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Asymptotic properties of the magnetic integrated
density of states *

G. D. Raikov

Abstract

This article could be regarded as a supplement to [11] where we consid-
ered the Schrodinger operator with constant magnetic field and decaying
electric potential, and studied the asymptotic behaviour of the discrete
spectrum as the coupling constant of the magnetic field tends to infin-
ity. To describe this behaviour when the kernel of the magnetic field
is not trivial, we introduced a measure D()\) defined on (—oo,0) called
the “magnetic integrated density of states”. In this article, we study the
asymptotic behaviour of this measure as A 1 0 and as A | Ao, Ao being the
lower bound of the support of D.

1 Introduction
In [11], we considered the Schrédinger operator
H(p) = Ho(p) +V, with Ho(u) = iV + pA)?,

where A : R™ — R™, m > 2, is the magnetic potential, V' : R™ — R is the
electric potential, and p > 0 is the magnetic-field coupling constant. Under the
assumptions that the magnetic field
0A; 04,
B:={B;;}"_ ., Bjji=—— -2 j4l=1,....,m,

{ J» }j,lfl 7> 8X] 8Xl
is constant with respect to X € R™, B # 0, and V is —A-form-compact,
the asymptotic behaviour as p — oo of the discrete spectrum of H(u) was
investigated. The main result in [11] concerning the case

k:=dimKerB >1, (1.1)

is the source of motivation for the present paper. That is why, this result is
reproduced here in detail.
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In the sequel, we shall always assume that (1.1) is satisfied. Hence, in par-
ticular, m > 3. Moreover, (1.1) implies

o(Ho(p)) = 0ess(Ho(p)) = [pA, 00),

where A := %Tr\/B*B is the first Landau level. On the other hand, since V is
assumed to be —A-form-compact, the Kato-Simon inequality implies that V is
also Ho(u)-form-compact, g > 0, and hence

Tess(H (1)) = 0ess(Ho(p1)), 2 0.

Set 2d := m — k = rankB. On R™ = R2¥t* introduce the Cartesian
coordinates X = (z,y,z) with z € R? y € R4, and z € R¥, such that (z,y) €
RanB, z € Ker B and B := dA = Z?:1 bjdy’ A dz? where A := Y " AjdX!
(see [8, Subsection 2.3]). Denote by B the restriction of the matrix v B*B to
Ran B. If we consider Ran B = R?? as a symplectic vector space with symplectic
form B, then

Bd

:ﬁ—::bl...bddxl/\dyl...dxd/\dyd::«/detfikdxl/\dyl...dxd/\dyd

is a volume form (see [5, p. 274]). In what follows we shall use the short-hand
notation X, = (z,y), X, € Ran B = R4,

Our next goal is to define an auxiliary operator (X ) which acts in L?(R¥),
with R¥ = Ker B, and depends on the parameter X, € R??, R?¢ = Ran B.

We shall write V € L., r > 1, if for each € > 0,

V=V + Vs, (1.2)

where V; € L"(R™) and supycpm [V2(X)| < e.

Assume V € L, /5. Hence, in particular, V' is —A-form-compact.

Fix ¢ > 0 and write V as in (1.2). We shall say that X € R?¢ is in the
regularity set of V1 if the integral [g. Vi (X1,2)|™?dz is defined and finite.
Obviously, the complement of the regularity set of V; is a null set. Moreover,
V(X1,.) is —A-form-bounded with zero bound for every X in the regularity
set of V1. Fix X in the regularity set of V7, and set

X(X1) =x(V(X1)) = -A: + V(X1 2)

where the sum should be understood in the sense of quadratic forms.
Obviously, for almost every X, in the regularity set of Vi, the operator
V(X1,.) is —A-form-compact, and we have gess(x(X 1)) = [0, 00).
Let T be a linear selfadjoint operator in a Hilbert space. Denote by Pr(T")
the spectral projection of T corresponding to an interval I C R. Set

N(\T) :=rank P (T), A€R,

n+(MNT) :=rank Py ooy (£T), X > 0.
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For A\ < 0 introduce the magnetic integrated density of states

D(A) := - N\ x(X1)dX, . (1.3)
In [11] it is shown that under the assumptions V € L,/ and A < 0, the
right-hand side of (1.3) is well-defined. In particular, D()) is independent of
the particular choice of £ > 0 and the related decomposition (1.2) used for the
definition of x(X ).
The main result of [11] concerning the case k > 1 (see (1.1)) is reproduced
as follows.

Theorem 1.1 [11, Theorem 2.2] Suppose that B is constant, B # 0, and k > 1.
Assume that V € Ly,/2, V <0, and V £ 0. Let A < 0 be a continuity point of
the function D. Then we have

lim p AN (uA + X\ H(p)) = (27)~%\/det By D()). (1.4)

pH—00

In order to explain why D(A) was named the “magnetic integrated density
states” in [11], we shall recall briefly the definition and the basic property of
the usual (spatial) integrated density of states for the operator H:=-A+Q
where @ is a periodic function on R™. Denote by I' (respectively, by I'*) the
lattice (respectively, the dual lattice) of the periods of @, and set T := R™ /T,
T* := R™/T*. Define the auxiliary operator Y(k) := (iV —k)?+Q, k € T*, on
the Sobolev space H?(T). Introduce the (spatial) integrated density of states

D) == [ N\ x(k)dk, A € R,
T*

(note that our definition differs slightly from the standard one: usually, the
integrated density of states is defined as (27)~™D())). Further, set T, :=
R™ /rT" with an integer r > 1. Evidently, vol T, = r™vol T. Define the operator
H, := —A+ Q on H%(T,). Then we have

lim 7~ N(\; H,) = (27) "™ vol TD(\), A € R, (1.5)
—00
(see e.g. [13, Theorem XIII.101] or [14, Subsection 4.3])).
The formal resemblance of (1.4) and (1.5) is the motivation for the choice of
the name “magnetic integrated density of states” for D(A).
The function D(A), A < 0, is non-negative, and non-decreasing. Set

Ao = { —ooif D(A) >0 forall X<O, (1.6)

sup {\ € (—00,0)|D(A\) =0} otherwise.

Throughout the paper we suppose g < 0.
The aim of the paper is to study the asymptotic behaviour of D(A) as A 1 0,
and as A | Ag.
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In Section 2 we investigate the asymptotic behaviour of D(A) as A 1 0,
imposing some supplementary regularity assumptions on V; in particular, we
assume that V' admits a power-like decay, i.e.

—V(X)=(X)™% a>0,(X):=1+|X*)Y2? X eR™, (1.7)

where —V(X) < (X)~%, X € R™, means that there exist positive constants c;
and ¢y such that the inequalities ¢ (X) ™% < —=V(X) < ¢2(X)~* hold for each
X € R™; analogous short-hand notations are systematically used in the sequel.

The asymptotic behaviour of D(A) is essentially different in the case of rapid
decay (i.e. a > 2), or slow decay (i.e. a € (0,2]). If V' decays rapidly, the type
of behaviour of D(A) depends on k: if k = 1, the unbounded growth of D(\) as
A 1 0 is described by a power-like function, if k = 2, this growth is described
by a logarithmic function, and if & > 3, D(A) remains bounded as A 1 0 (see
Theorems 2.1-2.3 below). If V decays slowly, the asymptotic behaviour of D(\)
as A 1 0 is of the same type for all k > 1 (see Theorem 2.5 below). Moreover,
in Theorem 2.4 below we treat a particular example illustrating the asymptotic
behaviour of D(\) as A 1 0 in the border-line case o = 2.

It should be noted that in the 1980s and the early 1990s the asymptotic
behaviour of the quantity N(A + A; H(1)) as A T 0 was investigated by several
authors (see [15], [17], [9], [10], [6]). The variety of apparently non-related
asymptotic formulas concerning different values of the decay rate a and the
deficiency index k, was somewhat unsatisfactory, and the problem to derive a
uniform formula describing the asymptotic behaviour of N(A+X; H(1)) as A 10
remained open. Comparing the earlier results on the asymptotics as A 1 0 of
N(A+ X\; H(1)) and the present results on the behaviour of D(A), we find that
generically the asymptotic equivalence

N(A+ X H(1)) ~ (2r)~%/det By D(\) (1.8)

holds as A 1 0.

In Section 3 we investigate the asymptotic behaviour as A | Ag of D(A) in
the case \g > —oo. More precisely, we impose some regularity assumptions on
V' which, in particular, imply that

X =&y > —o0

where
E = inf E(X 1.9
0T xlere (X1), (1.9)
and
E(X1)=info(x(X1)), X1 € R*, (1.10)

and study the asymptotics as A | & of D(A).

An important special case of the potentials considered in Section 3 are the
homogeneous ones V(X) = —g|X|™® with ¢ > 0 and o € (0,1), in the case
m =3 (i.e. k=1and d=1). The first asymptotic term of D(A) as A | & is
calculated explicitly at the end of Section 3.
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Finally, in Section 4 we assume m = 3, and introduce a class of asymptoti-
cally homogeneous potentials of order « € [1,2); in this case we have A\g = —o0.
If & = 1, we find that D(\) decays exponentially as A — —oo, while in the case
a € (1,2) its decay is power-like.

The main technical tools utilized in the proofs of these results consist of
variational methods and continuous perturbation theory. Moreover, in the cases
k = 1,2, we decompose of the Birman-Schwinger operator [V (X ,.)["/?(=A, —
N "HV(X1,.)|Y2, A < 0, or some related operators, into a sum of a rank-one
operator divergent as A T 0, and a compact operator of lower-order growth as
A 1 0. Similar decompositions have been used in [16], [4], [3], and later in [9]
(see also [8, Section 4.2]).

2 Asymptotic behaviour of D()\) near the origin

2.1. In this subsection we treat the case of rapidly decaying potentials, i.e. we
suppose that V satisfies estimates (1.7) with « > 2. In the first two theorems
we deal with dimensions £ =1 and k£ = 2.

For s >0,a>2,and k =1,2, set

v1(s) := vol {XJ_ € R —/ V(X1,z)dz > s}.
Rk

Note that
vi(s) < s724/(@=F) 5 0.

Theorem 2.1 Let k = 1. Suppose that V satisfies (1.7) with o > 2. In addi-
tion, assume

lim lim sup (1= 9)s) =1. (2.1)
640 510 Vl(s)
Then we have
D(N) ~ 11 (2]AV2), A1 0. (2.2)

Remark. The assumptions of Theorem 2.1 entail

v (2IAY2) < [A|7Y @D X 1o. (2.3)
Proof of Theorem 2.1. The Birman-Schwinger principle implies
D)) = / e (LG X)) dX L (2.4)
R2d

where G (), X ) is an integral operator with kernel

GW (21, 205 A, X 1) i= [V(X 1, 20)[Y*RWD (21 — 20, M|V (X 1, 20) M2,

1 eiz( 1 1/2
Mo y) — — - el P i 1
R (z,)\) =3 ./]R(Q |)\| d¢ 2|)\|1/2e .
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Set

N :i/ d¢ _ 1
Rl ( ) 271' RC2+|)\| 2|)\|1/27

Wy . L e — 1 _ 1 I
R’ (=50 = o /R CE N e TE (e 1),

g§1)(21,Z2; ANX1) = |V(XL721)|1/2R;1)(Z1 — 2 M| V(X 1, 20)[Y2, 5 =1,2,

and denote by G§1) (A, X 1) the integral operator with kernel gj‘.” (71,225 A, X 1),
j =1,2. Obviously,

GO X1) = G\ X1) + G5 (0, X 1)
and, therefore, the inequalities
ny (148 GO, X)) = n (8657 (0 X 1)) < ny (LGP (N, X)) <

ne (1= 86X 1) +ne (85657 (A, X 1)) (2.5)
hold for each ¢ € (0,1). Next, we make use of the estimate

ne (0,687 (\ X0)) < ent {6216 X3}, 6 >0, (26)

where ent ¢ denotes the integral part of the real number ¢, and ||.||2 denotes the
Hilbert-Schmidt norm. Employing (1.7) and the elementary estimate

REV (M| < A9, 2 € R A £ 0,2 € (0,1],

we get
IGV (A, X 1))13 <

AT / /R<1 XL 4 22) 721+ | XL 2 4 22) 7022y — 2o dzadzy =

1 A0 (X, ) ~2(e=1-e) (2.7)

where € € (0,1], ¢ < (o« — 1)/2, and ¢; is independent of A and X . Inserting
(2.7) into (2.6), we obtain

ns(5;GV (N, X1)) < ent {5—2CI|A|—<1—€> <XL>_2(°“_1_5)}. (2.8)
Integrating both sides of (2.8) with respect to X | € R??, we derive the estimate
[0 GO X)X < |01

where ¢ € (0,1], e < (o —1)/2, and ¢z = ¢2(9) is independent of A. Hence,

/ n (5 GO, X)) XL = oA D), A 0, (2.9)
R2
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Further, we note that Ggl)(A, X ) is a rank-one operator whose only non-
zero eigenvalue coincides with —W Je V(X1,2z)dz.
Introduce the Heaviside function

0if t <0,
o) = { Lift > 0.

Then we have
ny(1+6GMN X)) =6 <— /R V(X1 2)dz— (1+ 5)2|)\|1/2>
and, hence,
/de ny (148G (N X10))dX ) = v ((1+6)2]AV3). (2.10)
The combination of (2.4), (2.5), (2.9), and (2.10) entails

1((L+ 0)2A2) +o(|A|7¥7V) < D(A) <

v1((1 = 8)2IA1Y2) 4+ o(|A=¥©@=D) X 40,4 € (0,1). (2.11)
Bearing in mind (2.1) and (2.3), we find that (2.11) implies (2.2).

Theorem 2.2 Let k = 2. Assume that V satisfies (1.7) with o > 2. In addi-
tion, suppose that (2.1) is valid. Then we have

D(A) ~ vy (4r|In [A||7Y), A1 0. (2.12)
Remark. The assumptions of Theorem 2.2 entail
vi (4| In A 7Y) = [ In A2/ @D x4 o0.
Proof of Theorem 2.2. As in the proof of the preceding theorem we have

D) = /]R n (LGP, X ) X, (2.13)

where G(?)(\, X ) is an integral operator with kernel
G® (21,200, X 1) o= V(X 1, 20)[VPRP) (21 = 203 )|V (X 1, 22) M2

and

1 e’ 1
(2) . = = —K 1/2
REGEN = gz /Rz e 26 = g KoM=,

K being the modified Bessel function of zeroth order (see below (4.19)). Set

1 d 1
RO = o [ e = 09+ /)
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@, . 1 / et# ¢ — / / sin? (cos p|z|r/2)
R JA) = —— _ drdey,
PN = g [ T = e

1 zz(
R(g)(z; A) = —/ d¢,
’ @m)2 Jis1 ISP+
93(2)(21,22;)\, X1):= |V(XJ_721)|1/2R§'2)(21 — 2 N|V(X 1, 20)|Y2, = 1,2,3,

and denote by G§2) (A, X 1) the integral operator with kernel g](?) (71,225 A, X 1),
j =1,2,3. Obviously,

GONX) = Y P X))
j=1,2,3

Therefore,
ne(1+86,GP (A X1)) = no(8/2,G8 (N X1)) — n_(8/2:GF (A, X))
< (LGP (N X)) (2.14)
< ngp(1- 867 (N X1)) + 14 (6/2,GE (A X 1) +n4(8/2, G (A, X1))
for all 6 € (0,1). By analogy with (2.6) write
ne (5GP (A X 1)) < ent {6‘2||G§.2)()\,XL)||§} L 6>0,7=2,3.  (2.15)
It is easy to verify the estimates
IGP (A, X1)|2 < e3(X 1) "2@279) 2 (0,a—2), (2.16)

IGP (A X112 < ea(X )21, (2.17)

where ¢3 and ¢4 are independent of A and X . Inserting (2.17) or (2.16) into
(2.15), and integrating with respect to X | € R?¢, we get

/ ns (5GP (N, X1))dXL = O(1), A 10, j = 2,3. (2.18)
]R2d

Further, G(12) (A, X 1) is a rank-one operator whose only non-zero eigenvalue
coincides with — & In ((1 + [A])/|A]) fg= V(X 1, 2)dz. Hence,

/ (LGP (X )X = (14 8)am/ In (14 A)/IAD, 8 € (0,1).

(2.19)
Combining (2.13), (2.14), (2.18), and (2.19), and making use of (2.1), we come

0(2.12). &
Theorem 2.3 Let k > 3. Assume that

V(.,2)**dz € L}, (R?*?), lim V(X 1,2)*?dz = 0.
k ¢

| X 1| =00 JrE

Then we have
D(A) =0(1), At0. (2.20)
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Remark. If k > 3 and V satisfies (1.7) with « > 2, then the hypotheses of
Theorem 2.3 hold.

Proof of Theorem 2.3. Since k > 3, we can apply the Rozenblyum-Lieb-
Cwickel estimate and write

N x(X1)) < ent {/R |V(XL,z)|k/2dz} A<0,

Integrating with respect to X; € R??, we come to (2.20). <

As already mentioned in the introduction, the asymptotic behaviour of
N(A+ X H(1)) as A1 0 has been studied in [9] and [10].

If we compare Theorems 2.1-2.2 with [9, Theorem 2.4 i)-ii)], we find that
under the hypotheses of [9, Theorem 2.4 i)-ii)] which are quite similar although
slightly more restrictive than those of Theorems 2.1-2.2, asymptotic relation
(1.8) is valid.

Similarly, if we compare Theorem 2.3 with [9, Theorem 2.4 iii)], we find that
under the hypotheses of [9, Theorem 2.4 iii)] both quantities N(A + X\; H(1))
and D(A) remain bounded as A 1 0.

Moreover, the proofs of Theorems 2.1, 2.2, or 2.3 follow closely the ideas
of the proof of [9, Theorem 2.4] (see also [8, Theorems 4.5-4.6]) but are much
simpler. These circumstances would become clearer if we recall that in the proof
of [9, Theorem 2.4] the study of the asymptotics of N(A + A; H(1)) is reduced
to the investigation of the behaviour as A T 0 of N(X;H) where the operator

52 @
H = _Za—zf—’_/m v(z)dz

acts in L*(RZE), and for each fixed z € R” the operator v(z) acts in L*(R¢)
as a DO with anti-Wick symbol Vz(—n,y,2), (y,1) € T*R? = R2¢ and
Va(X,,2):=V(B;?X,,2), X, € Ran B = R,

Comparing the operators H and x(X ), and, respectively, the quantities
N(X,H) and D()), it is not difficult to understand the close similarity in the
behaviour of the quantities N (A + \; H(1)) and (27)~%/det By D(A) as A 1 0.

2.2. In this subsection we state a result concerning the intermediate case
where V satisfies (1.7) with o = 2. More precisely, we assume that the estimate

V(X) +9(X) 72 < es(X)727° (2.21)

holds with g > 0, ¢ > 0 and ¢5 > 0.
On the Sobolev space H2(R¥) introduce the operator

h**(g) = —A — g(z)~*

whose negative spectrum is either empty or purely discrete. If &k = 1,2, then
h**(g) has at least one negative eigenvalue for all ¢ > 0, and if k& > 3, the
operator h®(g) is non-negative if and only if g < (k — 2)?/4.
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Assume that the negative spectrum of h*°(g) is not empty. Denote by
{=1(9)};>, the non-decreasing sequence of the negative eigenvalues of h**(g).
Note that the estimate

v(g) <cee™ 121,

holds with positive numbers cg and c¢7 independent of [.

Theorem 2.4 Assume that V satisfies (2.21). If the negative spectrum of
h*3(g) is non-empty, we have

d
— ™ —
D) ~ > vol {X1 € R¥||IX [P < m(9)A 7'} = 2 D ml9) A~ Ao,
>1 >1

If k>3 and g < (k — 2)%/4, we have
D(A) =0(1), A1 0.

We omit the elementary proof of Theorem 2.4, but note that under its hy-
potheses which coincide with those of [10, Theorem 2.4], the asymptotic relation
(1.8) still holds.

2.3. In this subsection we discuss briefly the case of slowly decaying poten-
tials, i.e. potentials satisfying (1.7) with « € (0, 2).

Theorem 2.5 Let k > 1. Assume that V € C*(R™) satisfies (1.7) with o €
(0,2) and, moreover,

IVV(X)| < (X)L, C>0 X €R™
Set

va(\) = (2m) /R vol {(2,¢) € T"R¥| ¢ + V(X 1, 2) < A} dX..

Then we have
D(A) ~va(N), AT 0. (2.22)

Remark. The assumptions of Theorem 2.5 entail
va(N) < A7 T3, A10.

The proof of Theorem 2.5 is based on well-known standard techniques such
as the covering of R* by disjoint cubes of equal size, and the Dirichlet-Neumann
bracketing (cf. [13, Theorems XIII1.81-XIII.82]); that is why we omit the details.
If we impose more restrictive assumptions and apply more sophisticated meth-
ods (see e.g. [6, Section 10.5]), we could obtain a sharp remainder estimate in
(2.22).

Finally, we note that under the hypotheses of Theorem 2.5 which coincide
with those of [9, Theorem 2.2], asymptotic relation (1.8) is valid again.
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3 Asymptotic behaviour of D(\) as A | Ag. The
case \y > —o0

3.1. Set T(X)) := |[V(X1,.)|"/2(—=A + 1)~'/2. Under the general hypotheses
of Theorem 1.1 the family T/(X, ) of operators acting in L?(R*) is defined for
almost every X | € R2?,

We shall say that assumption #; holds if and only if 7(X ) is a family of
compact operators, continuous on R??, such that ||T(X )| — 0 as | X | — oo.

Throughout the section we suppose that assumption H; holds.

Recall the notations Ao, £(X 1), X, € R?*? and & (see (1.6), (1.10), and

(1.9)).

Lemma 3.1 Let assumption Hy hold. Then we have

Eo > —00. (3.1)

Proof. Fix X, € R?*? E > 0, and set Tg(X,):=|V(X.,.)|"?(-A + E)~1/2
so that T7(X,) =T(X1). Choose E > —&;(X 1) and write

(XX )+ E) " = (—A+E) V21— [Te(X)]?) " (~A+E)"V2,  (32)

where

ITe(X )| :=/Te(X,)*Te(X,) = \/(—A + E)12|\V(XL, )|(-A+ E)-1/2

It is not difficult to check that if H; is fulfilled, then | Tg(X )| — 0 as E — oo
uniformly with respect to X | € R2?. Choose F large enough so that we have,
say, [|[Te(X1)||?> < 1/2 for all X € R?4. Then, (3.2) entails

dist(—E,o(x(X1)) ™" = |(x(X1) + B) | <2/B, ¥X, € R*.
Hence, —F < £(X ) for all X| € R?? or —E < & which implies (3.1). ¢

Lemma 3.2 Let assumption H1 hold. Suppose that M C R?¢ and M C C are
compact sets such that infx  eprdist(M,o(X 1)) > 0. Then the operator family
(x(X1) + E)~! is uniformly continuous with respect to (X,,E) € M x M.

Proof. Write the resolvent identity
(XD +E) T = (XD +E") T = (B =B (x(X1)+E) " (e(X])+E") "+
(X)) +E)H V(XL ) = V(XL ) (XD + BN =
(B" — BY((X1) + B) " (X)) + B") 1+

((X) + BN A+ DV2(TX P~ IT(XD)P)(=A+ )2 (X ) +E8;)
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with E/, E” € M, X', X! € M. Obviously, the quantity ||(x(X1) + E)™ || =
(dist(—E,o(X1)))"! is uniformly bounded with respect to (X, E) € (M, M).
Applying Lemma 3.1, pick a number Fy > —&j. Then the norm of the operator

(—A+ 1) (x(X1)+EB)!
= (A +D)YH—A 4 Ep) V2 (—A + Ep)V? x
(X(X1) + Eo) 2 (x(X 1) + Eo) ?(x(X 1) + E) ™!

is uniformly bounded with respect to (X, ,FE) € (M, M). Since the operator
T(X 1) is continuous with respect to X, € M, we find that (3.3) implies the
continuity of (x(X 1) + E)~! with respect to (X, E) € (M,M). <

Proposition 3.1 Suppose that assumption Hi holds. Then E(X ) is continu-
ous on R%¢ and, moreover, £(X,) — 0 as | X | — oo.

Proof. Fix E > max{1,—&}. We have |[(x(X1)+ E)~ ! = (E(X.)+ E),
X, € R, By Lemma 3.2, (§(X.)+ E)™", and, hence, £(X) is continuous
with respect to X | € R2?. Moreover, (3.2) entails lim| x| |00 (£(X1) + E) ' =
1/E, and, therefore, lim|x |00 (X 1) =0. &
Set
:={X, eR*EX,)=E}.

In the sequel we assume that & < 0. Since £(X ) is continuous and £(X ) — 0
as | X || — oo, the set ® is not empty and compact. Put

®. = {X, eR™EXL) <& +e},e>0,

Ps = {X, € R*|dist (X,,®) <}, > 0.

The continuity of £(X 1) and implies that for each € > 0 there exists d such that
d5 C ®.. On the other hand, the continuity of £ (X 1) combined with the fact
that £(X 1) — 0 as | X || — oo while & < 0, entails that for each § > 0 there
exists an ¢ such that ®, C &;.

Proposition 3.2 Let & < 0. For every sufficiently small € > 0 there exists
& > 0 such that 3
N(g() + E;X(XL)) =1,VX, € ®;. (34)

Proof. The equality (3.4) follows from the continuity of £(X ), and the fact
that & < 0 is the first eigenvalue of x(X ), X1 € ®, which is simple (see [13,
Section XIII.12]). {

Fix X, € R?*® and assume £(X,) < 0. Denote by P(X,) the spectral
projection of x(X ) corresponding to £(X ).

Corollary 3.1 Let & < 0. Then the projection P is uniformly continuous in
a vicinity of ®.
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Proof. Fix sufficiently small &, denote by I'. the circle of radius e centered at
&o, and choose ¢ > 0 so that dist (Te,o(x(X 1))~ ! is uniformly bounded with

respect to X € @5. Then we have
1

P(X.)= o )y (x(X1) - E) "dE.

Applying Proposition 3.1, we easily deduce the continuity of P(X,)for X, €
D5, &

Corollary 3.2 Let assumption H1 hold. Then we have Ay = &g.

Proof. The lemma is trivial if & = 0. Assume & < 0. Obviously, Ag > &.
Fix € > 0 small enough, and applying Proposition 3.2 choose § > 0 such that
N(& +e;x(X1)) =1 for all X, € ®s. Therefore,

D(E +¢) > vol®;s > 0.

Consequently, & + & > Ag for all € > 0. Hence, & = Ag. &

Putting together the results of this subsection, we obtain our first general
result on the behaviour of D(A) as A | Ao.

Theorem 3.1 Let assumption Hy hold and &y < 0. Then for sufficiently small
n > 0 we have
D(Xo +n) =D(E +n) = vol ®,,. (3.5)

3.2. In this subsection we estimate the difference £(X' ) — £(X']) with
X/, X" e R¥.

Let X, € R?4. Assume £(X ) < 0. Denote by 1)(X ) the eigenfunction of
x(X 1) corresponding to £(X ), normalized in L?(R¥), such that ¢(X,2) >0
for every z € R¥ (see [13, Section XIIL.12]).

If we consider V(X' ) — V(X ) as a perturbation to x(X ), then the intu-
ition originating from analytic perturbation theory (see [7], [13, Chapter XII])
prompts us that

E(X1) - E(X)) ~ . (X1, 2)*(V(XL,2) = V(XL 2) dz, X — X1

Lemma 3.3 Let assumption H1 hold. Let X', X'| € R?*?. Assume £(X') <0,
E(X') < 0. Then we have

V(X2 (VX 2) = V(X 2)) dz <
Rk

E(X)) -&e(x) < . (X1, 22 (V(X],2) = V(X 2))dz. (3.6)
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Proof. Since X and X/ enter (3.6) in a symmetric manner, it suffices to
prove only the second inequality which is implied immediately from the following
obvious relations

1 I (|Vu(z)|2 + V(X' z)|u(z)|2) dz
wern () ko Jo [ul2)P 2

IN

E(X) =

| (VX2 + VXL (XL 27)

ext) = [ (VUKL AR + VXL AL ) dze 0

3.3. In this and the following subsection we consider the special case where
® = {0}; in this case we shall say that assumption #5 holds.
Under some supplementary hypotheses we derive an asymptotic formula de-
scribing the behaviour of D(A) as A | Ag, which is more explicit than (3.5). The
results of this subsection could be extended automatically to the case where
® consists of finitely many isolated points, and without any serious efforts to
the case where @ is a closed manifold of positive co-dimension. We leave these
extensions to the interested reader.

Let assumptions H; and Mo hold. For X | € R?? set

F(X,):= . ¥(0,2)? (V(X1,2) — V(0,2))dz,

F(X1) = IITX )P =TOP] = I(=A+1) 7 2(V(XL) = V(0) (—A+1) 2.

Note that (3.6) with X = X, and X/ = 0 implies F(X,) > 0, X, € R*
and F(X ) =0 implies X = 0.
We shall say that assumption H3 holds if and only if the estimate

F(XL) S CgF(XL) (37)

holds for sufficiently small | X | and cg independent of X, .

Remark. Evidently, for some ¢y we have F(X ) < CQF(XJ_), X, € R%*,

Hence, the validity of H3 is equivalent to F(X,) < F(X,), X; — 0.
For n > 0 put v3(n) := vol {X, € R*|F(X}) < n}.

Theorem 3.2 Let assumptions Hi—-Hs hold. Moreover, suppose that

limlimsup v5((1 + 0)n)/vs(n) = 1. (3.8)
30 mi0

Then we have
D(Eo +n) ~ v3(n),n L 0. (3.9)
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Proof. By Lemma 3.3

PO+ [ (VXL 2) = V020X 2 = (0. 2)7) ds <

E(X1) - & < F(XL), (3.10)

where X | € R2? and | X 1| is sufficiently small. Evidently,

V(X002 = V(0G0 — 60,20 | <

F(X 1) [I(=A+ 12 (X1) + ()] I(=A + D)2 ((X1) = (0)]. (3.11)
Further,

[(=A+
cr0([(x(X 1) + B)2(X 1) + 11(x(0) + E)/?4(0)])
c0((E(X L) + B)Y? 4 (& + E)Y/?)

11 (3.12)

DV2((X 1)+ 4(0))]]
(
(

IAN I IA

)

where E > —&;, and ¢y, c11 are independent of X ;. Analogously,

I(=A+ 1)2(W(X1) = (0)]| < eroll (x(0) + B)/2((X1) — $(0))]|.  (3.13)
Next,
16e(0) +B) 20X 1)~ ()2 = ((x(0)+ E) ($(X 1) —1(0)), (X 1) —(0) =
(T = IT(X L)) (=A + DY2p(X1), (~A + 1) ((X1) - (0))) +

E(X L) (W(X 1), p(X1) = 9(0) — Eo(3(0), ¥(X 1) — 9(0)) + Ellp(X1) — (0)|

where (.,.) denotes the scalar product in L?(R¥).
Note that (X ) = P(X1)¥(0)/||P(X1)¥(0)|. Taking into account Corol-
lary 3.1 and the fact that T'(X ) is continuous, we conclude that

lim [|(x(0) + E)"2((X 1) — (0))|* =0

X, —0 H

and hence, by (3.13),

Jdim [1(=A+ DY (X 1) = (0))] = 0. (3.14)

Fix € > 0, and bearing in mind (3.11)-(3.14) and assumption Hs, suppose that
X | is so small that we have

—eF(X)) < /Rk(V(XL, 2) = V(0,2) (X1, 2)? —(0,2)%) dz. (3.15)
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The combination of (3.10) and (3.15) yields
(1—e)F(X,1) <& —EXL) <F(XL), VX, € s, (3.16)

where § = d(e) is small enough. Assume that 7 > 0 is so small that we have
@, C &5. Then (3.16) implies

vs(n) < vol®, < w3((1—¢)"'n). (3.17)
Now, (3.9) follows directly from (3.17), (3.5), and (3.8). ¢

3.4. In this subsection we assume m = 3 (i.e. k =1 and d = 1), and deal
with homogeneous potentials

V(X):=—g|X|™® ¢g>0,a€c(0,1), X € R%. (3.18)

Note that if V' satisfies (3.18), then it belongs to the class L3/, for all a € (0,2).
However, there is an essential difference between the case o € (0, 1) considered in
this subsection, and the case a € [1,2) which will be dealt with in the following
section.

Fix € > 0 and set

Hx) = {

‘/Q:ZV_V:[.

In the case a € (0,1) we have V(X ,,.) € LY(R) for all X; € R? and, in
particular, for X, = 0. Consequently, the operator T'(X ) is compact, and the
operator x(X | ) is well-defined for all X; € R2. Since V(X ,z) > V(X_,0) for
all X| € R? 2 € R, it is clear that & coincides with £(0), i.e. with the first
eigenvalue of the operator x(0).

In the case a € [1,2) the potential V4 (0,.) is not in L!(R), the operator x(0)
is not well-defined and, as we shall see in the next section, Ay = —o0.

V(X), if [V(X)| > e,
0, otherwise,

Proposition 3.3 Let V satisfy (3.18) with a € (0,1). Then the operator family
T(X 1) satisfies Hy.

Proof. For X, # 0 we have [||V(X1,.)['?|| = \/g|X1|"%/2. Moreover, the
multiplier |V (X ,.)[*/? is uniformly continuous with respect to | X, | > ¢, & > 0.

Since || T(X )| < ||[V(X1,.)|"/?|| for all X € R?, it remains only to show that
T(X 1) is continuous at X | = 0. To this end, we write

|x.1?
|V(07 Z)|1/2 _ |V(XL,Z)|1/2 — @/ (t+ ZQ)_I_a/4dt7
0

and easily find that

2 X2 2
IT(X0)=TO)* < [T(X1)-T ()] = g3—2 R{/O (t+z2)‘1‘“/4dt} dz.
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Changing the variables t = | X |?s, z = | X |y, we get

2

{/01(84-2/2)_1_0‘/4(13} dy.  (3.19)

Since a € (0, 1), the right-hand side of (3.19) vanishes as | X | — 0.
Evidently, if (3.18) holds, then assumption Hs is fulfilled.

2 ga2 -«
[T(X1) =T (0)lz = 51X 1|
32 &

Proposition 3.4 Let V satisfy (3.18) with o € (0,1). Then assumption Hs
holds.

Proof. Obviously

FOC) =g [ (1217 = (X + 22)7002) (0,27 d =

|X.)?
%/ / (t+2%)71729(0,2)? dtdz =
RJO

1
«
T [ X [ eyt sy (320
R 0

Recall that H!(R) is continuously imbedded in C(R) N L*°(R). Assume
|X 1| < 1. Then (3.20) implies

go l—a - 2
F(X,)> 2 x min (0
(X1) 2 51X |z|1§nlw( ,2) /I

1
dy/ (s +y2)~ 17 %ds.  (3.21)
yl<1 0

On the other hand, if (3.18) holds, we have

- V(X1,2)—V(0, 2d
F(X) =  sup Je(V(X1,2) 2( 2))u(z)|"dz _
u€H (R),uz0 HuHHl(R)

Ji Sy (s + 93P u(IX L [y)|? dyds _

(07 _
g_|XJ_|1 @ sup 5
2 w€H (R),u0 HuHHl(]R)

! 7
%|XL|1_°‘// (s + %) 717 2dyds  sup Lfm{). (3.22)
2 RJ0O u€HL(R),uz0 HuHHl(]R)
Comparing (3.21) and (3.22), we find that (3.7) holds with cg independent
of X| € ®;. <>

Proposition 3.5 Let V satisfy (3.18) with o € (0,1). Then we have

F(X1) ~ g(ﬁf)(r(gig//j))w(o’0)2|XL|1_Q’ X, 0. (3.23)
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Proof. Recall (3.20). Since the function fol (s+y?)~17*/%2ds is in L'(R,), the
dominated convergence theorem yields

1
[0 [ syt s
11—

= (0,0) // s+ y?) T2 dy ds

2yal((a +1)/2)
G— o +O4/2)¢(0 ,0)2. (3.24)
Inserting (3.24) into (3.20), we get (3.23). &

Combining Theorem 3.2 and Propositions 3.3 — 3.5, we obtain the following
result.

Theorem 3.3 Let V satisfy (3.18) with o € (0,1). Then we have

gvFal((@+1)/2) o 17T .
Q-1 +a/z) 00 } 0 L0,

D(€0+n)~7r{

4 Asymptotic behaviour of D(\) as A | \g. The
case \g = —o0

4.1. Throughout the section we assume m = 3,i.e. d =1, k = 1. Moreover, we

suppose
V=U+W (4.1)

where
UX):=—-g|X|7% g>0,a€]l,2), (4.2)

(cf. (3.18)), and W is a perturbation which is less singular at the origin than
U, and does not contribute to the main asymptotic term of D(A) as A — —oo.

In this and the following subsection we assume W = 0. Put r := | X |, and
2
Cp) — . 2 2\—a/2
N,(\r) := N (A,—@ —g(z2 + %)~/ ) ,A<0.
Then we have ~
DA\ =D(\,g) = 271'/ Ng(X;r) rdr. (4.3)
0

Moreover,

D(\,g) = g~/ =D (g7 1), (44)

Proposition 4.1 Let V satisfy (4.1)-(4.2) with W = 0 and o € (1,2). Then
we have

. TN _(g/AT((a— 1)/2)\ 7
Jim WD) = €, = Caly) = (DRI T (s
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Proof. Bearing in mind (4.4), we assume g = 1 without any loss of generality.
Moreover, we write N'(\;7) instead of N7 (A;r).

Introduce the semi-classical parameter h = |X\|~*/2, and change the variables
r = h?p in (4.3). Thus we get

D(\) = 2rh* / h N(=h"%h%0) odp. (4.6)
0

Applying the minimax principle, we find that the quantity N'(—h~2; h?p) coin-
cides with the maximal dimension of the linear subsets of C§°(R) whose nonzero
elements u satisfy the inequality

/ {2+ B2} dz < h—Qa/(h—‘lz? + o)) 2 uf? d.
R R

Scaling z = h?t and multiplying by h*, we find that N'(—h=2;h?p) is equal to
the maximal dimension of the linear subsets of C§°(R) whose nonzero elements
w satisfy the inequality

/ (/]2 + W2} dt < B2 /(t2 ) d (A7)
R R
Denote by G}, the integral operator with kernel

h
gh,g(s,t) = 5(52 4 92)_a/46_h|s_t|(t2 + 02)—01/4.

Note that %e‘h‘s_t‘ is the integral kernel of the operator h? (—% + h2>71.
Applying the Birman-Schwinger principle, we find that (4.7) entails
N(=h7%h%0) = ny (B Gh ). (4.8)
Further, set
Gil) (s 1) = 2 (s 4 )72 4 2,

h
g}(jz)(s,t) — 5(82 + 02)—04/4 (e—h\s—t\ _ 1) (2 + 02)—a/47

and denote by G;lj;)g the integral operator with kernel g,(f;)g(s, t), j = 1,2. Then
we have ) )

e =+ 61
and therefore the estimates

0y (W7D G ) < 0 (1F )@Y G0) + na(er?@D;G)  (4.9)

hold for each € € (0,1).
Next, GSL is a rank-one operator whose unique non-zero eigenvalue equals

h da B o N (CEIE)
§/R<x2+g2>a/2 =0 e Coi= TorG ey
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Hence, for € € (0,1),

1,ifo< (1F 6)71/(a71)éé/(0‘—1)h72+1/(a71)’

o 1
ny((1F 5)h2( 1)5 vai’) - { 0, otherwise.

Thus we get
[e 9]
27Th4/ ny((1Fe)h@D; G;ll)g) odp =
0
(1 F )~ /(e Ogg2/la=)p2/(a=l) — (1 g g)=2/(a=De [N~V (@D (4.10)
Further, for ¢ € (0, (o« — 1)/2) we have

h? 2
||G22,1,||§ _ Z/]R/R(S2 _’_g2)7o¢/2(t2 _’_g2)7o¢/2 (efh\sft\ i 1) dsdt <

012h2(1+6)/ |S|26(S2 + 92)7o¢/2 ds/(t2 + 92)704/2 dt = 013h2(1+6)g2(170¢+6)
R R
where c12 and c¢13 are independent of h and p. Using the estimate

na (eh%@ 5 GI2) < ent {e2n10- G213},

we find that ,
ni(ehﬂa*l); Gg;) =0

if o> c14h3-2040)/(@=1-0) with ¢y, = (e 2¢13)" /20~ and
ni(ahQ(a*I); G;s)g) < 613872h2(3+572a)g2(17a+6)
if o < c14h(3—20+9)/(a=1-9) " Consequently,

27Th4/ ni(EhQ(afl);ng,)g) ng < 015h2(175)/(a7175) — Cl5|A|7(176)/(a7176)
0

where c15 depends on ¢ but is independent of A and p. Since a < 2, we have
=0 > ﬁ for § > 0 small enough. Therefore,

a—1-0
2rh? /000 n (eh?@Y; Gf)g) odo = oA"Y (@"V) X = —c0. (4.11)
The combination of (4.6) and (4.8)—(4.11) yields
lim inf A7 @DD() > (1 4¢)"2/ (e V¢,, (4.12)
limsup A7V @=DD(N) < (1 —g)2/ebe,,. (4.13)
——00

Letting € | 0 in (4.12) and (4.13), we get (4.5).
4.2. In this section we consider the potential satisfying (4.1)-(4.2) with
a=1and W =0, i.e. the Coulomb potential.

Proposition 4.2 Let V satisfy (4.1) - (4.2) with « =1 and W = 0. Then we
have
)\lim IAe2VIN/ID(X; g) = me= 21" (4.14)
——o00

where vg is the Euler constant.
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Proof. As in the proof of Proposition 4.1 we assume g = 1 without any loss
of generality. Arguing as in the derivation of (4.6), we get

1
D(A):zwh‘*/ N(=h=%h%0) odo, h= |\~ (4.15)
0

Here we have also taken into account the fact that (22472)~%/2 < |A|if r > |\ 7,
z € R, and, hence, N'(\;7) = 0 for r > [A|71.
However, now we need a modification of the proof of Proposition 4.1 since
the function
folt) = +*)7"?, 0>0, (4.16)

does not belong to L (R;).
Define the unitary operator Fj, : L*(R) — L?(R) by

B\ M2 A

F© = (5e) [ @ dn >0
27 R

Arguing as in the derivation of (4.8), we get

N(=h72h%0) = ny (1; £/ 2 Fr 2 Fu £)/?), (4.17)

where f := f; (see (4.16)). The operator f;/2.7:; fohf;m is unitarily equivalent
to Fp, f;/Qf;foh f;/Qf;';, whose non-zero eigenvalues coincide with the non-zero
eigenvalues of the operator Jy, , := fF, foF f. Therefore,

ny (L £ PFL L) = g (1 ) (4.18)

Note that the operator Jj , is an integral operator with kernel

Trools:1) 2= L (5) Rnols — )11
Rio(2) = Kolhol2]), = € B\ {0},

> cos(tx) 1 [ feos .
Ko(t) ;:/0 de:—;/o e {yp + In(2)t| sin® 0) } dO, (4.19)

for ¢ in R\ {0} is the modified Bessel (McDonald) function (see [1, (9.6.21),
(9.6.17)]). Obviously,

Ko(t) = o(t) In [t] + w(?)
with

1 ™
p(t) = f—/ etcos? qg,
0

™

—_

w(t) := ——/ "% (yg + In2 + Insin® 0) do.
0

3
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Moreover, ¢(0) = —1, w(0) = In2 — vg. Finally, [1, (9.6.27)] entails

% _jt|coshz S B T
Koy(t) = e de <e e 2 do=,/=—e "L
0 0 2¢|

Introduce the operators J}(Ll)g, 1 =1,2,3, as integral operators with kernels

TD(s,1) = %f(s)Rg’)g(s —t)f(t)

where
R} (2) = ¢(0) In(hg) + w(0) = —In(hg) + n2 — v,

R%)(2) = ¢(0)In |2 = ~In]2],
Rj%(2) = (p(hel2]) — ¢(0)) In(holz]) + w(helz]) - w(0) =
Ko(helz]) —In2+ yg + In(helz|).
Then we have Ry, o(z) = b, Rg’)g(z) and, therefore, J, , = S0, J,(Ll’)g.

Note that the quantity J}(llzj(z) is in fact independent of z, while J,(Lz;(z) is

independent of ¢ and h. Moreover, for each § € (0,1) there exits a constant
¢ = ¢(0) independent of h and p such that the estimate

IR (2)] < c(ho)’|z|? (4.20)

holds for each h > 0, ¢ > 0, and z € R.
Define the orthogonal projection P : L?(R) — L?(R) by

Pu)() = Lf®) /]R w(s)f(s)ds, u € L2(R).

™
Set Q :=1d — P. Since J,(;;Q = 0, we have
Tne = PP + Q) + JP)Q + 2ReP (o) + Ji ) Q.
Completing the squares, we derive the estimates
thhe < HP (Jno kel 1)) P (4.21)
+Q (12 e 12 + I8 £150)) @, ve > 0.
For € > 0 set

ZE = 2%, 0,h) =P (Jh,g +elJP)|+ |J,§f’;|) Pipra@),

2 — 2 3 3
2t = 2f e 0h) = Q (T £ WD + I £ 175)) Qaracey-
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Since L?(R) = PL%*(R) ® QL*(R), (4.21) implies that the inequalities
ne (1 Jhg) = 1y (15 25 (2)) + 4 (13 25 (£)), (4.22)

s (1 Jn,e) < np (15 217 ()) + (13 257 (), (4.23)

hold for each € > 0. Note that if € € (0,1), then the operator Z; (¢) is non-
positive, and hence
ny(1; 25 () =0. (4.24)

Next, we show that for ¢ € (0, 1], every fixed € > 0, and h small enough we have
ny(1; 25 (€)) = 0. (4.25)

First, we apply the elementary estimates
n (L 25 () < 41+ T3 + 2170115 (4.26)

Further,
(2) 12 h? 2 2y—1 2\—1 2
||Jh7g|\2:§//(ln|s—t|) (1+ ) (14 ) dsdt = ergh®  (4.27)
R JR

with ¢16 independent of h and . Similarly, (4.20) implies
(3) e 5
I3 < @ 25 (h™ [ [ Js = e+ )11 ) dsd =
' m R JR

cirh?(ho)® < cirh*™ (4.28)

with § € (0,1/2), and ¢;7 independent of h and o € (0, 1].

Fix € € (0,1) and choose h so small that we have 4c16(1+e72)h? +2c17h>+20
< 1. Then (4.26)—(4.28) entails (4.25).

Next the operator Zli (€) is unitarily equivalent to “the operator”

300 1= = (o Do = I ray + WIS, Prse) =

€ 1
h(=In(he) = 78) £ = (IS Drae) + — (I8 £ 1T £ Dz

acting in C. Here we have taken into account the identities

1

—(Thaf: fra@ = h(=In (he) — vz + n2),
1 (2) _ h 2\—1 2\—1 _
— (I ofs Flrzw) = —= In|s—t|(1+ %) (1+¢) " dsdt = —hln2.
Y ’ T RJR
Therefore, the identities

n (1 2 (0)) = s (135 (0)) (4.29)
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are valid for each h > 0, o € (0,1], and € € (0, 1).
Fix an arbitrary n > 0, and bearing in mind (4.27)—(4.28), choose € > 0 and
h > 0 so small that we have

+jir o(€) < Hy (1) := £h (= In(ho) —vm £ 7).
Thus we get _
Eny (L3, () < 4ny (L3, n). (4.30)

Finally, we take into account the elementary relation

1

: i o< fethoumtn
ne ity o) = { '

otherwise. (4.31)

Combining (4.5), (4.17), (4.18), (4.22)—(4.25), (4.29)—(4.31), we find that the
estimates

1 -1/h—vpn
n€

+D()\) < +27h / odo = £\~ te 2VIN=2veE2 (4 39

0

are valid for each fixed n > 0 and |A| large enough. Multiplying (4.32) by
|)\|62\/m, letting at first A — —oo, and then 1 | 0, we come to (4.14). &

4.3. In this subsection we consider potentials V' satisfying (4.1)—(4.2) with
a € [1,2) and general W.

Theorem 4.1 Let V satisfy (4.1)—(4.2) with o € (1,2) and [W| < Wy + W,
where W1(X) = ¢|X|7T%0 ¢ >0, g € (0,0 — 1), Wa > 0, and the operator

—1/2
family Wa(X )'/? (—j—; + 1) satisfies assumption Hy. Then (4.5) remains

valid.

Proof. Fix § € (0,1). The minimax principle yields

ENNx(V(X1) < ENXx((1F6)7TU(X 1))+

N x(=267" Wi (X 1)) + N(X; x (=26 Wa(X 1)) (4.33)
On the other hand, Proposition 4.1 entails, for all 6 € (0,1),

i [AM/D / N (1 F0) (X)) dX L = Ca((1F8)Yg), (434)

and

N x(—nWi(X 1)) dX 1 O(|A|7Y/(em=D) (4.35)

R2
= o(]A[TM), X = —o00,¥n > 0,
Moreover, Lemma 3.1 implies

N x(—nWa(X 1)) =0, VX, € R% (4.36)
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for every fixed n > 0 and sufficiently large |A|.
Integrating (4.33) with respect to X, € R2, and bearing in mind (4.34)-
(4.36), we get

limsup [A|[Y@=DD(A, g) < Ca((1 - 6)"1g),

A——00
liminf [\|Y/(*"UD(A, g) > Ca((1+6)"g),
——00

with arbitrary ¢ € (0,1). Letting § | 0, we come to (4.5).

Theorem 4.2 Let V satisfy (4.1)—(4.2) with oo = 1 and let the asymptotic esti-
mate

a2 12 ,
Il (< =2) =0 (W) A e @

hold with some g9 > 0 uniformly with respect to X, € R%. Then (4.14) remains
valid.

Remark. Let |[W| < W; + Wy where Wy (X) = ¢|X|™?, ¢ >0, 8 € (0,1), and
W5 is non-negative, bounded and decays at infinity. Obviously,

d2 —1/2 d2

W (X1)H? (—d— — A> | < [[Wa(0)!/2 (——

-1/2
= T )\> |, vX1 € R

Utilizing [12, Theorem XI.20], we easily get

a2 —1/2 L,
W2 (0)72 (‘@ _ A) | =0 (NFH) . A= —o.

On the other hand,

d2

—1/2
@ — )\) H < HW2||Loo(R3)|)\|_1/2, A — —o0.

[Wa(X1)'? <—
Hence, in this case W satisfies (4.37).

Proof of Theorem 4.1. Assume A < —1. Set §(\) := |A\|"2~°" with &; €
(07250)'
Similarly to (4.33) we write

N X(V(X1))) < iN(/\;X((1¢5(>\))_1U(X¢)))+N(/\;X(5()\)_1W)()§L))))~
4.38
Taking into account (4.3) and (4.14) with V = U = —g|X|~1, we get

tim N2V [N O (1 60) V() X

A——o0
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(A5 8PNV [ N8N (U (K1) X =

lim
A——00

lim eT2 /9 lim se?V*/9 | N(—s;x(U(X1)))dX, =me 25, (4.39)

t—o0 s§—00 R2

On the other hand, the Birman—Schwinger principle and the minimax principle
entail
N x(6(N) W (X)) <

Taking into account (4.37), we get
d2 —1/2 d2 —-1/2 1o
I(~s-2) el (- -) = o (i)

Hence, we have
N(X;x(6(\)'W(X1))) =0, VX, € R?, (4.40)

for |\ large enough. Integrating (4.38) with respect to X, € R? and taking
into account (4.39) and (4.40), we obtain (4.14).
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