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STABILITY OF BISTABLE TRAVELING WAVEFRONTS FOR A
NONLOCAL DISPERSAL EPIDEMIC SYSTEM

YU-CAI HAO, GUO-BAO ZHANG

ABSTRACT. This article concerns the stability of traveling wavefronts for a
nonlocal dispersal epidemic system. Under a bistable assumption, we first
construct a pair of upper-lower solutions and employ the comparison principle
to prove that the traveling wavefronts are Lyapunov stable. Then, applying
the squeezing technique combining with appropriate upper-lower solutions, we
show that the traveling wavefronts are globally exponentially stable. As a
corollary, the uniqueness of traveling wavefronts is obtained.

1. INTRODUCTION

In this article, we investigate the stability of traveling wavefronts of the nonlocal
dispersal epidemic system

M — d1D1 [ul](l‘,t) - aul(xvt) + h(LQ(HZ‘,t)),
o (1.1)

W = doDs[ug)(z,t) — Bua(z,t) + g(ui(zx,t)),

where © € R, t € R, o and  are all positive constants, d; > 0, D;[-] model nonlocal
dispersal represented by the convolution operators

Dilw)(z,t) := J; * ui(x,t) — us(x,t) = /RJi(m —y)u(y, t)dy — u;i(x,t), i=1,2.
The variables uj(x,t) and us(z,t) respectively stand for densities of the infectious
agents and the infectious human population at location x and at time ¢; —au; is
the natural death rate of the bacterial population and h(us) is the contribution of
the infective humans to the growth rate of the bacteria; —Sus is the natural dimin-
ishing rate of the infective population because of the finite mean duration of the
infectious population and g(u;) is the infection rate of the human population under
the assumption that the total susceptible human population is constant during the
evolution of the epidemic; d; and dsy are diffusion coefficients.

The environmental pollution by an infective human population can lead to the
spread of the infectious diseases, which is regarded as one of the main factors of
relevant epidemics, such as cholera and malaria [2]. Capasso and Paveri-Fontana
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[] proposed a model to describe the spread of cholera epidemic which happened in
the European Mediterranean regions in 1973,

du;t(t) = —aun(t) + aus(t), (1.2)
du;t(t) = —Bua(t) + g(ui (1)),

where a > 0 is a constant.
By considering the mobility of the bacteria and neglecting the small mobility of
the infectious population, Capasso and Maddalena [3] gave the system
Ouy(z,t) 0?uy (z,t)

o d 9z auq (z,t) + aug(x,t), 13)

P2E0) - (1) + gl (1),

Zhao and Wang [33] established the existence of monotone traveling waves and
the minimal wave speed of with monostable nonlinearity. Xu and Zhao [26]
proved the existence, uniqueness and global exponential stability of traveling waves
of with bistable nonlinearity.

In 2012, Hsu and Yang [I0] studied the epidemic system

2

Our(x.1) _ g F@0) () + hus(e, 1),
Oug(z, 1) 0?us(z,t) ’

ot =dy D2 —ﬂUQ(LU,t)-I-g(Ul(.’E,t)),

and proved the existence, uniqueness, monotonicity and asymptotic behaviour of
traveling wave solutions of under the monostable assumptions. Wu and Hsu
[22] investigated the existence of entire solutions for delayed monostable epidemic
models with and without the quasi-monotone condition. We also refer readers
to [28] for existence and stability of traveling waves of with discrete diffusion.
Note that the Laplacian operator %, which is used to describe the diffusion
of the infectious agents in and only depicts a local and short range
diffusion process. However, in reality, the migration or diffusion of the individuals
is not just limited in a local or short range, more details can refer Lee et al. [11]
and Murray [16]. So it is not enough or very accurate to formulate the diffusion
process of individuals in a long range by Laplacian operator. To consider the spatial
migration and describe this model reasonably, the following nonlocal operator

(Du)(z,t) = (J * u)(z,t) — u(z,t) = /RJ(af —y)[uly,t) — u(z, t)]dy

was introduced in [7, [32] 29] [3T]. For example, Zhang and Wang [31] proposed the
nonlocal dispersal epidemic system with time delay

M =d(J *uy —uy)(z,t) — auy(z,t) + aus(z, ),
ot
o (1.5)
T’ = —PBus(x,t) + g(us(x,t —7)).

In the quasi-monotone monostable case, Zhang and Wang [31] proved the existence
of traveling wavefronts of (1.5)) in both isotropic dispersal case and anisotropic dis-
persal case by constructing appropriate upper and lower solutions. Later on, Zhang,
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Li and Wu [32] considered system without delay, and studied the multi-type
entire solutions, when ¢ is monotone increasing monostable and bistable nonlin-
earity, respectively. More recently, Zhang, Li and Feng [29] proved the stability of
traveling waves of in the quasi-monotone monostable case and the non-quasi-
monotone monostable case. To our best knowledge, the stability of traveling waves
of and is not addressed before in the bistable case.

In this article, we shall focus our attention on the stability of bistable traveling
wavefronts of system . Our main assumptions are as follows:

(A1) J; € CYR,R), Ji(z) = Ji(—2) > 0, z € R and [, Ji(x)dx = 1.

(A2) For every A € R, [, Ji(z)e ™ *dx < +oc.

(A3) g,h € CHR,R}), g(0) = h(0) = 0, v} = g(ul)/B, hig(uf)/B) = au,

1 =1,2, where u] < u3j are two positive constants.
(Ad) ¢/(0)'(0) < aB, g'(u3)I'(v3) < & and g'(u})'(v}) > af.
(A5) ¢'(0) =0, K'(0) =0, ¢’(u) > 0 for u € (0,us], H'(v) > 0 for v € (0,v3].

A typical example of g and h satisfying the conditions (A3)-(A5) is g(u) = {2
and h(v) = av®/? with a > 0. The spatially homogeneous system associated with
system (1.1)) is written as follows

M:—aul t) + h(us(t
i (1) + h(ua(), -
o = —Bua(t) + gl (1)),

By (A3), this system has three equilibria E~ = (0,0), E° = (u},v}), and ET =
(u3,v3). By (A4), E° is a saddle point, E~ and E* are stable nodes, and hence,
the system is a bistable system.

A traveling wave solution (in short, traveling wave) of has the special form
(ur(z,t), ua(z,t)) = (¢1(€), d2(£)), £ = x + ct, where ¢ € R is the wave speed and
(01(8), p2(€)) is the wave profile. Moreover, we say (¢1(£),d2(€)) is a traveling
wavefront if (¢1(€), ¢2(£)) is monotone in & € R. We want to find the traveling
wavefronts of (1.1) connecting E~ and E*. It is well known that has a
traveling wave solution ¢(£) = (¢1(€), p2(€)) which connects E~ and ET if and
only if ¢(§) satisfies the wave profile system

e (§) = diD1[p1](€) — ad1(€) + h(92(8)),

e (&) = dyDaloal(€) — Bon(€) + 9(61(€)), .7
with
ngjlm(ﬁ(ﬁ)v@(f)) =FE, ngmwl(f)’%(f» =FE*. (1.8)

By the abstract theory in Fang and Zhao [8], we know that under assumptions
(A1)-(Ab), there exists a unique constant ¢ € R such that has a unique
increasing traveling wavefront ¢(-) = (¢1(-), ¢2(+)) connecting E~ and E™T.

As mentioned before, the main goal of this article is to show the stability of
traveling wavefronts of . Hence, we need to provide further details on the
progress of stability of traveling waves in this direction. The stability of traveling
wave solutions of systems with Laplace diffusions and nonlocal dispersals has been
well studied in the past few years. We refer to [0, @, 12, 13| 14} 15, 17, 18, 19,
20, 23], 24, 25| 26] for Laplace diffusions and [I, 27, (29, 30] for nonlocal dispersals.
As we know, there are three classical methods which have been used to prove
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the stability of traveling wave solutions. The first one is spectral analysis, see
[I7, 24] for the non-critical speed case and [9] 25] for the critical speed case. The
second one is the method of weighted energy together with the comparison principle,
see [12), M4, 15, 27, B0] and the references cited therein. The third one is the
squeezing technique developed by Chen [5]. We can refer to [13| 18| 20] for bistable
equations. Motivated by [5l I3, 18] 20], we generalize the squeezing technique to
nonlocal dispersal system for proving the global stability of bistable traveling
wavefronts. We should remark that the method used here can be also applied
to and the global stability of bistable traveling wavefronts can be similarly
obtained.

This article is organized as follows. In Section 2, we study the comparison
principle of the solutions of the initial value problem corresponding to , and
then show some properties of traveling wavefronts of . In Section 3, we prove
the Lyapunov stability traveling wavefronts of . In Section 4, we establish the
global stability and uniqueness of traveling wavefronts of .

2. PRELIMINARIES

In this section, we present two lemmas that will be useful later. In view of [21]
Lemma 3.1], the solution semigroup of the following nonlocal dispersal equation

ou(x,t)
ot =(Jxu—u)(z,t), z€R, t>0,
u(z,0) = p(x), = eR.
is given by
PO = 3 Soan($)(@) (2.1)
m=0 '

where ao(¢)() = $(2), am(@)(x) = fy J(@ — y)am1(¢)(y)dy, for all m > 1.
Let x = BUC(R,R?) be a Banach space of bounded and uniformly continuous
vector-valued function from R to R? with the general norm || - || and

x1={p(x) € x: E~ <p(z) <ET, Vr € R},
where p(z) = (¢1(x), p2(x)). Define
(1) )(@) = PUb)](@), weR, t>0,i=12,

where P(d;t) is defined as in (2.1) with J = J;, ¢ = 1,2. Let T'(t) = (T1(¢), T2(¢)).
It is easy to see that T'(t) : x1 — x1 is a positive and analytic semigroup.
Now we consider the initial value problem

W = d1D1[u1](z,t) — cquq(x,t) + h(uz(z,t)),
W = doDs[ug](z,t) — Bua(z,t) + g(u1(z,t)), (2.2)

ui(z,0) = p1(x), wua(z,0) = pa(z), v €R.

Integrating the first two equations of ([2.2) with o(z) := (¢1(z), p2(x))T, it can be
derived that the initial value problem (2.2)) is equivalent to the integral equation

u(z,t) = T(t)p(z) + /0 T(t — $)Q(u(z, s))ds, (2.3)
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w) o= (5 5)
Qtuto = (o) (o Mt ).

Definition 2.1. A continuous function u(x,t) = (uy(z,t),uz(z,t)) : R x [1,T] —
R2, 7 < T, is called an upper (lower) solution of system (1.1)) on [r,T) if

where

u(z,t) > ()T (t — s)u(x, s) —|—/ Tt —r)Q(u(x,r))ds,
forany 1 <s<t<T.

Remark 2.2. If a continuous function u(x,t) = (uy(x,t), uz(z,t)) is C! with ¢t > 0
and satisfies

QL8 D) 5 (<) Dyfu) (1) — s (1) + hua (. 0).
3 8(t ) (2.4)
W@% > (S)doDalus(x,t) — Bug(x,t) + g(us (1)),

then u(zx,t) is an upper (lower) solution of (|1.1)).
Now we give the first lemma, i.e., the strong comparison principle.

Lemma 2.3. Let u(x,t) = (u1(z,t),u2(z,t)) and v(z,t) = (vi(x,t),v2(x,t)) be
two solutions of with uw(z,0) = p(x) and v(z,0) = @(x), respectively, where

p(2) = (p1(2), p2(2)); P(@) = (41(2), P2(2)) € C(R,RY),
with E= < ¢(x) < p(x) < ET, 2 € R. Then for any (z,t) € R x (0,00),
E- <v(z,t) <u(z,t) < ET

and
y+1
ui(x,t) —vi(z,t) > N;(L,t — to) / (ui(z,to) —vi(z,t0))dz > 0, (2.5)

for L >0, z,y € R satisfying |x —y| < L and t > tg >0, i = 1,2, where
Ni(L,t —tg) = Cy(L)e~(eTdlt=to) (4 4.,
Na(L,t —tg) = Cy(L)e” PHRIt) (¢ — 1),

where C;(L) = minge_r_1,p41) Ji(x), i = 1,2.

Proof. The first assertion of the lemma can be proved by the properties of the
monotone semiflow, see [7, 27]. So we omit it here. We shall prove that the
inequality holds.

Let w;(z,t) = wi(x,t) — vi(x,t), « = 1,2. Then w;(x,t) > 0 for (z,t) € R x
(0, +00). For any given 0 < ¢ty < t and z,y € R satisfying |z — y| < L, it follows
that

wi (z,t)

=T (t — to)wr(z,to) + / Ty (t — r)[—awi(x,r) + h(uz(z,7)) — h(va(z, 7))]dr

to
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=T (t — to)wi(z,to) + / Ti(t — r)[—owy (x,7) + ' (§)ws(z, r)]dr

to

> Ty (t — to)wi(x, tg) — a/ Ty (t — r)wy(x, r)dr.

to

Let
2(z,t) = e ETOITY (t — to)wy (x,tg), t > to.

Then z(x,t) is the solution of the nonlocal dispersal equation

ou
ot

dy(J1 *u—u) — au.
Thus,

z(x,t) =T1(t — to)z(z,to) — a/ Ty (t —r)z(z,r)dr, t > tp.

to
It then follows that wy(z,t) > z(x,t), t > tg, and hence,

wy (z,t) > e VT (£ — to)wy (2, to)

— e—(t—to) p—di(t—to) Z t_to m|w1(z,to)]

_ o (atdi)(t—to) Z t_to /J1 T = Y)am—1[w1(y, to)]dy

y+1
S 67(a+d1)(t7to)(t —to) / Ji(x — 2)wi(z,t0)dz
Y

y+1
> Oy (L)e~(aFd)lt=to) (4 _ 44 / wi (2, to)dz,
y
where C1(L) = minge(—r,—1,141) J1(2).
Similarly, one has
wa(z,t)

= To(t — to)wa(x,to) + / To(t — r)[—Bwa(z,7) + g(ur(z, 7)) — g(v1(z,7))]dr

to

=T (t — to)wa(z,to) + /t To(t — r)[—Pwa(z,7) + ¢’ (E)wi (2, r)]dr
> To(t — to)wa(x, to) — B | Ta(t — r)wa(z,r)dr,

to

and then
(.’L’ t) > e_ﬁ(t tO)TQ(t — to)U)Q X to)

> e~ (B+d2)(t— to) /J2 (z — y)ws( y,to)dy

y+1
> Cy(L)e~BFd2)t=to) (4 _¢.) / wy(z, to)dz,
Yy

where Co(L) = ming¢(_r_1,741] J2(7). The proof is complete. O
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The second lemma is about the limit behavior of the derivative of wave profiles
at +oo. For the convenience, in what follows of this paper, we always denote
BT = (u3,v3) = (k1, k2).

Lemma 2.4. Let ¢(&) = (¢1(£), 92(§)) be any traveling wavefront of satisfy-
ing 0 < ¢;(§) < ki. Then lime|—, o ¢'(§) = 0.

3. LYAPUNOV STABILITY OF TRAVELING WAVEFRONTS

In this section, we prove the Lyapunov stability of traveling wavefronts of .
By (A3)—(A5), we can find sufficiently small constants p; > 0,7 = 1,2, such that
apy > ppa,  Bpa > ppr, (3.1)
where p = max{p1, p2} with
p1 =max {h'(z) > 0: 2 € [0,p2] U [ka — p2, k2] } >0,
p = max {¢'(2) > 0 2 € [0,p] U [k — p1, ku]} > 0.
We construct an upper solution and a lower solution of .
Lemma 3.1. Assume that (A1)—(A5) hold. Let ¢(x+ct) = (¢1(x +ct), p2(z +ct))
be a traveling wavefront of (L.1)). Define w*(z,t) = (wi (z,t), ws (z,1)) by
wf (w,t) = min {¢; (¥ (z, 1)) + Ipse™™" ki }
wi (2,t) = max {¢:(n" (2,1)) — opse~",0}
where nt(z,t) = x + ct + & £ 090(1 — e Pot), i = 1,2. Then there exist og > 0,

Bo >0, 6o > 0 such that for any § € (0,0¢] and every &, wt (x,t) and w™(x,t) are
an upper solution and a lower solution of (1.1]), respectively.

Proof. We only verify that w™(z,t) is an upper solution of (1.1]), since the lower
solution w™~ (z,t) can be treated similarly. Note that when w; (z,t) = k; fori = 1,2,
it is easy to see that w;r satisfies (2.4). Hence, in what follows, we consider the case
wj_(x7t) = ¢i(77+(337t)) + 5pi€_ﬁ0t'
For simplicity, we denote 57 (z,t) by 7. Let
an — _
it := min { 2L PPz Bp2 — pp1 10,
p1 P2

Fix By € (0,u) and §* € (0,po) with pg := max{p1,p2}. Then there exists M =
M(®, By, 6*) > 0 large enough such that

bi(n) + 0pi > ki — 0%, V6 € (0,6%], n> M,
¢i(n) — 0pi < 6%, V6 € (0,6, n< —M, i=1,2.

We can directly calculate that

ow (x,t _ _
za(t ) el n) + Booade 6 n) — Bodpre=",
By (2.4), we need to prove that
F(x,t
610187(:’) > diDi[w]] — aw] + h(w),
3.2
owy (z,t) (3.2)

5t > doyDo[wy] — Bwy + g(w).
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The first inequality of holds if and only if

¢ (n) + Booode P ¢ (1) — Bodpre” !

> di D[ (1) + dpre” "] — ap1(n) + dpre™™"] + h(wy)

= di{J1 % (¢1(n) + dpre=™") — (¢1(n) + dpre=")}

— al1(n) + dpre” ™ + h(wy)

= di[J1 % $1(n) — $1(n)] — a1 (n) — adpre™™" + h(wy)

= diD1[¢1](n) — adi(n) — adpre™™" + h(wy) + h(d2(n)) — h(¢2(n)).
In view of , we only need to verify

e~ [Boood (n) — Bopr] = de™ P (—apy) + [M(w3) — h(¢2(n))]
& Booodi(n) — Bopr > —apr + 6 el h(wg) — h(p2(n))]
& Booodi(n) — Bopr > —apy + 6 1P (0)dpae ™t = —apy + B (0)po,

where 6 € [p2(n), ws (x,t)]. For |n| > M, by the choice of M, it suffices to show
that

o0Bod1 (n) — Bop1 > —ap1 + ppa.

Obviously, the above inequality holds by ¢}(n) > 0 and the choice of Sy. Since
ot(n) >0,i=1,2, for [n] < M, we let

myo := min min{g;(n)[jn] < M} > 0.
=1,

In addition, we take

51 = max{h’(§)|§ €0, ka]}, s2:= max{g'(§)|£ €10, k1],
_ Po(Bo + s0)

S0 := max{sy, sa2}, 0p: mobe

1
>0, Jp:=min {5*, —}

0o
Then for || < M, we obtain

00Bod(n) — Bop1 + apr — h'(0)p2 > o0Bomo — po(Bo + so) = 0.
The second inequality of holds if and only if
cdy(n) + Booode” P ¢h(n) — Bodpae ™!
> dyDa[a(n) + Spae™ ™ — Blg2(n) + dpae™ '] + g(wi)
= da[Ja % (62(1) + Opae™ ") = (62(n) + Ipae "))
— Blé2(n) + Spae™ " + g(wi)
= do{[J2 * ¢2(n) — d2(n)] + de P [ Jy % po — pa]} — Ba(n) — Bopae P! + g(wi)
= dyDs[¢](n) — Ba(n) — Bpae™™" + g(w) + g(d1(n) — g(d1(n)).
By , we only need to verify that

Se= ! [Booodh(n) — Bope] > e~ (=Bp2) + lg(wy) — g(¢1(n))]

& Booodh(n) — Bopz = —Bp2 + 6Pl [g(w]) — g(¢1(m))]

& Booodh(n) — Bopz = —Bpz + 0 'ePg (0)6pre " = —Bps + ¢'(0)p1,
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where 0 € [¢1(n),w; (x,t)]. For |y > M, by the choice of M, it is equivalent to
show that

o0Bod5(n) — Bope > —Bp2 + pp1.

It is easy to see that the above inequality holds due to ¢4(n) > 0 and the choice of
Bo. For |n| < M, since ¢}(n) > 0,7 = 1,2, taking oy as above, we obtain

00Body(n) — Bop2 + Bp2 — ¢’ (0)p1 > moooSBo — polBo + so] = 0.

The proof is complete. U

With the help of the upper and lower solution in Lemma [3.1] and the comparison
principle, we can observe the following Lyaponov stability theorem.

Theorem 3.2 (Lyapunov Stability). Assume that (A1)—(A5) hold. Let u(x,t;p)
be the solution of with the initial value . Then the traveling wavefront (¢, c)
of is Lyapunov stable in the sense that for any e > 0, there exists § > 0 such
that ||[u(-, t; @) — ¢(- + ct)|| < e provided that || — ¢|| < 4.

Proof. Tt is clear that ¢}(£) is continuous in £ € R, ¢ = 1,2. Then by Lemma [2.4]
we obtain that ¢;(-) is uniformly continuous on R. Hence, for any € > 0, there
exists d; = d1(g) > 0 such that for any |y| < d1, it holds

6 +9) = i) < 3. (3.3)

Choose 0 = d(¢) € (O,min{m, %’60})’ where o and Jp are given in
Lemma [3.1} Then for every ¢ := (g1, ¢2) with [l — ¢[| < 6, we have

max {(bl(x) - (5pi,0} < pi(z) < min{@(:ﬁ) + 6pi,ki}, VreR, i=1,2.
By Lemma and the comparison principle, one has

max {(;Si(n_(x7 t)) — 5pie_ﬁ°t, 0}
< wi(z, t; ;) (3.4)
< min{¢;(n* (2,t)) + opie " k;}, i=1,2,

where z € R, t > 0, and n*(x,t) := x + ct £ 0¢6(1 — e~ Pot). Tt is easy to see that
|+ 008(1 — e PN < 0pd < 6y, Vit >0.
Hence, combining with and , we obtain
¢i(x + ct) — g < iz, t; ;) < ¢i(x+ct) + %, VeeR, t>0,i=1,2,

which implies that
[u(-,t;0) — d(- +ct)|| <e, Vt>0.

The proof is complete. O
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4. GLOBAL STABILITY OF TRAVELING WAVEFRONTS

In this section, we establish the global stability of traveling wavefronts of (1.1))
by applying the squeezing technique, and then show the uniqueness of traveling
wavefronts. To obtain the global stability of traveling wavefronts, we construct
another pair of upper and lower solutions which are different from that in Lemma
Let () € C*(R) be a fixed function with the following properties:

((s)=0 Vse(-00,0]; ((s)=1, Vse&[4,00);
0<¢'(s) <1, |¢"(s)] <1, Vse(0,4).

We define v*(z,t) = (vi(z,t),v5 (z,t)) by
v (z,t) = min {k; + op; — [k; — (1 — 25)pie_st]g“(§;’:c(a:,t)), ki},
vy (2, t) = max { — dp; + [ki — (1 — 20)pie™*"|¢ (S (2, 1)), 0},
where ((gic(x,t) =Fe(x -+ Ct),i=1,2.

Lemma 4.1. Assume that (A1)—(A5) hold. Then, for any § € (0,1/2], there
exist two positive numbers € = £(§) and C = C(d) such that, for any £ € R, the
functions v*(x,t) and v~ (z,t) are an upper solution and a lower solution of ,
respectively.

Proof. We only prove that v (z,t) is an upper solution of ([1.1)), since the lower
solution v~ (z,t) can be showed in a similar way. We define

v

Li[vf] = 87261 — diDyof +av — h(vy),
ovy

LofvS] := 87t2 — doDavy + vy — g(v).

For simplicity, set v = x — £ + C't. It is easy to calculate that

o
ot

=eClk; — (1 — 28)pie "¢/ (—ev) — (1 — 28)p;e ' ((—ev)
> eC(k; — pi)('(—ev) — kie, i=1,2.
In view of (3.I), we take ¢ = £(6) > 0 sufficiently small such that

—kie — dlkls/ J1(y)|yldy + 6(apr — pp2) > 0,
R (4.1)

—koe — dzk’QE/ J2(y)yldy + 6(Bp2 — pp1) > 0.
R

Since p1, p2 are small enough such that g% + % < land ¢'(s) > 0 for ((s) € (0,1),
we can choose C' = C(¢) large enough such that

min {eC(k‘l —p1)¢' (—ev) — ki — dlkla/ J(y)|yldy + avi — h(v])
R

(Spl 5102
Ly <1 2£=
op, =) S 1-o

(4.2)
, v € [0p1, k], v € [5p2,k2]} >0
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and
min {5C(k2 — p2)¢' (—ev) — kpe — dzkze/ Ji(W)lyldy + Bvg — g(vf) :
5 5 R (4.3)
2
Uy = <((—ev) <1 - 27:17 vl € [0p1, k1], v € [5p27k2]}
Let

p1 = max{h’'(z) > 0|z € (0,p2]}, p2:=max{g' (z > 0|z € (0,p1]}.
Then by (A3) and (A5), we have
aky — pika >0, PBko — poks > 0. (4.4)
We prove that £1[v]"] > 0 by distinguishing three cases:

Case(i): ((—ev) < g% It is easy to see that v] (z,t) = ki, and L£i[v]] > 0 by
(A3) and (A5).

Case(ii): ((—ev) >1— 5& In this case, we have 6ps < vy < pg — ‘sﬂ In view of

, and ., we obtam
Li[vf]
> eC(k1 — p1)C'(—ev) — kie — diki {J1 % {(—ev) — ((—ev)}
+di(1 = 28)pre = {J1 * ((—ev) — ((—ev)}
+ a{k1 +op1 —[k1 — (1 — 25)}716751&]((—51/)} — h(vy)

> <Clln —p1)¢ (=ev) ~ e = iy [ R()IC(=( =) = C(=en)ldy
+ oz{kl +op1 —[k1 — (1 — 25)p1675t]§(—5u)} - h’(&)v+

> <C(ks = pr)C'(—ev) = hae = dike | Bw)lyldy
+adky +0py — [ky — (1 — 20)pre==)C(—ew) }

- ﬁl{kz +0pg — [ka — (1 — 25)P2€_€t]<(_5’/)}

=eC(ky — p1)¢'(—ev) — kie — dlk‘lf/ Ji(y)yldy + (aky — prk2)[1 — ((—ev)]
R
+ 6(apy — p1pa) + (1 — 20)(apy — prpa)e ='¢(—ev)
> —kie — dlkls/ Ji(y)lyldy + 6(ap1 — pp2) > 0,
R

where 6 € [O vy (=, t)]
Case(iii 51’1 <((—ev) < ‘5” . B , one has
v

51[“?]
> eC(ky — p1)¢' (—ev) — ke — dlkls/ J1(y)|yldy + vl — h(v)
R

> min {5C(k1 —p1)¢ (—ev) — ke — dlkls/ J1(y)|yldy + owfr - h(vgr)} > 0.
R

Next, we verify that La[vy] > 0 by considering the following three cases.
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Case(i): ((—ev) < 32 Tt ig clear that vy x,t) = ko, and hence, Lo[v] > 0.
ks 2 2

Case(ii): ((—ev) > 1— g%. In this case, we have dp; < v] < p; — %2, In view of

, and , we obtain ’
Lo[vy]
> eCl(ky — p2)('(—ev) — koe — daka{J2 * ((—ev) — ((—ev)}
+ da(1 — 28)pae™"{J % ((—ev) — ((—ev)}
+ B{ka + 0p2 — [ka — (1 — 28)pae " |¢(—ev)} — g(v])

> eC(ky — p2)¢'(—ev) — kae — daks /]R J2(Y)IC(—e(v —y)) — ((—ev)|dy
+ ,5{/412 +6py — [ka — (1 — 25)17267“]4(_51/)} - g’(&)vf‘
> eC(ky — p2)¢'(—ev) — koe — d2k2€/RJ2(y)\y|dy

+ 5{k2 +6pa — [k2 — (1 — 25)1’267“]((*5’/)}
— ,52{k1 +p1 — [k — (1 — 25)131@7“]((*51’)}

= eC(ky — p2)¢'(—ev) — ke — d2k2€/ Ja(y)|yldy + (Bka — p2k1)[1 — ((—ev)]
R
+ 6(Bp2 — pap1) + (1 — 26)(Bp2 — pap1)e =" ((—ev)
> —koe — dzkzs/ J2(y)lyldy + 6(Bp2 — pp1) > 0,
R
where 6 € [0, v} (z,1)].
i33). Op2 dp1 :
Case(iii): 532 < ((—ev) <1- > By ([@.3)), we derive

Lo[v3]
> eC(ky — p2)¢'(—ev) — koe — dszE/RJz(yﬂmdy + By —g(vy)

> min {eC (ks — p2)¢’(—ev) — koe — dzsz/ J(y)lyldy + Bvg —g(vi)} > 0.
R
The proof is complete. O

Remark 4.2. Clearly, the functions Uii(x,t), i = 1,2 in Lemma have the
following properties:

v (2,0) = ki, Va € [€,00),
vf (2,0) > (1= 0)p;, Va € (—o0,00),
v (z,t) < 0p; + (1 —20)pie™",  V(z,t) € (—o0,& — Ct —4de™ ] x RY,
v; (z,0) =0, Vz e (—o0,f,
v; (2,0) < ki — (1 —0)p;, Ve (—o0,00),
v (x,t) > ki — 0p; — (1 — 28)pie™ =", V(x,t) € [+ Ct +4e 1, 00) x RT.
By Lemma [3.1] we define w™® (z,t, &, 0) = (wi(z,t,&,0), wi(x,t,&, ) where
w;t (x,t,&,6) == min {¢;(x + ct + & + 006(1 — e ")) + dpe™ "k, },
w; (z,t,&,0) := max {¢;(z + ct + & — od(1 — e Potyy — §psePot, 0}.
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Lemma 4.3. Assume that (A1)—(A5) hold. Let ¢(x+ct) = (¢1(x +ct), po(x + ct))
be a traveling wavefront of . Then there exists €* > 0 such that, if u(x,t) =
(ui(zx,t),us(x,t)) is a solution of on [0,00) with the initial data u(x,0) sat-
isfying 0 < u;(z,0) < k; for allxz € R, i = 1,2, and the following is true:

w(z,0,cT +&,0) <u(z,T) <w'(z,0,¢T + £ + h, )
on R provided that for some £ € R, T >0, h > 0 and § € (O,min{%‘], ?10 ), then
for every t > T + 1, there exist £(t), 6(t) and h(t) satisfying
w™ (2,0, ¢t + E(1),0(t)) < u(z,t) < wt(x,0,ct 4+ E(t) + h(t),5(t)), (4.5)
where £(t), 5(t) and h(t) are defined as follows
£(t) € [€ — 000, + h + 0o,
h(t) € [0, h — ope* min{h, 1} + 2004],
5(t)) € (Je™P + &* min{h, 1})e Polt=(T+1),
Proof. By Lemma we can see that w (z, ¢, T +&+h,8) and w™(z, ¢, T +E,6),
respectively, are upper and lower solutions of . It is clear that a(z,t) =

u(z, T +t), t > 0 is a solution of (1.1) with the initial value u(x,0) = u(z,T)
for x € R. Then by the comparison principle, we have

w(z,t,cT +&,8) <u(x,T+t) <wh(x,t,cT +E+h, ), VY(x,t) € R x [0, +00),
ie.,
max {qbi(n_(x, t,T)) — opie ot O}
<wi(z, T +1t) (4.6)
< min {¢;(n*(z,t,T) + h) + dpiePot, ki}, Y(z,t) €Rx[0,400),
where i = 1,2, n%(z,t) = o+ (T +t) + £ £ 0¢6(1 — e 7). Take y = —cT — €.

Then by the comparison principle, we have that for every nonnegative constant L,
any = € R satisfying | — y| < L and every t > 0, i = 1, 2,

ui(z, T +t) —w; (z,t,cT +&,9)

> Ni(L,t) /y+1(ui(z,T) —wy (2,0,¢T +&,0))dz. (4.7)

y
Note that lim;|_, 4o ¢j(z) = 0 in Lemma 1 =1,2. We can choose M > 0 large
enough such that ¢/(x) < %sz} for all |z| > M. Let
_ 1
L=M+|c|+1, h=min{h,1}, & = 3 min{¢} (z), ¢5(x)||z| < 2} > 0.
Since
w;(z705_y’6)<¢2(z_y)7 wj(zaoa_y+il,6)>¢Z<Z_y+ﬁ)7 7’:1a27

we obtain

y+1 B
/ [wi (2,0,¢T + & 4 h, 0) — w; (2,0,cT +£,6)]dz
Yy

y+1 -
>/ [i(z+cT +E+h)—¢i(z+ T +&)]dz

Y
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y+1 -
- / (64(z + F) — du(2)]d=

y+1 B B
_ / & (v)hdz > 2¢1h.
Y
Then at least one of the following two assertions is true:
(i) fyyﬂ[ui(z,T) —wj (2,0,cT +&,6)]dz > e1h;
(i) fyyﬂ[w;r(zv()»CT +E+N,0) —ui(z,T)|dz > erh;

EJDE-2022/49

Subsequently, we consider only the case (i). The case (ii) is similar and thus omitted.
For any |z — y| < L, letting ¢t =1 in (4.7)), it holds

wi(z, T+ 1) > w; (x,1,cT +&,6) + N; (L, 1)erh

> ¢i(z —y+c—0aod(l—e ™)) = dpe™P + Ny(L)erh, i=1,2,
where Ny(L) = min{N;(L,1),N2(L,1)}. Let
Li=L+c|]+2, &

1
= min { min NO(L)EI 6—0

1<i<2

2|<Ly 2009 () 200" 2 }
Then for |x — y| < L, by the mean value theorem, we have

bi(x —y+ ¢+ 2006"h — 006(1 — e 7)) — ¢i(x — y + ¢ — 00d(1 — e~ 7))
= ¢i(z — y+ ¢+ 20;00e"h — 006(1 — e 7)) 200" R
< No(L)erh, i=1,2, 6; € (0,1).
Thus,

ui(z, T+ 1) > ¢i(n~ (2,1,T) 4 200e*h) — dpie™ ™, i=1,2. (4.8)

From the mean value theorem and the definitions of M and L, we obtain that for
[z —y[ =L,

di(n~ (x,1,T)) — ¢i(n” (x,1,T) + 200e*h)
= ¢i(n~ (x,1,T) — 20;00¢*h)(—200c"h)

Z —6*Bp7/7 i = 1727 02 e (O’ 1)'
That is, for all |z —y| > L,

(b’b(n_ (x? 15 T)) Z (b’b(n_ (x? 1) T) + 20’05*}3’)) - E*Bph 1= 17 27
and therefore, by (4.6) with ¢ = 1, it holds

ui(z, T+ 1) > max {¢;(n~ (2,1,T) + 200e*h) — (6e " +e*h)p;,0} (4.9)
forall |[xr—y| > L,i=1,2. By and , we obtain that for allz € R, i = 1, 2,
ui(z, T+ 1) > max {¢;(n~ (2,1,T) + 200e*h) — (6e 70 + e*h)p;,0}

= max {(Z)Z(x +1u) — (56"30 +*h)p;, 0},

where

L=c(T+1)+200*h +E+E, € =o0pd(e P —1).
Then

(4.10)

u(z, T+1)>w (x,0,t,fn), VreR,
where i = e 4 &*h < §.
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In view of the comparison principle and by the choice of €*, one has

w” (2, 8,0, 1) <u(z,T+1+1), Vi > 0. (4.11)

Then for all t > T + 1, setting { = ¢ — (T'+ 1) in ([4.11)), we have
wi(z, t) > w; (z,t — (T +1),¢, i)
=iz +ct — (T +1) + 1 — (1 — e Pot=TFTVY] _ i, e=Fot=(T+1))
> gile+ct — (T +1)+ 10— oofi] —6()ps, i = 1,2,
where 8(t) = e~ Po¢=(T+1) " Since ¢;(-) is monotone increasing, together with the
choice of n and , it holds
wiz, t) > w; (z,0,ct + £,6(1), Ve e R, i =1,2, (4.12)
where
é = 200c*h + & — 0p6(1 — 6_60) — ogfi = 0™ h + &€ — 0.
By simple computations, we obtain the following estimate of f ,
£— 000 <E(t) < E4 00" h < €+ h+ 000
For every t > T, in view of , it follows that
ui(z,t) <min {¢;(n* (z,t —T,T) + h) + opiePot=1), ki}
< min {@;(x +ct + &+ h+00d) + 0(t)pi, ki }, VreR, i=1,2.
Hence, for any t > T 4 1, one has
wi(z,t) < wf(x,0,ct +E(t) + h(t),6(t)), VreR, i=1,2,

that is, for x € R,

u(z, t) < wt(z,0,ct + E(t) + h(t), §(1)), (4.13)
where K R B

h(t) =&+ h+ 000 —E(t) = h — 0pe™h + 2000.
From the definition of €*, it holds h — gge*h > h — gpe*h > 0, and thus,
h(t) € (0,h — ooe*h + 2004].

Therefore, and imply that holds. The proof is complete. O

Lemma 4.4. Assume that (A1)-(A5) hold. Let ¢(x+ct) = (¢1(x+ct), do(x +ct))
be a traveling wavefront of and o(x) = (p1(x), p2(x)) with ¢; € [0, k;] be such
that

lim  ¢;(x) > ki — p;, lim i(x) <p;, i=1,2.

T—+00
Then, for every § > 0, there exist T = T(p,§) > 0, £ = £(¢,d) € R and h =
h(p,d) > 0 such that

w™(z,0,cT +€,0) <u(z,T;¢) <wh(x,0,cT + €+ h,6), VreR.

Proof. By the comparison principle, u(z,t; ) = (u1(z,t; p1), uz(x, t; p2)) exists on
RT and 0 < u;(x,t;¢;) < k; for any (z,t) € R x R*, i =1,2. For every § > 0, one
can take §; = 01(9, ¢) € (0, min{d, dp}) satisfying

T—r—00

Tr—+0o0
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Thus, there exists a constant M = M (p, §1) > 0 such that, for i = 1,2,
vi(z) < (1 =961)pi, Ve <—-M; @i(x)>ki—(1—-0b)p, Ve>M. (4.14)

Let € = £(d1), C = C(d;) and v*(z,t) be described by Lemma [4.1 with § replaced
by 61 and & = ¢+, where ¢+ = FM. Together with (4.14) and Remark we
obtain that for i = 1,2,

pi(z) < (1=01)p; < v (2,0), Va<—M,
pi(r) <k = v (2,0), Yz >-M,
and
pi(r) > ki — (1 = 61)pi > v; (2,0), Vo> M,
vi(z) > 0=v; (2,0), Ve <M.
Thus,
v~ (z,0) < p(x) <v'(z,0), VzeR.
By Lemma [£.1] and the comparison principle, one has
v (z,t) <ulz,to) <vt(x,t), V(z,t) € RxRT.
Since d; < &, we can take T' > 0 sufficiently large such that, for any ¢t > T,
S1pi + (1 —201)pie " < 6ps, ki — O1ps + (1 — 261)pie™" > ky — 0p;, i=1,2.
and hence, by Remark [£.2] again, for i = 1,2,
ui(z,t;0:) < vf (z,t) < 6p;, Vo <z (t),

B (4.15)
ui(z,t; ;) > vy (x,t) > ki — 6p;, Vo > at(t),
where 2% (t) = ¢F + Ct 4+ 4e~. By ([4.15), we have
ui(x, T;p;) < dpg, Vo <a (1),
(@, T; ¢i) (T) (4.16)

wi(x, T; ;) > ki — 6ps, Vo >a™(T), i=1,2.
Since lim, oo ¢;(z) = 0 and lim,—, o ¢i(z) = ky, © = 1,2, we can choose H > 0

large enough such that & > z(T), =& < 2~ (T), and

H
¢i(x) +p; > ki, Vo> —,
ij (4.17)
opi(x) —dop; <0, Vz< -5

Since 0 < ¢;(x) < k; and 0 < wy(x,t;0;) < k; for every (z,t) € R x RT, and
together with (4.16]) and (4.17]), we have that for i = 1,2,
max{¢;(—H + z) — 6p;, 0} < wi(x,T;¢;) <min{¢;(H + x) + dp;, ki},  (4.18)

for all z € R.
Let —H =&y + T, hg = 2H > 0. Tt is clear that (4.18]) implies that for i = 1,2,

max {qﬁl(x + T + &) — dp;, 0}
< ui(2,T; i) (4.19)
< min{¢;(z + T + & + ho) + Opi, ki}, Ve eR.
Let &£ =& and h = hg > 0. It then follows from that
wi(z, T; ;) > w; (2,0, + &o,0) = w; (2,0,cT + &, 96),
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Uz(l‘,T, QOZ) < wj'(x,O,cT+§o + h076) = wj(x,O,cT + g =+ h75)7 i = 172
The proof is complete. O

Theorem 4.5 (Global stability). Assume that (A1)—(A5) hold. Let (¢,c) be a
traveling wavefront of with wave speed ¢ € R. Then ¢(x + ct) is globally
exponentially stable with shift in the sense that there exists a positive constant u
such that for every ¢; € [0, k;] satisfying

lim @z(m) > ki - Di, EEIPOO QDZ(‘T) < Piy 1= 172a

Tr—r+o0

the solution u(x,t;p) = (ui(x,t;01), us(x, t;92)) of (L.1) satisfies
lu(t0) = o+ ct + &)l < Ke™, t>0

Jfor some K = K(p) >0 and & = &o(¢) € R, ¢(z) = (¢1(x), p2(x)), where || - || is
the general super norm in R2.

Proof. Let By, 0o, dp be as in Lemma [3.I] and let £* be as in Lemma [4.3] with ¢*
chosen so that ope* < 1. We choose 0 < §* < min{%’, %} such that

0 < k™ :=09e™ —2000" < 1,
and then fix a t* > 1 satisfying e 0" =1 (1 4+ f;—:) < 1 —k*. The proof needs the
following two claims.

Claim (i). There exist T* = T*(¢) > 0 and &* = £*(p) € R such that
w(z,0,cT* + €*,6%) <u(x, T ¢) <wh(z,0,eT* + £ +1,6%), VzeR. (4.20)

In fact, by Lemma [4.4] there exist T = T(¢) > 0, £ = £(¢) > 0 and h = h(p) > 0
such that

w(z,0,cT +£,6%) <u(z,T;0) <wt(z,0,cT + &+ h,6%), VexeR. (4.21)

If h < 1, then by the monotonicity of ¢;(-), ¢ = 1,2, Claim (i) holds. If h > 1,
we can choose an integer N := max{m|m € Z*, mk* < h}. Since k* € (0,1) and
h > 1, then N > 1, h € (Nk*, (N + 1)k*], furthermore, 0 < h — Nk* < k* < 1.
Note that h := min{1l,h} = 1. By (4.21), Lemma and the choice of k* and t*,
we obtain

w™ (2,0, (T + ) + E(T + ), (T + t*))

<wulx, T +t*5¢) (4.22)

<wh(2,0,¢(T 4+ t*) + E(T + t*) + (T +t*),6(T +t*)), Vz €R,

where

ET+t")e&— 00", &+ h+000"],
0 < (T +t*) < h — gpe* + 2000,
S(T +1t*) = (6% e Po 4 e¥)e Pt =1 < (1 — k*)5* < 6*.
Applying the similar argument N times, we conclude that , with T + t*

replaced by T+Nt*, holds for some £* = £ € R, Se (0,0*]and 0 < h < h—NEk* < 1.
Then by the monotonicity of ¢(-), (4.20]) holds.
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Claim (ii). Define p = 20¢6* + 1, T,, = T* + nt*, §; = (1 — k*)"0* and h,, =
(1 —k*)™ <1, n > 0. Then there exist a sequence {£,}°2, C R with {;, = £* such
that

[Ent1 = &nl < phn, ¥ 20, (4.23)
w™ (@,0,¢Ty + &, 07) < (e, Tns @) < w™ (2,0, T + & + i, 67,), (4.24)

for all m > 0 and z € R. Indeed, we use a mathematical induction to show that
holds for every n > 0. Clearly, Claim (i) implies that holds when
n = 0. Suppose that holds for some n = m > 0. By Lemma with
T=Tn, £E=8&mn, h="hm, 6 =0, and t = T, +t* = Tp,,11 (since ¢ > 1), it follows
that

’U)_({L'7 07 CTm+1 + é7 S) < ’U/((E, Tm+1; QD) < ’U}+($, 07 CTm+1 + é + iL7 8)7 Vo € Ru
where £ € [€m — 0007, &m + hm + 7007,
5= (5:16_50 4 €*hm)6_50(Tm+1_Tm_1)

IN

(- e[+ S )
< (1— k)6 (1 - k")
(1 o k*)m+1(5* _ 5;kn+17

and
h < By — 00 by + 20007, = (1 — k") [1 — 00e™ + 2000%] = A1
Taking &1 = é, we have
[Emt1 = &m| < [&m + hm + 006, — (§m — 0007,
= |2000., + hm|
= [200(1 — K*)™0" + (1 — k*)™]
=[(1 = k*)™(2000" + 1)| = ph,.

It follows that (4.23]) holds for n = m, and (4.24) holds for n = m+1. By induction,
we obtain that (4.23)) and (4.24)) hold for all n > 0.

By and the comparison principle, for every n > 0, all t > T,, and x € R,
max {¢i(1, (z,t)) = 6;pie” P 0}
< ufx, t,9) (4.25)
< min {(bi(n;(m,t) + hn) + 5Zp¢e*ﬁ°(t*T"), ki}, 1=1,2,

where nF (z,t) = x + ct + &, + 0005 (1 — e Pot=Tn)) For t > T* let n = [t;T] be

the largest integer not greater than t*t—*T*, and define §(t) = 6%, £(t) = &, — 000},
and h(t) = hy, + 2000 Then, T,, = T +nt* <t <T* + (n+ 1)t* = T),41, in other
words, t € [T, Tht1). In view of (4.25)), we obtain that for ¢t > T* and = € R,

i=1,2,
Gz + ct + £(1) = pid(t) < wilw,b505) < Gilw + et + E(8) + (1)) + pid (). (4.26)

t—T*

Set p = —% (1 — k*) > 0 and g(t) := e~k Since 0 < n < t_t?* <
n+ 1, we have

(1= k)" < (1 k)T = qb).
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Hence,
5(t) =0 < &*q(t), Vt>T, (4.27)
h(t) = (2000" + 1)(1 — k)™ < (2000* + 1)q(t), Vt>T". (4.28)
By and , it follows that for 7 > ¢t > T,
1€(7) = &) = |&m — 000y, — (€n — 0007,)]

m—1

< Z €51 — &s| + 2000,
mil
> phy + 2006}, (4.29)

s=n

IN

< phy,
ST

< (kfé* + 200>5(t)’

where m = [T;T] >n= [t_t*T*] From (4.29), the limit &y := lim;—, 1o, &(t) exists,
and

hyn
+ 20’05:’ = ka + 2(705:1

60— €)1 < (5 +200) (1), V=T, (4.30)
Therefore, by combining (4.26))-(4.28) and (4.30)), we obtain the assertion of the
theorem. The proof is complete. ([

As a corollary of Theorem we can obtain the uniqueness of traveling wave-
front of .
Corollary 4.6. Assume that (A1)—~(A5) hold. Let ¢(z+ct) = (¢py(x+ét), do(z+ct))
be a traveling wavefront with 0 < @(m—i—ét) < k;. Then there exists s € R such that
O(-) = ¢(- + 3) and ¢ = ¢, where ¢(z + ct) = (¢p1(z + ct), do(x + ct)) be traveling
wavefront of .

Proof. 1t is clear that
lim qNSZ(g) > k; — Di, ghIIl éz(f) <pi =12
——00

£—+o0
By Theorem there exist K > 0 and § € R such that
o(- + ét) — ¢(- +ct +38)|| < Ke ™", vt >0. (4.31)

We choose & € R such that 0 < q@i(fo) < ki, i =1,2, and define a set
M(&) == {(z,t) € R x [0, +00)|x + ct = &}
It then follows from that for any (z,t) € M(&),
¢i(n) — Ke ™ < ¢i(&) < ¢i(n) + Ke ™™, i=1,2, (4.32)

where 7 := §+ &y + (¢ — &)t. Note that limg_, 4o ¢;(§) = k; and limg_,_ o ¢:(§) =0,
i=1,2. Let t » +oc in (4.32)), we obtain that ¢ > ¢ and ¢ < ¢ by the left-hand and
right-hand side inequalities, respectively. Then, ¢ = c¢. Substituting it into ,
we obtain that for any (z,t) € M (&),

16() = &(- +3)|| < Ke . (4.33)

Hence, it follows from (@33) that ¢(-) = ¢(- + 3) as t — 4oo. The proof is
complete. ([
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