,, satisfies the linear equation

dpm
% +vA%p,, = —I/A2ng,pm(0) = Pz.

It follows that J
e AomlTe + VAo [Ts < VA Prgls.

Therefore, integrating we have

¢ ¢
1// |A2 0, (8)|32ds < |AP, 20|32 + V/ AP, g(s)|32ds.
0 0

By taking subsequence, p,, converges in L?loc(0,00; V?2). Let p be the limit of p,,.
Since we have g € LIQOC(O, o0; V2), we have 2, = py, + Png converges to z :=p+g
in L?loc(0, 00; V2). Now define i, = U, — 2. Let i, satisfy the equations
dty, _ _ _
%"‘VAQUm_PmB(Um""Zmyum"‘Zm) =Pnfte [0700)7 (25)
U (0) = um (0) — P 2o. (2.6)
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n [4], the boundedness of i, in L>(0,T;L?)N L?(0,T;V) is shown, i.e.,
t
i ()25 + v / |Adiy (5)[2ds
0
t
< i (0)22 + C / i 2 2[5 + |2l ba + 22 + | P f[2ds.

Thus vA2d,, € L (0,00; V') C L4/3(O 00; V'). Note that

loc
i - Vi |[vr < Clliim || [ aml[37

[ Iy

”2||zm||1v/3,

1/2

”um vZmHV’ < C”Um”NHZWL”

1/2
|Zm - Vimllv: < Cllzmll}s |l

3/2
[EA[A

[EMIH,
I2m - Vemllvr < Cllzmll}s

Hence, we have P, B(ﬂm + Zm, U + 2m) € L /3(0 00; V'). Thus we conclude that

loc
ag;” is bounded in LlOC (0,00; V’). Since {iy,} is bounded in W zloc([0,00); V'),
we have i, converges strongly in L2loc(0,00; H). Thus there exists u such that
U converges to u in L2(0,T;V17¢) and L%(O7 T; H) for any small € > 0. Since u,,
is a finite Galerkin approximation, we have |ty |ym < C(m)|um|r2. Hence uy, is in
L*(0,T;V) N L%(0,T;V?). Thus we have showed the following lemma.

Lemma 2.1. If ug € H, then u,, converges in L?>(0,T;V'~¢) and L%(O,T;H)
for any small ¢ > 0 as m — oco. The sequence u,, is bounded in L>°(0,T;H) N
L2(0,T;V). Furthermore, wy, is in LS (0,00; V) N L2 (0, 00; V?).

loc loc
To proceed further, we consider the linear equations

dg
at’ (2.7)

Ovp, 9
8t+Avm_( Po)f+ (I —Pp)—=
vm(0) = (I — Py,)uo,

where I — P, is the projection onto the space spanned by {— ) Paiy (€:e™*®) | || >
m}.

Lemma 2.2. Ifug € H, then there exist a unique solution v,, of in the space
L2(0,T;V) N L>=(0,T; H) and vy, — 0 in L2(0,T;V) N L>®(0,T; H) as m — oo.
Furthermore, if ug € V, then v, € L*(0,T;V?) N L>®(0,T;V) and v,, — 0 in
L2(0,T;V2) N L*>(0,T;V) as m — oo.

Proof. Since is a simple linear dissipative system, the existence and unique-
ness are immediate consequence of the standard results. Similarly to the proof
of Lemma we can prove v, € L2(0,T;V) N L>(0,T;H) and v,, — 0 in
L2(0,T;V) N L*>(0,T; H). We only provide the proof of the second claim of this
lemma. Equation is equivalent to the integral equation

'Um(t) :e_VtA2 (I - Pm)uO + (I - Pm)g(t) + /0 e—u(t—s)A2 (I - Pm)f(s) ds

¢
f/ yAZe v (tma)A? (I — Py)g(s)ds.
0
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Since

Avp (t) :e—vt/\zA([ — Pp)ug+A(I — Pp)g(t) + /t Ae—v(i&—s)A2 (I - P,)f(s)ds
0

t
_ / VAQ(lfe)efu(tfs)A2A1+2e(I _ Pm)g(s) ds
0

is a continuous function in H (see (2.4))), we have v, € C([0,T); V). Set

t
hon(t) —eViA? (I — Py)ug —/ yAZeV(t=9)A? (I —Pn)g(s)ds
0

t
+/ e V=9 (1 _ PV f(s)ds,
0

ie, vy (t) = (I — Pp)g(t) + hpy(t). It follows that h,, satisfies the equation

dh,
- vA?hy, = —vA*(I — Pp)g+ (I — P)f.
Taking inner product with A2h,, in L? produces
1d
S B A% (s < 2 [N 2+ CIAX(T = Pr)gl3s + CI(T = Pl

Integrating over [0,7T), we obtain
T
|AZ R ()52 +u/ |A2 R ()3 2dt
0

T T
gMU—amm§+c/|Mufammm§w+c/\afawﬂm%ﬁ
0 0

Thus h,, € L*(0,7;V?). Since g € L?(0,T;V?), we obtain v,, € L*(0,T;V?).
Lebesgue’s dominated convergence Theorem produces v, — 0 in L2(0,7;V?) N
L*(0,T;V) as m — oo. For the uniqueness, if there exists two solutions v},
and v2, of (2.7), then we denote by p(t) = v}, (t) — v2,(t). We have the following
deterministic equations.

dp

p +vA%p =0, p(0)=0.

Thus we have p(t) = 0, which completes the proof. O

From Lemma we have u,, is in L>(0,7;V) N L?(0,T;V?). Now for every
m, we consider also the solution v,, of the linearized problems We then set
Wy = U, + Uy and observe wy, satisfies w,, € L2(0,T;V?)N L>(0,T;V) if ug €
V. By adding two equations, we have the following Navier-Stokes equations with
nonregular force

d

% + vA* Wy, — B(Wp, W) = fm +
where f, = f — B(Vm,Vm) — B(Vm,Um) — B(tm, vm) — (I — Py)B(tm, tm). Let
Wy, be another solution of (2.8)). Then by letting p,,, = w,, — W, we have

dg
- 2.
I (2.8)

dpm . . L
% + VAQPm = B(pm> W) + B(Wm, pm.)-
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Hence we have
d, . . - -
mlz < =208 l2 + Clpml 1o Viwm| 13l m
< —v[Apm|T2 + Clwm|vz|wn|v|pm7--

Using Gronwall’s inequality, we have

t
(0 <15 0) 22 x5 (C [ umlyalumvs).
0

Since w,, € L2(0,T;V?)NL>®(0,T;V), it is clear that w,, is the unique solution in
L% (0,00; V2) N L{2.(0,00; V). Hence for the proof of Theorem it is sufficient

loc

to show that f,, converges to f in L4(0,T; L5/%) with 1 < ¢ < %.

Proof of Theorem[1.1 For the remaining of this proof, we use only the weaker
assumption uy € H instead of ug € V. Since we have v,, — 0 in L2(0,T;V) N
L>(0,T;H) as m — oo, it is clear that B(v,,,vm) — 0 in L(0,T; L%°) by the
inequalities

T T
| By ) |2 6,5dt < C [vm|? s [vm|T-dt
o L8/ ) L %

T 9 3
< c/ o /2[00 3t
0
T

2q 4 T 3q/4
< C(/ |vm|z;34dt> (/ |vm|%,dt) !
0 0
4

4-3q =52 3q/2
=CT= |”m|z°°3€0,T;H)|”m|LqQ/(0,T;V>'

—3q

It is well known from the interpolation inequality that
Bty vin)|oss < Clatm] 6 Vom| prz < ClVtm] 2o | 127 orm 3/

Then
T
/ ‘B(u’rn7v7n)|%6/5dt
0

T
<C / IVt |2 [0 |2 0| 2t
0

3

gc(/OTWum@th)q”(/oT |vm|;:5th)w(/: |vm|%/dt)q/4

4—3q 2 2
<CT |um|qL2(o,T;V)|Um‘qL/oo(o,T;H)”m|qL/2(o,T;V)

— 0.
Similarly, we have

T T
/ |B(vm,um)|iﬁ/5dt < / V|9 5|V, |2 dt
0 0

4-3q q/2 q/2
<CT= |um‘%2(O,T;V)|vm|L°°(O,T;H)|vm|L2(O,T;V) —0.

To complete the proof, it is sufficient to show that

(I — Pp)B(tm, ) — 0 in L9(0,T; LY/5) as m — oo.
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First we recall that u,, converges to its limit u from Lemma We rewrite u as
an expansion by the complete orthonormal basis K, i.e.,

o1
U= g ufca (k)Ple e;e E uger(x
keZ3 i=1,2,3 v kez3

where uz is the corresponding coefficient, and for simplicity of notation we intro-
duced the right-hand-side. Then we have

(I = P)B(u,u) = (I = Pp)Paiv((u- V)u)
= (I — Pp)Paiv Z Z uger (z) - K uprep ()

k€T3 keZ?
= Pdiv(( Z ukek Zuk/ek/ ) (29)
[k|>[%]
+ Pdiv<(zuk6k($) -V) Z Up €r (m)),
k [k >3]

where [a] denotes the largest integer less than or equal to a, and ), denotes the
summation over all h € Z? satisfying |h+j| > m when [j| > [%2}]. Using the identity

(2.9), we obtain

|(I — P)B(u,u)| < C| Z uger ()| 3| Vulp2 + Clu|s|V Z uprer ()| 372
|k|>[%] |k | >3

<Cl S wpen(@) M2Vl

|k1=[%]

We obtain that for any ¢ < 4/3,
T
| 1= Bl
0
T 3q
< c/ Vulhl S (o) Y2dt
0

|k1>[%]

SC’(/OTVU|%zdt>3q/4(/OT| Z ukek(x)\zziqsth)

|k1>[%]

4-3¢q

Since K is a complete orthonormal basis for H, we have
(I — P,)B(u,u) — 0 in L9(0,T; L%%) as m — oc.

Thus it only remains to prove that B(u,,u,) — B(u,u) — 0 in L(0,T; L5/5).
From Lemma we have

Uy —u  in L2(0,T;V79)N L%(O,T; H) for any € > 0.
We complete the proof by showing that
Bty — U ), B(t, thy, — u) — 0 in LI(0,T; L%?) for all ¢ < 4/3.
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By the interpolation inequality, we have for € < 1/2,

1—2e

| B(wm — u, tm)|pors < Clum —ul;s 7 [, —u|‘2,(11 “ V|2,
B, — )| o5 < Clul ol —ul 5 — ul/?.
Setting r = #{jélq), we have
¢, _a _ql-29

2 41 —€ " 2r(1—¢)
By Holder’s inequality and Lemma we obtain

T
/ |B(um _u7um)|(£6/5dt
0
q(1—2¢)

T r 2r(l1—e) T 2 ﬁ T 2 q/2
< C( |Um —U|L2dt> ( |Um _U|V175dt> ( |Vum|L2dt>
0 0 0

which approacheb zero as m approaches co. Again using Holder’s inequality (note
that 4 + 4 + 2534 = 1), we have

T
/0 |B(t, U, — u)|% /5 dt

T q/2 T 4*43‘1 T
< 2 _ 3q
< C’(/O \u|vdt) (/0 |t u|L2 dt) (/0 U
This completes the proof of Theorem O
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