Electronic Journal of Differential Equations, Vol. 2000(2000), No. 41, pp. 1-17.
ISSN: 1072-6691. URL: http://ejde.math.swt.edu or http://ejde.math.unt.edu
ftp ejde.math.swt.edu (login: ftp)

BIFURCATION OF MULTI-BUMP HOMOCLINICS IN
SYSTEMS WITH NORMAL AND SLOW VARIABLES

MIicHAL FECKAN

ABSTRACT. Bifurcation of multi-bump homoclinics is studied for a pair of ordinary
differential equations with periodic perturbations when the first unperturbed equa-
tion has a manifold of homoclinic solutions and the second unperturbed equation is
vanishing. Such ordinary differential equations often arise in perturbed autonomous
Hamiltonian systems.

1. INTRODUCTION

Let us consider the system of ordinary differential equations

T = f(muy) +6h(mayat7€)u

y= e(g(y) + p(z,y,t,€) + eqy, t, 6)) ’ (1.1)

where z € R", y € R™, € # 0 is sufficiently small, and all mappings are smooth,
1-periodic in the time variable ¢ € R. Also assume that

(i) f(0,-) =0, p(0,--,-) = 0.

(ii) The eigenvalues of f,(0,-) lie off the imaginary axis. Here f, means the
derivative of f with respect to x. Similar notations are used below.

(iii) There exists a hyperbolic periodic solution £(t) of y = g(y).

(iv) There exists a smooth mapping (6, y,t) # 0, where § € R4~1, d > 1 and y
is near the periodic solution &, such that

’}’(G,y,t) = f(V(o?y?t)?y)a V(G,y,t) = O(e_clm)
19(0,y,t) = O(e_qm)’ Yy (0,y,1) = O(e_cllt‘)

for a constant ¢; > 0, and uniformly for 8,y. Moreover, we suppose

d=dim W*(y) " W"(y) = dim Ty (9,4,) W*(y) N Ty(0,9,0 W (y) -
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Here W*(*)(y) is the stable (unstable) manifold to = 0 of & = f(x,), respectively,
and T,W*®) (y) is the tangent bundle of W*(®) (y) at z € W*®)(y), respectively.

Consequently, assumption (iv) means that equation & = f(x,y) has a nondegen-
erate homoclinic manifold [7, 12, 17]

Wi(y) = W*(y) N W*(y) = {V(O,y,t) |0eR" te R} :

We suppose that the closures Wy, (y) are compact. We note that (6,t) are the
coordinates in Wp,(y).

This paper is a continuation of [6], where we study (1.1) under assumptions (i),
(ii) and (iv), and instead of (iii) we suppose that g(0) = 0 and the eigenvalues
of g,(0) lie off the imaginary axis. We derive conditions in [6] under which (1.1)
possesses a transversal bounded solution on R for € # 0 sufficiently small. Con-
sequently, (1.1) has a rich dynamics in [6]. The system (1.1) under assumptions
(i)-(iv) is technically much more difficult than in [6] and so we use a different ap-
proach in this paper than in [6]. We find in this paper conditions under which (1.1)
possesses for € # 0 sufficiently small certain multi-bump homoclinics near the set
We = Urer (Wr(£(1)),£(t)). By a multi-bump homoclinic solution of (1.1) for € # 0
sufficiently small near the set Wy we mean a solution which alternatively spends a
certain amount of time near the periodic solution ¢ and a certain amount of time
near homoclinic orbits of W¢, and which is in addition homoclinic to a hyperbolic
torus of (1.1) bifurcating from &.

Similar problems are studied also in [3, 9, 11, 12, 13]. Multi-bump and other
types of solutions bifurcating from homoclinic manifolds are usually treated by geo-
metric methods [9, 11, 12]. We propose in this paper an alternative method which
is based on a shadowing lemma argument or Newton’s method in function spaces
like in [15], i.e. we construct some functions as pseudo orbits and correction terms
are added to make true solutions. Furthermore, bifurcation functions are usually
solved by using the implicit function theorem. In this paper we use Brouwer degree
theory instead. Consequently, we assume that the so-called Melnikov mappings
have nonzero Brouwer degrees on certain domains instead of assuming, like usually
done, that these mappings have simple zeroes in the domains. For this reason we
think that geometric methods like in [9, 11, 12] can not be applied in this case.

We use in derivation of our main theorem in Section 2 certain results and methods
of the works [1, 2, 5, 8, 10, 14, 15, 16, 18]. Section 3 of this paper deals with a
general problem which can be transformed to (1.1) by using the averaging method
[16]. The final section 4 is devoted to examples for illustration of abstract results.

Finally we note that our method can be applied to the case when instead of the
existence of one hyperbolic periodic solution {(t) of § = g(y) there are several ones.
Then like in [12], we can find conditions ensuring the existence of a homoclinic
solution of (1.1) for € # 0 sufficiently small which is multi-bumping finitely many
times between these hyperbolic periodic solutions. Moreover, when the period of
&(t) is a rational number then we can find by our method conditions for (1.1) that
there are multi-bump periodics of (1.1) for € # 0 sufficiently small.

2. MurTti-BumpP HOMOCLINICS

We consider in (1.1) a tubular coordinate system (v, ¢), v € R™™1 ¢ € R near
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the periodic orbit {. Then (1.1) has the form
i = f(x,v,0) + eh(z,v,p,t,€),
V= 6<A(gp)v + g1(v, ) + p1(x, v, 0,t,€) + €qa(v, , t, e)) , (2.1)
o= e(l + G2 (v, @) + P2(x,v, 0, t,€) + €Ga(v, @, t, e)) ,

where all mappings are smooth, w-periodic in ¢ and 1-periodic in ¢ such that

§1(0,'):0, glv(oa')zo’ gQ(O"):Oa
151(07'7‘7'7') :07 152(07'7'7'7') =0.

Since A is w-periodic, by the Floquet theorem [10] there is a 2w-periodic real-valued
regular matrix P(t) and a constant matrix B such that P+ PB = AP. By making
the change of variables v <> P(p)v in (2.1), we can assume that A(¢) = B in (2.1).
Moreover, since £ is hyperbolic, the eigenvalues of B lie off the imaginary axis.
Hence we study the system of equations

T = f(fL',’U,QO) + éh(fL',’U,QO,t,E),
0= €<BU + 91(”:90) +p1($7v7907t7 6) + qu(U,QO,t,E)> ’ (22)
Sb = 6<1 +92(U7§0) +p2($7v7907t7 6) + EQQ(U,QD,I'J, 6)) ’

where all mappings are smooth, 2w-periodic in ¢ and 1-periodic in ¢ such that

91(07'):07 glv(ov'):()? 92(07'):07
pl(oa"'a"') :Oa pQ(O"a""') =0.

According to [2], there is a global center manifold of (2.2) which is the graph of a
mapping ¢ = €H(v,¢,t,€) for a smooth mapping H, periodic as above. More-
over z(t) = H(v,¢,t,0) is the unique 1l-periodic solution of the equation z =
f2(0,v,0)z4+h(0,v,¢,t,0). By making the change of variables x = z+€eH (v, p, t, €)
in (2.2) we arrive at the system

Z= f(z + eH (v, p,t,€),v, gp) — f(eH(v, @, t,€),v, go)
+€ (h(z +eH (v, p,t,€),v,0,t, e) — h(eH(v, o, t,€),v,0,t, e)) (2.3)
—e2H, (v, 0,t,¢€) (pl (z +eH (v, @, t,€),v,,t, e) —p1 (eH(v, o, t,€),v,0,t, e))
—eQHLp(v, o, t,€) (pg (z +eH (v, @, t,€),v,,t, e) — po (eH(v, o, t,€),v,0,t, e)) ,
V= e(Bv + g1(v, ) + 1 (z + eH (v, p,t,€),v,0,t, e) + eq1(v, p, t, e)) ,
o= e(l + g2(v, ) —I—pg(z + eH (v, p,t,€),v,p,t, e) + eq2(v, @, t, e)) .
Now let us consider the system

U= e(Bv +91(v,0) + 01 (eH(v, o, t,€),v,0,t, e) + eq1 (v, p, t, e)) , (24

o= e(l + g2(v, ) + p2(eH(v, ¢, t,€),v, 0, t,€) + €qa2(v, @, 1, e)) )
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According to [8, 18], there is a global center manifold (an invariant torus) for (2.4),
which can be represented as the graph of a mapping v = eG(p, t,€) with the above
periodicity. G is smooth in ¢, t, e # 0 small and with uniformly bounded derivatives
of (p,t) as e — 0. Moreover, one can check that G; = O(e). We make the change
of variables v <> ev + €G(p, t,€) in (2.3) to get the system

£=f(z+eH(0,0,t,0), v +eG(p,t,€),0) — f(eH(0,0,t,0), v + G, 1, €), )
+O(62)Z + e(h('z?Ou 907t7 0) - h(0707 907t7 0)) )
v = €e(Bv+ O(e)v + O(2)) + pi1(z, ev, ¢, t,0), (2.5)

o= e(l + g2(ev + €G(gp, t,€), ©)
+p2 (z + eH(ev +eG(p,t,e),p,t €),ev + eG(p,t,€),p,t, e)

+e€qo (ev +eG(p,t,€), p,t, e)) .

Remark 2.1. To simplify our writing, we identify points (0, ) with ¢. So we drop
the zeroes v = 0 in the formulas below.

Now we start with construction of multi-bump homoclinic solutions for (2.5).
We need for this purpose the following notions. Let € > 0. Let E = [1/¢] and
F = [1/4/¢€] be the integer parts of 1/e and 1/4/€, respectively. Let p, N € N and
take iq,12, -+ ,ip € {1,2,--- , N}. For convenience we put ig = i1 = 1. We define
the Banach spaces

YVj?e = C(']j,ﬂRn)a 1 < .7 < b,

YViiie=C(Jpt1,6,R"), Y5 =C(Jo,,R"),
Z! = C([-F, F,R")

with the supremum norm || - ||, where J; . = [—;E,i;E], Jp41,e = [—ipy1E,00),
J07E = (—OO,ioE].
In (2.5) we now make the first set of change of variables

Z(t) = ezo(t), t e J07€, 20 € Yorrfe,

2(t+ (io +2(ix + -+ +ij-1) + i) E 4+ 2jF) = ez(t)
tEJ]’,E, ZjEY-n 1< <p+1,

]767

v(t+ (io +2(ix + -+ +ij-1) + ;) E + 2jF) = v;(1),
tEJ],ea /U‘]Eyjtr; 0§]§p+17

v(t+ (io +2(i1 + - +4;)E + (25 + 1)F) = 9;(¢),
tE[—F,F], QNJjeZern’ OSJSP’

@(t+ (io+2(i1 + - +ij_1) + i) E+ 25F) = 15 + (1),
tedje @€Y, 0<j<p+1,

o(t+ (io+2(i1+-+i;)E+ (25 + 1)F) =75 + 3;(t),
tE[—F,F], @jezel? OSJSI)’
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eo(ioE) = ¢p1(—ipr1E) =0.
Then we take o € RPH, 9 € RP+D(E@=1) and put:
3j(t) = (05, €05 + €G(7j + @, t,€), T + @y, t — ), 0<j<p.
Here a are considered as the time shifts in the homoclinics v. We define the
functions bj[, 0<j5<pby
b (r) = ~35(r), by (1) =51
Note that there is a constant M > 0 such that \bj[(r)\ = O0(e™™M") as r — +o0

uniformly with respect to other bounded parameters.
Then we make in (2.5) the second set of change of variables

z(t+ (io +2(ix + -+ +4;)E+ (25 + 1)F)

= 5,(t) + €5,(0) + 5isby (F)(t + F) + by (F)(t — F).

te[-FF), ze€Z' 0<j<p.
The functions bjc are constructed so that if z;(i;E) = Z;(—F), zj41(—i;11F) =
Z;j(F), 0 < j <pand zj,%; are continuous then z is continuously extended on R.
Summarizing we see that the expected multi-bump homoclinic solution

w(t) = (2(t), v(t), (1))

of (2.5) is looked for as the union of the following sequence of orbits

(wo®), o (8), w1 (8), 1 (), - s wp (8), 6y (), wpa (1))

where wq(t) is defined for ¢ € (—o0,i0E], E = [1/¢€] and its z-component is small;
wpt1(t) is defined for ¢ € [—i,11E, 00| and its z-component is small; w;(t), j =
1,2,---,p are defined for ¢t € [—i;E,i;E] and their z-components are small; @, (t),
j =0,1,--- p are defined for t € [-F,F], F = [1/y/€] and their z-components
are near 7;, respectively. Of course, these orbits are smoothly connected and their
definition intervals are suitablely shifted with respect to the original orbit w(t).

Hence (2.5) splits into the following sequence of systems of ordinary differential
equations

i = (fo(0,75 + @) + 0(€)) 2
v; = €(Bvj + O(e)v; + O(z)) (2.6.1)
p; =€(1+0(e), j=0,p+1,

zZj = fo(35, 75 + 81)% — Vwpr1 (35, 75 + @5, 1,0)

+ (o (555 75 + @5) — £2(0, 75 + @3)) H(Tj + ¢, ,0)

+ h(¥;,7; + ¢;,t,0) — h(0,7; + ¢;,t,0)

—Fjp - (1+p2(35, 75 + ¢5,1,0)) + O(e) (2.6.2)
0; = e(B; + O(€)¥; + p1o(7, 71 + @5, t,0);

+0(7;) + O(%)) + 0(€)) +p1(35, 7 + 5,1, 0),

5, = e(1+pa(3j,7 + @5, 1,0) + O(e)), 0<j<p,
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2j = (fo(0,75 + ¢;) + 0(€)) 2
v; = e(Bvj + O(e)v; + O(z)) (2.6.3)
¢; =€(1+0(), 1<j<p,

where

’?jv(t) = ")/U(ej,eflj + 6G(7~'j + @j,t,e),f’j + @j,t — Oéj) s
Vio(t) = 7o (05, €05 + €G(Tj + @j,t,€), 75 + §j,t — aj) .

We recall Remark 2.1 for (2.6.1-2.6.3). Of course, the associated boundary condi-
tions to (2.6.1-2.6.3) are as follows

zj(i;B) = 2;(=F), Zj(F) = zj+1(~ij11E)
T+ @i E) =7+ ¢;(=F), T+ @j(F)="7ip1+@jr1(—ij11E) (2.7)
vi(i; E) = 0;(=F), 9;(F)=vj41(-i41F), 0<j<p.

From (2.7) we immediately get

70 =70 +O0We), Tpy1 =7+ O0(Ve),
F=1;+i;+O(NVE), 1<j<p (2.8)
%j:Tj_i_l—’L'j_A,_l‘i‘O(N\/E)a Ogjgp_l

Since

i +eit)=kj—ij+m+et+O(NVe), 1<j<p
T+ ¢it)=ki+m1+0(([+1)NVe), 0<j<p,

where k; = i1 +2(ig+---+14;), 1<j<p, ko= —iy,thesystems (2.6.2), (2.6.3)
and (2.8) are equivalent to the systems

Zi = fo (V55 k5 + 1)Z = 001 (v, k5 + 71,8, 0)
—i—(fm(’yj,kj +71) — f2(0, k; —|—T1))H(]€j + 7,t,0)
+h(v;,k; +11,t,0) — h(0, k; + 71,¢,0)
—Yip (L4 p2(vs, k5 + 71,8,0)) + O((j + 1)NVe), (2.9.1)
vj = €(B; + O(€)3; + pro(vj, kj + 71, 8,0)7;
+0(2) + 0(3)) + O((j + N Ve) + pi(v;, kj + 71,1,0),
¢; =€(1+ pa(vykj +71,4,0) + O((F + 1)NVe)), 0<j<p,

Ti=ki+mn+Vex;, 0<j<p
Tj :kj —Z‘j+T1+\/EXj, 1<j<p (292)
To = T1 _i1+\/EX0’ Tp+1 :kp+71+\/EXp+1a
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Zj = (fm(O, kj - Z‘j + 71+ Et) + O(]N\/E))ZJ
v; = €(Bvj + O(jNVe)v; + O(z;)) (2.9.3)
¢j =e(l+O(jNVe), 1<j<p,

where

v =0T+ Ryt — ),

Yijv = ’7’0(9]'77—1 + kjut - aj) ’

Vie = Yo (05,71 +kj, t —aj).
Since fy(vj,k; + 1) = f2(0,k; + 71) as t — Zoo uniformly for 0, 7,k; and o
bounded, and since f,(0,-) satisfy (i), by results of [4, 14] the linear systems

w=A;(t)u, (2.10)
Aj(t) = fo(vj,kj+71), 0<j<p

have exponential dichotomies both on R; and R_. Consequently, we get the fol-
lowing result similar to [7].

Theorem 2.2. There exist fundamental solutions U; for (2.10) along with con-
stants M > 0, Ko > 0 and projections PJ,, PJ  Pi_ Pl . Qust™ QLM such
that P, + PJ + PJ_+ PJi = I and that the following hold:

(1) |U;(t) (P, + Pi)Uj(s) 7 < Koe*M=D for 0 <s<t,
(i) |Uj (&) (P, + PL)U;(s) 7 < Koe*M=*) for 0<t<s
(iii) |U;() (P, + PL,)Us(s) 7" < KoM= for ¢t <s5<0
(iv) [U;(t)(Pls + PLIU;(s) 71| < Koe*M=9 for s <t<0

(v) lim U;(t)(Pl, + Pi)U; ()" = Qus™

t—+00 ’

(vi) lim U;(¢)(Pi, + Pi)U;(t)"" = Q'™

t—4o0 ’

(vi) lim U;(¢)(Pi, + PL)U;(t) " = Qo™

9
t——o0

(viii) lim Uj(8)(Pl, + PLIU; ()1 = QU™
Also, rank PI, = rank PJ, = d.

Let u; ; denote column 4 of U; and assume these are numbered so that

‘ I; 04 0 . 0q 0s O
Pl,=10s 040 Of, PL=[(04 I O
0 0 0 0 0 0

Here, I; denotes the d x d identity matrix and 04 denotes the d x d zero matrix.
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For each i = 1,--- ,n we define u;(t) by (u;(t),us ;(t)) = dix, where (,-) is
the inner product. The vectors ullJ
where Ujl denotes the matrix with ullJ as column ¢. We note that Ujl is the
adjoint of U; with respect to (2.10). Without loss of generality we can suppose
that Udt4,5 = %’)/j(t), t=1,---,d—1, U2d,j = Vj(t)

Furthermore, the linear equation @ = f.(0,k; —d; + 71 +et)u, 1 < j < p
has according to [4, 14] the exponential dichotomy on R with smooth projections

€,T1+kj—1i; e,T1+k;—1;

us and Qg .

can be computed from the formula U = U j_l

k; k; 0,714k —ij; A0,714k;—i; ..
We note that QZ}SJF 7 TR and Qus' Y OTitRI T are the projections of

the exponential dichotomies on R of the linear equations @& = f,(0,7 + k;)u and
@ = fz(0, 71 + kj — ij)u, respectively. Moreover, the projections and fundamental
solutions given by Theorem 2.2 depend smoothly on the parameters.

By using the method of [1, 2] we have the following result for system (2.6.1) with
j=0.

Theorem 2.3. Let X,.,,X,p be the unstable spaces of the linear systems u =
f2(0,70)u and © = Bw, respectively, with the projections Q%™ and P,p. There
are smooth mappings Z1 (11, v, t,€), Vi(¥1,12,t,€) for uniformly bounded 1, €
Xurgs, Y2 € Xup and € > 0 small such that there is a unique solution zy(t) =
Zy (Y1, 02,1, €),00(t) = Vi(vhr,¢2,8,€), po(t) of (2.6.1) for j = 0 satisfying the
conditions Q%702 (E) = 11, Pupvo(E) = 12, po(E) = 0. Moreover, z(t) —
0,v9(t) — 0 exponentially as t — —oo.

We have a similar result for system (2.6.1) with j = p + 1 again by using the
method of [1, 2].

Theorem 2.4. Let X

f2(0, Tp1)u and v = Bu, respectively, with the projections Q?L’STPH and Psg. There
are smooth mappings Za (1,9, t,€), Va(1,1a,t,€) for uniformly bounded v; €
Xorpi1s Y2 € Xsp and € > 0 small such that there is a unique solution zp,1(t) =
Zy (1,12, t,€), vpy1(t) = Va1, 42, t,€), wpr1(t) of (2.6.1) for j = p+ 1 such that

g’sfp+lzp+1(—E) = 1, Pspvpyr1(—FE) = 2, pr1(—FE) = 0. Moreover, zp41(t) —
0,vp+1(t) — 0 ezponentially as t — +o00.

stpp1> XsB be the stable spaces of the linear systems i =

Now we consider the non-homogeneous linear equations

Zj= Az +hy, hjeZl, 0<j<p (2.11)
2= fo(0,m1 + kj — i+ et)z; +my, myeY, 1<j<p

zj(i; E) = Z;(=F), Zj(F) = zj+1(—i;41E), 0<j<p,

0; = e(Bvj + hj) +\er;, hj, 7 €Z™, 0<j<p (2.12)
I}jZE(BUj+ﬁlj)7 ﬁ’bj EYX’;, 1§j§p

v (i;E) = 0;(=F), 0;(F) =vj31(~ij1E), 0<j<p.

By combining the method of [5] together with Theorems 2.3 and 2.4, we get the
following result.
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Theorem 2.5. Let the following transversality assumptions

Im Q7,1 @ Im QU Hhami—iin —R™, (2.13)

Im QU+t @ Im QU +hwi—irt = R™

hold for any 0 < j <p-—1.

Then for any K > 0, there exist g > 0, M > 0, A > 0, B > 0 such that for
every 5,0 < j < p,0 < e < ¢ and a € RPT 9 € RPHDED) gych that |o| < K,
there exist functions Lea,p,j: 25 — R™ with ||Pd,Lea0.4l] < Ae=M/Ve gnd with
the property that if m; € Y., m; € Yi, 1 < ] <p, hj € Z7 h],r] e z",

0 < j < p, maxi<j<p||m,|| < K, max1<J<pHmJH < K, max0<J<th | < K,
maxo<;<p Hh | < K, maxo<<p ||75]| < K satisfy

F
/ Pl,U; ()" hy(t)dt + PJ,Leaphj =0, Vj,0<j<p, (2.14)
-F
then (2.11), (2.12) and (2.6.1) have solutions z; € Z, O; € Z[", z; € Y., v;

Y/C, o € Yo e Ppr1 € Yp+1 . satisfying

PLU;(0)72(0) =0
20(i0E) = Z0(—F), Z,(F) = zpt1(—ip11E), wvo(ioE) = to(—F),
Up(F) = vps1(—ipt1E),  @olioE) = ppt1(—ipt1E) =0

| < . <
onax |zl < B max lmyll,  max v;|l < B max ||

max 5] < B max |Ibjll, max [13,]l < B max (|ih]l+ 7))

Moreover, these solutions depend smoothly on the parameters.

We note that (2.14) represents Fredholm-like solvability assumptions for (2.11).
Remark 2.6. We remark that (2.13) holds either when all i;,1 < j < p are multiples
of w, since then @}, and Q;;; in (2.13) are independent of i;,1 < j < p, or if the
family f.(0,¢),» € R of matrices is uniformly diagonalized, i.e. there is a smooth,
w-periodic family T'(¢), ¢ € R of invertible matrices such that

1100760 = (P07 p0,) 2.15)

where D;(¢), D, (p) are smooth families of stable and unstable matrices, respec-
tively. Then by making the change of variables z <> T(p)z in (2.1), assumption
(2.13) is trivially satisfied, since @}, and @;;; in (2.13) will be constant with respect
to i;,1 < j < p and 71 as well. We note that we can always find smooth T'(¢) on
R satisfying (2.15), but the w-periodicity of T is generally problematic.

According to Theorem 2.2, the projection P, and the fundamental solution U;
correspond to the linear system

= fo(v(0;, 71 +kj, t — o), 71+ kj)u.
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We note that
PguUj(t)_lw = ((ulL,j(t)? w>? T <uig (t)a U)>> .
The functions {ull (), uy (@), ,uj’ ; (t)} represents the complete family of boun-
ded solutions to the adjoint equation
. ¢
U= _fz(’Y(ejaTl + k‘j,t - Oéj),Tl + kj) U.

We can take instead of {ullj (t),ué-’j (), ’uij (t)} any family
{wi(9j77'1 +kj,t—Oéj) | 1 = 1’2’...d}’

where {wi(G,T, t)y|i=1,2,--- d} forms a smooth family of bounded solutions of

the adjoint equation
w=—f ('7(9,7',t),7')tw .

By using properties (i)-(viii) of Theorem 2.2 to P4, U;(t)~! from (2.14) along with
Theorem 2.5 we can simultaneously solve all systems (2.6.1) and (2.9.1), (2.9.2),
(2.9.3) together for ¢ > 0 sufficiently small by applying the Lyapunov-Schmidt
procedure like in [5]. The values Xo, X1, , Xp> X0, X1, ** s Xp+1 can be recursively
computed from (2.9.2) by using (2.7). In this way we get from (2.14) and the first
equations of (2.9.1), the limit bifurcation equations (see [5, p. 2868])

M;(0;,05,7) =0, 0<j<p, (2.16)
M;(0;, ,71) = / PiuUj(t)_l{ — Yjop1(V4, 71 + Kj, t,0)

+(folvjom + kj) — fo(0,71 + ky)) H (11 + kj, 1, 0)
Fh(y, 7+ Ko t,0) = RO, 71 + ks, 0) = Y - (L4 palygmi + Kz, 1,0)) e
Since
(fo(viy 1+ kj) = f2(0,71 + kj))H(m1 + kj,t,0) — h(0, 71 + kj,,0)
= —Hy(m + k;j,1,0) + fo(yj, 1 + k) H (11 + k5, £,0),
then according to [7, 15] from (2.16) we get

Mj = (Mj1, My, -+, Mjq) =0, 0<j<p, (2.17)
Mjk(ej’aj’Tl)_/<wk(0ja7—1+kjat)ah('7(0j?7'l+kj’t)’7'1+kj,t+0éj,0)

—%(9]-,7-1 + k'j,t)pl(y(ﬁj,n + kj,t),’Tl + kj,t +Oéj,0)
o0, 71 + ki, ) (14 p2 (v(0;, 71 + kj, t), 71 + Ky, t +aj,0))>dt.

We derived the above results for € > 0 small in (2.5). But for e < 0 small, we
can change t to —t in (2.2) and we again arrive at (2.17) when «; are changed to
—Qy.

Now we can state the main result of this paper.
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Theorem 2.7. If there are 71 € R, 41,42, -+ ,ip € N and open bounded subsets
Q; € R? for any j, 0 < j < p such that (2.13) holds along with the following
assumptions:

a) Mj(ejvaj77_1) # 0, V(Hj,aj) S an, V75,0<j5<p.

b) deg (Mj,Qj,O) # 0,V5,0 < j < p. Here deg is the Brouwer degree of
mappings.
Then there is a solution of (1.1) for any € # 0 sufficiently small which is p + 1-
times bumping near the homoclinic manifold {(Wy(y),y) | y € £€(*)} and which is
homoclinic to the hyperbolic torus of (1.1) lying near &.

Proof. We already know that the solvability of the problem stated in Theorem
2.7 is reduced to the solvability of (2.17). On the other hand, the assumptions of
Theorem 2.7 imply the solvability of (2.17) with respect to (6, ;) by using the
Brouwer degree theory of mappings [8].

It is not difficult to check that after reversing all the changes of variables made
above, including Remark 2.6 as well if it is applicable, then the mapping M; has
for the original equation (1.1) the form

M; (0,05, 71) = (2.18)
/ <wk(0j,§(7'1 +kj),t),h(7(9j,§(7'1 + kj),t),f(Tl + k‘j),t +Oéj,0)

—y (07,€(m1 + K;), t)p(v(0,&(T1 + kj), 1), E(T1 + kj), t + aj,0)> dt,

where {wi(ﬁ,y,t) |i=1,2,-- d} forms a smooth family of linearly independent

bounded solutions of the adjoint equation W = — f, (v(6,y, ), y)tw.
Note that Theorem 2.7 is not valid uniformly for p and N = max{i, 42, ,ip}.
This means that the larger p and N, the smaller € (see (2.9.1)).

Remark 2.8. When p = 0 then (2.13) is irrelevant and we get only one mapping
My(0y, o, 7o) given by

MOk(aoyoéo,To) =

o0

[ (w160, €070),0), 53 (80,6701, 1) £(70), £+ 20,0)

—7y (00, €(10), t) (¥ (00, &(70), 1), &(T0), t + a0,0)> dt.

So the equation My (g, ag, o) = 0 can be solved either for (A, ag) like in Theorem
2.7 or for (0y,7p) and then we get new conditions for the statement of Theorem 2.7.
When p > 1 then we can solve one equation M;, (0;,,a;,,7) = 0 for (6;,,7) and
the rest ones for (0;, ), j # ji.

Remark 2.9. Assumptions a), b) of Theorem 2.7 hold when (0;, o, 71) is a simple
root of (2.17), i.e. M;(0;,a;,71) = 0 and the linearization Mjg (0}, ;, 1) is
invertible as a linear mapping from R? to R<.



12 Michal Feckan EJDE-2000/41

Remark 2.10. When w is a rational number then we can find by the above method
conditions for (1.1) that there are multi-bump periodics of (1.1) for € # 0 sufficiently
small.

Remark 2.11. Equations (2.6.2) and (2.6.3) are considered on the intervals of the
orders O(1/y/€) and O(1/e), respectively. Hence (9, ;) and (v, ;) move with
magnitudes of the orders O(y/€) and O(1), respectively. This means that multi-
bump homoclinics of Theorem 2.7 have shapes of spikes. It is possible to consider
(2.6.2) also on intervals of the order O(1/e). Then (7;, ;) move with the order
O(1) as well. The difference with the above theory is only that in (2.10) instead of
A;(t) we get

A5(t) = folvj, kj + 71 + €t)

for suitable integers k;. Hence A5 (t) in (2.10) depends also slowly on ¢. Then there
is no general result analogous to Theorem 2.2 uniformly for € # 0 sufficiently small.
On the other hand, by methods of [1, 2, 14] together with [5] this problem can be
investigated like above. When f(z,y) is independent of y then of course the above
approach can be directly applied together with Theorem 2.2.

3. GENERAL PROBLEMS

We usually start with a system of the form

i:fl(m,y)+eh1(m,y,t,e), (31)
y = e.gl(wayat’ 6) )

where (3.1) is 1-periodic in ¢ and nonlinearities are smooth. Then we suppose:
(I) fi(z,y) = 0 has a smooth solution z = ¥ (y).

(II) The eigenvalues of fi,(1(y),y) lie off the imaginary axis.
By changing the variables = <» = + ¥ (y), we get the system

T = fl(l” + Iﬁ(y),y)
e(m o+ v) v the) = by W9 ( + Y (w),y:te)) (3.2)
= filz,y) +ehi(z,y,t¢€),
g =cq(z+9Py)y.t¢) =ehilz,y,t,¢).
Hence f1(0,y) = 0. Then we consider the equation § = eg; (¥(y),y,t,€) and we
take its averaged equation ¢ = eoflgl (¥(y),y,t,0) dt (see [16]). We assume:

(ITI) Let £(t) be a hyperbolic periodic solution of the equation

1
Y= 6f91 (¥(y),y,t,0) dt.
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By making in (3.2) the usual averaging change of variables of the form y < y +
eS(y,t,€), where S is smooth and 1-periodic in ¢, we arrive at the system like (1.1).
So let us take y(t) = v(t) + eS(v(t),t,€) in (1.1). Then we get

i = f(z,v) + €(fy(z,v)S(v,t,0) + h(z,v,t,0)) + O(e*)

= fi(z,v) + ehy(z,v,t,€),

D :e(I—I-eS v,t,€) (g U+€S (v,t, e)) — St(v,t,€) (3.3)
)+

+p(z,v+€S(v,t,€),t,€) +eq(v+eS(v,t,e), t,e))
=eg1(z,v,t,€).

1
We note that [ §1(0,v,t,€)dt = g(v) in (3.3). The unperturbed equation of (3.3)

0
has the same form as for (1.1). For the mapping (2.18) in terms of (3.3), we have

o0

Mjk(ej,aj,ﬁ)——/<wk(6j,§(7'1+kj),t),

— 00

fy(’Y(ejvg(Tl + kj)vt)vg(Tl + kj))S(g(Tl + kj)vt + aj, 0) (34)
+'7y(0ja£(7'1 + kj)’t)(st(g(ﬁ + kj)’t + O‘jao) - 9(5(7'1 + kj)))> dt

(e o]

+ / <wk(0j,§(7'1 + kj),t),ill (*y(@-,&(n + kj),t),f(Tl + kj),t + Oéj,())

— 00

—vy(ej,g(n + k:j),t)gl('y(ﬁj,f(ﬁ +k'j),t),£(7'1 + k}j),t +Oéj,0)>dt.
Assumption (iv) for I'(¢) = v, (0;,&(m1 + k;),t)S(E(T1 + kj),t + ;,0) gives

D(t) = fo (v(0;, (0 + k;), 1), (1 + k)T (2) (3.5)
+ [y (7(0;,&(m1 + kj),8), E(m1 + k;)) S(E(m1 + kj), t + ), 0)
+’7y(9j,f(7'1 + kj), )St(f(Tl + k}j),t + Oéj,O) .

Since I'(t) and I'(t) are bounded on R, according to (3.5) and [7, 15] we see that
(3.4) is simplified in terms of (3.1) (see also (3.2)) to

M;(0;, 5, m1) = (3.6)

/ <wk(0j’§(7'1 + kj)’t)"Yy(aj’é(Tl + kj)’t)g(g(ﬁ + k]))> dt

o0

+/<wk(9jaf(7'1+kj),t),h1(7(9jyf(7'1+k'j)7t)7f(7'1+kj)7t+aj70)

— 00

—Yy (05, &(T1 + k), t) g1 (v(0;,E(T1 + k), 1), (1 + kj), t + aj,0)> dt .
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1
We recall that g(y) = [ g1(¥(y),y,t,0) dt and v(6,y,t) in (3.6) is the (d — 1)-
0

parametric smooth family of solutions of & = f(z,y) homoclinic to ¥ (y) satisfying
assumption (iv), while wg(0,y,t), k = 1,2,--- ,d are linearly independent smooth
bounded solutions to the adjoint equation

w = _fm(f)/(aayat)ay)tw .

Consequently, (3.6) is the Melnikov-type mapping of Theorem 2.7 for the general
problem (3.1) under the above assumptions (I), (II), (III) and (iv).

4. EXAMPLES

To illustrate our abstract results, let us consider the following simple example

. 1 3
T=2— —5——5=T
(i +93)?
71 :e(yg—l—yl(l—yf—y§)+azcos27rt) (4.1)

9226(—y1+y2(1—y%—y§))'

System (4.1) has the form of (1.1). The equation y = g(y) for assumption (iii) has
now the form

1 =y2 +y1(1— y% - y%) (4.2)
Y2 = —y1 +12(1 —y% —yg)

It is not hard to see by introducing the polar coordinates in (4.2) that £(t) =
(cost,—sint) is a hyperbolic 27-periodic solution of (4.2).
The equation
1 3
T=2— 55357 4.3
(yf +93) 3
is the Duffing equation [17], so we have d = 1 and

Yy, t) = V2(55 +43) (r(t),7(t)) ,

where 7(t) = secht and y = (y1,y2). Now condition (2.13) is trivially satisfied since
the linearization of (4.3) at the zero equilibrium has the form i = u. Hence Remark
2.6 holds. Furthermore, since the linearization of (4.3) at the homoclinic solution
v(y, t) is given by i = (1 — 6r(t)?)u, it is also known [7, 15] that now we can take

wi(y,t) = (= #(1),7(t)) -

By applying formula (2.18) to (4.1), after several computations we get

M;(cj, 7)) = —4cos(ty + kj) / cos 2m(t + a;) r(t)° dt

oo
= —4cos(m + kj) cos 2wy / cos 2t r(t)° dt

1
= —67['(471'2 +1) (47 + 9) sech ° cos(11 + k;j) cos 2may; .
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We see that when cos(my + k;) # 0, Vj, 0 < j < p then a; = 1/4 satisfies the
assumptions of Theorem 2.7. Consequently, we can get any type of multi-bump
homoclinics, and the smaller € # 0, the more such solutions there are. Moreover,
the value 7 provides a certain 1-parametric family such of solutions. Unfortunately,
we can not run with 7, around [0, 27| uniformly for fixed k;, 0 < j < p, since the
functions 71 — cos(71 + k;) change the signs. This means that these sets of multi-
bump homoclinics seem to be not foliated around the periodic solution &(t).
Now we study a more general example than (4.1) of the form

4 = a(y)Qzl — 21 (Zf + zg) + €21
52 = aly)e2 — (3 + ) — 2 m
y= e(g(y) + p(21, 22) cos 27rt) ,

where y € R™, g is smooth satisfying assumption (iii), a is smooth and positive in
a neighbourhood of £ and p is smooth such that p(0,0) = 0.
The equation

5 =a(y)?z — 21 (25 +23) (4.5)
%y = a(y)?z — 2 (zf + zg)
for a fixed y near &, is the known equation [7, 17], so we have d = 2 along with
v(0,y,t) =
a(y)V2 ( sin 0r (a(y)t), a(y) sin 07 (a(y)t), cos r (a(y)t), a(y) cos Hf'(a(y)t)) ,
wi(0,y,t) =
( — sin Ba(y)? (a(y)t), a(y) sin 07 (a(y)t), — cos fa(y)2i*(a(y)t), aly) cos Of(a(y)t)> ,
wa(0,y,t) =
( — cos Ba(y)r (a(y)t), cos Or (a(y)t), sin Oa(y)7 (a(y)t), — sin Or (a(y)t)) .

The linearization of (4.5) at the zero equilibrium is decoupled on the two equal
2-dimensional equations given by

. 0 1
Z= a(y)2 0%
Since

<a<1y> —a1<y>)_1°<a<2>2 3>°<a<1y> —a1<y>>‘<a(oy> —f<y>>’

we see that assumption (2.13) always holds according to Remark 2.6 (see (2.15)).
The mapping (2.18) has after several computations now the form

Mjl (0]‘, Oéj,Tl) = —2\/§(Zj COS 27TOéj

ay (E(11 + kj)) o p(a;V2sindr(t), a;v/2 cos (1)) - r(t)” cos 2mt dt,

a;

X

MjQ(ej,aj,Tl) = 2\/§sin20j 5
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where a; = a(§(m1 + k;)). We see that we can take §; = km/2, k € Z, a; = 1/4 as
simple roots of (M i1, M. j2) = (0 provided that one of the following conditions holds

[ee]

ay(g(ﬁ—i—k;j)) o/p(O (— )k/2 \/—’F( )) () cos—dt;éO (4.6)

a;
0

Vji,0<j<p for k even,

ay (&(m1 + k) p(( Y E=D26.4/2r(t),0 0) - ()Qcos—dt;«éo (4.7)

a;

V5,0<j<p for k odd.

If (4.6) or (4.7) holds then Theorem 2.7 can be applied for (4.4) to get multi-bump
homoclinics in (4.4). When in addition the period of £ is a rational number then
there are also conditions for the existence of multi-bump periodics of (4.4) according
to Remark 2.10: For p > 1, one can choose k, such that it is a natural multiple of
the period of .

Finally, we note that in the above examples we have looked for simple roots
of the corresponding Melnikov mappings. To use the Brouwer degree argument,
we consider in (4.4) instead of the term cos2nt, the term R(cos2nt) for a real
polynomial R. Then the mappings Mj, remain and M;; become polynomials of
cos 2mayj, respectively. Consequently, we take again 6; = k7w /2, k € Z and then
M;i(km/2,a5,71) = Ry;(11,cos 2maj) where Ry (7, ) are real polynomials of x.
If for some fixed k,7; the polynomials * — Ry;(71,x) are changing the signs on
the interval [—1,1], then the Brouwer degrees of M; = (Mji, M,2) are nonzero
on certain domains, and so Theorem 2.7 can be applied. This happens if each of
polynomials Ry (71, ) has a root in (—1,1) with an odd order for some fixed k, 7.
If one of this order is greater than 1 then geometric methods like in [9, 11, 12] seem
to be not applicable for this case.
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