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MULTIPLICITY AND CONCENTRATION OF NONTRIVIAL
SOLUTIONS FOR GENERALIZED EXTENSIBLE BEAM
EQUATIONS IN R¥

JUNTAO SUN, TSUNG-FANG WU

ABSTRACT. In this article, we study a class of generalized extensible beam
equations with a superlinear nonlinearity

A2y — M(||Vu\|2Lg)Au +AV(z)u = f(z,u) inRY, wuwe HXRY),
where N > 3, M(t) = at®+bwitha,d > 0and b € R, A > 0 is a parameter, V €
C(RN R) and f € C(RY x R,R). Unlike most other papers on this problem,
we allow the constant b to be non-positive, which has the physical significance.
Under some suitable assumptions on V(z) and f(x,u), when a is small and X is

(1) (2)

large enough, we prove the existence of two nontrivial solutions u_ y and u, 3,
, ,

one of which will blow up as the nonlocal term vanishes. Moreover, uilz\ — us,?

and uf; — ug) strongly in H2(RY) as A — oo, where u((,? # uE,i) € H2(Q)

are two nontrivial solutions of Dirichlet BVPs on the bounded domain 2. Also,
the nonexistence of nontrivial solutions is also obtained for a large enough.

1. INTRODUCTION

We consider the nonlinear generalized extensible beam equations of the form
A%u— M(||Vul|F2)Au+ AV (z)u = f(z,u) inRY,
u € H*(RY),
where N > 3, A%y = A(Au), M(t) = at® + b with a,§ >0 and b€ R, A > 0 is a
parameter, and f € C(RY x R, R).
We assume that the potential V' (z) satisfies the following assumptions:
(A1) V € C(RY) and V(z) > 0 for all x € RY;

(A2) there exists ¢y > 0 such that the set {V < ¢} := {z € RY : V(2) < co}
has finite positive Lebesgue measure for N > 4 and

(1.1)

A2\ 1
H{V < co} <Sgo2(1+70) for N = 3,

where |-| is the Lebesgue measure, Sy, is the best Sobolev constant for the

imbedding of H2(R™) in L>®(RYM) for N = 3, and Ay is defined in (1.7)
below;
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(A3) Q = int{x € RV : V(z) = 0} is nonempty and has smooth boundary with
Q= {reRY:V(z)=0}.

The above hypotheses, suggested by Bartsch et al. [3], imply that AV (x) repre-
sents a potential well whose depth is controlled by A. If A is sufficiently large, then
AV (z) is known as the steep potential well. About its applications, we refer the
reader to [I5] 23] 24] 25] 26] 27, B5], B6] and references therein.

Equation arises in an interesting physical context. In 1950, Woinowsky and
Krieger [31] introduced the following extensible beam equation:

Eh
21

where L is the length of the beam in the rest position, F is the Young modulus of
the material, I is the cross-sectional moment of inertia, p is the mass density, Py is
the tension in the rest position and h is the cross-sectional area. This model is used
to describe the transverse deflection u(z,t) of an extensible beam of natural length
L whose ends are held a fixed distance apart. Such problems are often referred to as

L
pugt + Elugppr — ( / g |2 dx + P())um =0, (1.2)
0

being nonlocal because of the presence of the term ( fOL |t|>d2) Uy, which indicates
the change in the tension of the beam due to its extensibility. The qualitative and
stable analysis of solutions for can be traced back to the 1970s, for instance
in the papers by Ball [2], Dickey [10] and Medeiros [21].

As a simplification of the von Karman plate equation, Berger [4] proposed the
plate model describing large deflection of plate as follows

uge + Au — (/ \Vu|2dac+Q0)Au = flu,u, x), (1.3)
Q

where € RY(N = 1,2) is a bounded domain with a sufficiently smooth bound-
ary, the parameter () is in-plane forces applied to the plate (Qp > 0 represents
outward pulling forces and Qp < 0 means inward extrusion forces) and the func-
tion f represents transverse loads which may depend on the displacement u and
the velocity u;. Apparently, when N = 1 and f = 0 in , the corresponding
equation becomes the extensible beam equation . Owing to its importance,
the various properties of solutions for have been treated by many researchers;
see for example, 8 O] 20, 22, [34]. More precisely, Patcheu [22] investigated the ex-
istence and decay property of global solutions to the Cauchy problem of with
flu,ug, x) = f(uy) in the abstract form. Yang [34] studied the global existence, sta-
bility and the longtime dynamics of solutions to the initial boundary value problem
(IBVP) of an extensible beam equation with nonlinear damping and source terms
in any space dimensions, i.e., with f(u,us, ) = g(us) + h(u) + k(z).

In the previous two decades, the stationary form of , of the form similar
to (L.1), has begun to attract attention, specially on the existence and multiplicity
of nontrivial solutions, but the relevant results are rare. We refer the reader to
[, [12] [16], [19] 28 29, 32], [33] and references therein. To be precise, Ma [19] studied
the existence of nontrivial solutions for a class of extensible beam equations with
nonlinear boundary conditions in dimension one. Wang et al. [28] concentrated on
the Navier BVPs,

A2u—|—)\(a/ |Vul?de + b)Au = f(z,u) = €Q,
Q
u=Au=0 x €09,

(1.4)
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where Q C R¥ is a smooth bounded domain and \,a,b > 0. Applying mountain
pass techniques and the truncation method, they obtained the existence of non-
trivial solutions for for A small enough when f(x,u) satisfies some superlinear
assumptions. Cabada and Figueiredo [7] considered a class of generalized extensible
beam equations with critical growth in RY,

A% — M(|[Vull32) A+ u = Af(w) + [u?” 20 in RY,

1.5
u € H*(RY), (15)
where M : RT™ — R™ are continuous increasing functions, f € C(R,R), 2** = ]3—]\74

with N > 5 and A > 0 is a parameter. By using the minimax theorem and the
truncation technique, the existence of nontrivial solutions of ( is proved for A
sufficiently large. Later, Liang and Zhang [I6] obtained the existence and multi-
plicity of nontrivial solutions for via Lions’ second concentration-compactness
principle.

On the other hand, steep potential well has been applied to the study of the
existence and multiplicity of nontrivial solutions for biharmonic equations without
nonlocal term; see, for example, [14) [I8] 26] B0, [35]. Specifically, Sun et al. [26] in-
vestigated the following biharmonic equations with p-Laplacian and steep potential
well,

A%y — BAu+ NV (2)u = f(x,u) in RV,
u e H*(RY),

where N > 1, 8 € R, Apu = div(|Vu|P~2Vu) with p > 2 and AV () is a steep
potential well. When f satisfies various superlinear or sublinear assumptions, they
proved that admits one or two nontrivial solutions, respectively.

Motivated by all results mentioned above, in the present paper we are concerned
with a class of generalized extensible beam equations with steep potential well, i.e.
(1.1). We focus our attention on the multiplicity and concentration of nontrivial
solutions for . Distinguished from the existing literatures, (I) we allow the con-
stant b to be non-positive, which has the physical significance; (IT) we are interested
in seeking two nontrivial solutions for with a superlinear nonlinearity, one of
which will blow up as the nonlocal term vanishes; (IIT) we would like to explore
the phenomenon of concentrations of two different nontrivial solutions as A — oo,
which seems to be less involved in extensible beam equations.

It is noteworthy that in analysis, we have to face some challenges. First, since
the constant b < 0 is allowed, how to construct an appropriate norm of the working
space such that this norm is associated with the norm || Vul[z2 = (fpn |Vul?dz)/?
is crucial. Second, having considered the fact that the norms |[|Vul|p2 and |lul| g2 =
(Jan (|Aul? + |Vul? + u?)dz)'/? are not equivalent, how to verify that the energy
functional of is bounded below and coercive in H?(RY) is critical.

To overcome these difficulties, in this paper some new inequalities are established
and new research techniques are introduced. By so doing, we obtain the existence
of two nontrivial solutions for by the minimax theory and the nonexistence of
nontrivial solutions. Furthermore, we successfully figure out the concentrations of
two different nontrivial solutions for as A — o0.

Before stating our results, we shall first introduce some notations. Denote the
best Sobolev constant for the imbedding H?(RY) <« L"(RN)(2 < r < +00) by S,
for N = 4. Let Ay > 0 be a Gagliardo-Nirenberg constant satisfying the following

(1.6)
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Gagliardo-Nirenberg inequality
1/2 1/2
/ |Vul*dz < Ag(/ |Au|2dx) (/ qux) . (1.7)
RN RN RN

P [ )<1+A16/N|{a<co}|4/N> for N = 3,4,
" las 7)(1+BN|{V<co}|4/N) for N > 4,

Set

and
[(1+ f“z)‘1 SZV < co}]™" for N =3,
O2,n =14 S5 (1 + A0 for N = 4,
1+ 40 for N > 4.
Next we summarize our main results using the following assumptions:

(A4) f(z,s) is a continuous function on RY x R;
(A5) there exists a constant 0 < dy < « such that

pF(x,8) — f(z,8)s < dys? for all x € RY and s € R,
where

o 300,35 (2+bA3BN) if —24578y" <b <0,
IR EEN if b >0,

and F(z, s) fo fx, t)dt;

(A6) for each € € (0, 2(2+bA2BN)O5 %), there exist constants 2 < p < 22 and
Ci e, Co e > 0 satisfying Cq > 2545127 25 . such that for all z € RN and s e
R,

02765p71 — s < f(x,s) <es+ C’l,espfl

for some constant v independent on e.

Theorem 1.1. Suppose that N > 3,0 > = 2,b > 2A52ﬁ]§1 and assumptions
(A1)—(A6) hold. Then there exists constants A1,a. > 0 such that for every A\ >
A and 0 < a < ay, admits at least two nontrivial solutions u((lll and u( )
satisfying Ja,\(uf;\) <0< Ja,\(u((llz\) In particular, ug;\ is a ground state solutzon
of . Furthermore, when § > ﬁ, for every A > Aq,

Ja)\(())—> —oco  and Hufi||)\—>oo asa — 0,

where Jq x is the energy functional of (1.1) and || - || s defined as (2.1)).

Theorem 1.2. Suppose that N > 3,6 > ﬁ, b > —QAEQﬁX,l and conditions (A1),
(A2) hold. In addition, we assume that the function f is a continuous function on
RN x R and satisfies

(AG6’) for each € € (0,b§2\{V < co}|7/N), there exists constants 2 < p <
and Cq,c > 0 such that for all x € RN s eR,

f(z,8) <es+CypsP L

N-2

Then there exists a* > 0 such that for every a > a*, (Kg,x) does not admit any
nontrivial solution for all A > bey 15’ HV < co}| 72/,
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Theorem 1.3. Assume that N > 5. Let u(l) and u(2) be the solutions obtained
by Theorem|1.1. Then u(l) — ug) and u(2) — ug) in H*(RN) as A\ — oo, where
A

ull #* ul? € HZ(Q) are two nontrivial solutions of the Dirichlet BVP

A?u— M( [ |VuPde)Au = f(z,u) inQ,
Q

5 (1.8)
u = au_ 0, on I90.
on

The remainder of this paper is organized as follows. After presenting some
preliminary results in section 2, we prove Theorem[I.1]in section 3, and demonstrate
proof of Theorem [I.2]in Sections 4. Sections 5 is dedicated to the proof of Theorem
L3l

2. PRELIMINARIES
Let
X ={ue H*R"): / (|Au* + V(2)u®)dx < oo}
RN

be equipped with the inner product and norm
(u,v) = /RN(AuAerV(:c)uv)d:c, ul = (u,u)/2.
For A > 0, we also need the following inner product and norm
(u, 0 = /RN (Aulv + AV (2)uv)de,  lully = () /2. (2.1)

It is clear that ||u|| < |Ju||x for A > 1. Now we set X\ = (X, [Jul[»)-
By the Young and Gagliardo-Nirenberg inequalities, there exists a constant Ag >
0 such that

AQ
/ |Vu|?dr < 70/ (|Aul® + u?)da. (2.2)
RN RN
This shows that

A2
/ (Auf? +u2)dz < [[ul%s < (1+J)/ (AufP +o?)de.  (23)
RN 2 RN

For N = 3,4, applying condition (Al) and the Holder, Young and Gagliardo-
Nirenberg inequalities, there exists a sharp constant Ay > 0 such that

/ uldx
]RN

1 2 a4, VM2
< — V(z)u“dr + <|{V < co}|/ [ul d:r)
Co J{v>co} RN
16
1 NAY|{V ¥
<o [ Ve SEIESOIE [ aupas 4 SN
Co JrN 8 RN

which shows that

/ ude < 8 V (2)u’dax +X§\?/N|{a < co}|4/N/ |Au|?dz. (2.4)
. N .

Co JRrN
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It follows from (2.3) and (2.4)) that

A? 16/N 8
|l < (14_7) max {1+ Ay |{a<co}|4/N,—}||u||2. (2.5)
2 Ncy
Similarly, we obtain
A2 —16/N
lullFr < (1+ *) (1+Ax" {a < co}[™)lul3 (2.6)

for A > 8N~teg (1 + AIG/ [{a < co}[*N). For N > 4, by conditions (A1), (A2),

and Holder and Gagliardo-Nirenberg inequalities, there exists a constant By > 0
such that

/ u2dx=/ u2dx—|—/ wldx
RN {V>co} {V<eo}

1 .
<X veplde+ BV < c0}|4/N/ Aul2dz.
RN

Co JrRN
Combining the above inequality with (2.3)) yields

A2 —2 1
lulffz < (14 =) max {14+ By[{V < co}|N, a}\lﬂlﬁ (2.7)
Similarly, we have
A}
lullfe < (14 7)1 + Bal{V < co}[Y™)|ull? (2.8)

for A > cg ' (1+ Bal{V < co}|¥/N). Set

(1+ 49 max{l + Ay {a < co}|¥/V, &} for N = 3,4,
anN = —

(1+ iﬁ) max{l + By lV < o}V, L for N > 5.

Thus, it follows from (2.5)) and - that
lullFe < anllul?, (2.9)
which implies that the imbedding X < H?(RY) is continuous. If we set
An e §N-! 71(1+A [{a < co}|*N) for N =3,4,
N A BRIV < e} ) for N > 5,

16/N

then we have

ullfz < Bullull}  for A > An, (2.10)
where [y is defined as (1.7)). Furthermore, by (2.2)), (2.3) and (2.10) one has
1
/ |Vul*dz < 5A(%ﬁNHuHi for A > Ay. (2.11)
RN

Since the imbedding H?(R3) — L>°(R?) is continuous, by (2.6)), for any r € [2, +00)
we have

[ turde <l [ o
R3 R3

A3\r
) 2044,

(2.12)

16/3

<SP (1 [{a < co}|**)" 2 |lull}
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for A > %(1 + Z§6/3|{a < ¢o}|*?). Moreover, using the fact that the imbedding

H2(R*) — L"(R*) (2 < r < +00) is continuous and (2.6), for any r € [2, +00) one
has

r/2
; Wl (213)
for A > 2¢5 (1 + Zi\{a < ¢o}]), where S, is the best Sobolev constant for the
imbedding of H?(R*) in L"(R*) (2 < r < +00). Finally, for N > 4, from conditions
(A1), (A2), (2.8) and Holder and Gagliardo-Nirenberg inequalities again, it follows

that for any r € [2, 22,

/RN |ul"dz
~ [2N—r(N—4)]/8 N(r—2)/8
<[ i) ([, 1auar) (214)
RN RN
A(Q))T/Q

. 1 02 V4 4/N
Scév( 2)/4(1_,'_7 HUHK\ for A > + Ol{ <CO}| _
Co

A2, _
/M ufde < S:7(1+ 20)72(1 1+ A {a < eo} )

Set
—(r— 2\r — .
ST 0 A o < o}y N =3,
Oy = 1 57 (1+ 4) (1 + Ay {a < co} )2 if N =4, (215

Cé\/(r72)/4<1 + %3)7'/2(1 +§?\]|{V < CO}|4/N)7'/2 if N > 4.
Thus, (2.12)—(2.15) show that for any r € [2,2.) and A > Ay, it holds
/ [ul"dz < O, n||ull5- (2.16)
RN

It is easily seen that (1.1 is variational and its solutions are critical points of the
functional defined in X, by

_*
2(1+9)
It is not difficult to prove that the functional .J, y is of class C' in X, and that

1 2(140) , b
Ja(w) = Zllul} + IVall 78 + ZlIVallzs - | Flaade. (217)

(Joa(u),v) = / [Au - Av + AV (z)uv)dz + al| V|2 / Vu - Vodz
RY RY (2.18)

+ b/ Vu - Vudr — f(z,u)vde.
RN RN

Furthermore, we have the following results.
Lemma 2.1. Suppose that N > 3 and 6 > 2/(N — 2). In addition, we assume

that conditions (V1) — (V2),(F1) and (F'3) hold. Then the energy functional J, x
is bounded below and coercive on Xy for all a > 0 and

2 - 2
) A maX{AN, é} Zf6 > N_9°
> Ag = (=2 (N-2)
= : 2¢ | 4C1e( 2C1,c(140) \aN—p(N=2) e 2
maX{AN, co + Cop (apgzN/(me) P } Zf(s = N_3-

Furthermore, for all a > 0 and A\ > Ag, there exists a constant R, > 0 such that
Jaar(w) >0 for allu € Xy with ||ul|x > R,
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Proof. Let u € X. Note that for any 2 <r < 2% := 375, it holds

/ |u|"dx
RN
2% —r r—2
2% 2 * D)
< (/ |u|2dx) (/ |u|? dm)
RN RN
N(r—2)

1 ——2 2 gi%; ——1 2
< (5o [ AV@utde +5{Y < o} FIVult) T (ST IVul) T

)\CO
(2.19)
where we have used the Holder and Sobolev inequalities and S is the best Sobolev
constant for the imbedding of DV2(RN) in L?" (RY). We now divide the proof into
two separate cases:
Case A:
4C .
/ AV (z)uldz > Aeo(———
RN p(Aco — 2€)

It follows from condition (A6) and (2.19) that

)T (57 |V )

Ja7>\(u)
1 2(1+6) b 9 6/ 9 Cle /
> —|ull3 + = 2= = dow — —=< Pq
1 2(1+68 1 ——2 2
> fuu||§+m||v ull 1577+ 50— STV < ol ¥ Vullz
Cle 2N — P(
> {V < col =V,
Since § > m, we have 1 + 6 > % > 1. Then there exists a constant D, such that
LI x ot »
D, = min 7(1 (b— v iQCOHN) — Cl’fp HV < co}|2N 2
>0 L2(1 —|—5) g pS
<0,

and D, — —oo as a — 0. This and the above inequality leads to
1
Ja(u) 2 Z|ull} + Do > Dq,

which implies that J, (u) is bounded below and coercive on X for all @ > 0 and
A > max{Ay, Z}.

co
Case B:
2 401,6 R S— 2%
AV (z)ude < Aeg(——==) @~ Bv= D (S ||VUHL2)
]RN

p(Aco — 2¢)
By (2.19) one has

/ |u|Pdx
RN

! 1V < ol =0 X
< (— 2 e~ -0Ji
< (5 /RN AVt + P wul) " (57 9l
— — P(N—2)
——2% 4C1 . ?1]:\121;5%7;)) o* |{V < 00}2N
<S8 —_ \Y% Vb
<5 (et 20) IVullf + 2 Il
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This and condition (F'3), give
Ja)\(u)

2(1+6 b
> Sllul} + gy IVulZe ) + 51Vl

(1+6)

Ce
ff/ uzda:—i/ |u|Pdx
2 Jrw D Jrw~y

1 2(146 1 ——2 2
> Il + gy IVl + 2(b—es I{V<00}|N)HWII%2
. Cl,e ( 4015 )?;\]—_Z’I;éll\\;:g 2 MHVU”
pS p(Aco — 2e) L L

If6 = m, then for

2N—p(N—2)
72* b
Co Cop apS

2 4C  12C (14 0) =2av=2)
)\>7€ 1[1(+)]

there exists a constant D, < D, < 0 such that

1 1 ——2 2
Jaa(u) = ZHuHi +5(b—eS THV < e} |¥)|Vull 72

2
a Cie 40 7”—?“—2’} 2(1+6)
1 : D |||V
+ [2(1+6) »S (p()\co—Qe)) IVullz:
Cl € 2N — p(N 2)

7 {V < co}l Va7

1 _ _
> fHulli +D,>D..

Ifo > N 5, then for A > , there exists a constant D, < 0 such that
Jax(u)

1 2(146 1 ——2 2
> R + 5y IVelE ™ + 50— 5 HY < coll )| Vulls
Cle 4C1€ 2N —p(N=-2) 9% Cle P(N 2)
_ Zhe : PN | Va2, — —==|{V < ¢ Vu
& 0w -2 || SV <)l vl
> D,.

This indicates that J, » is bounded below and coercive on X for all @ > 0 and
A > Ag. Furthermore, for all ¢ > 0 and A > Ay, it is clear that there exists a
constant R, > 0 such that

Jax(u) >0 for all u € X with [Ju|x > R,.
The proof is complete. O

Next, we give a useful theorem, which is the variant version of the mountain pass
theorem. It can help us to find a so-called Cerami type (PS) sequence.

Lemma 2.2 ([1I], Mountain Pass Theorem). Let E be a real Banach space with
its dual space E*, and suppose that I € C1(E, R) satisfies

max{l(0), I{e)} sp<n =< inf I(u),
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for some p <n,p>0 and e € E with ||e|]| > p. Let ¢ > n be characterized by

c= ;lg Jnax, I(~y(7)),

where I' = {y € C([0,1], E) : v(0) = 0,~v(1) = e} is the set of continuous paths
joining 0 and e, then there exists a sequence {u,} C E such that

Iup) = c=n and (14 [lun])1"(un)]

g — 0 asn— oo.

In what follows, we give two lemmas which ensure that the functional J, » has
the mountain pass geometry.

Lemma 2.3. Suppose that b > —2A62B;,1. In addition, assume that conditions
(V1) = (V2),(F1) and (A6) hold. Then there exists p > 0 such that for every a >0
and A > Ay,

inf{Jo x(u) : u € X\ with |Ju]|]x = p} >n
for some n > 0.

Proof. By (2.11)) and condition (A6), for all u € X one has

Ja7>\(u)
a 2(1+6)

1. 5 b 9 6/ 9 Ch E/
— — — dor — —— P

V

”3
Ch,e .
N {;u — 03 ) [ul} — S=07 v ull} ifh =0,
1
2

p p,

bA2 Cy .. . 9
(1+ 7528n — €®3 y)lull} — =5=0p ylul} if —245285" <b<0.

Let
B CLEGZ,N

1
o(t) = 5(1 - O )2~ =

A direct calculation shows that

max g(t) = g(7) = (p;pQ)

tP fort > 0.

(1- €@§,N)p/(p—2)(017695,1\[)—2/(13—2)7

where

. [(1 - 6937N)} 1/(p-2)

CLeOp N '
This shows that when b > 0, for every u € X, with [Jul|x = ¢ we have J, \(u) >
g(t) > 0. Choosing p =t and
(r—2) - Iy
n= % (1 _Egg’N)p/(p 2)(01,5921\[) 2/(r=2) - 0,

it is easy to see that the result holds. Similarly, when —2A525;,1 < b <0, for every
u € X, with

2
fuls = = [P <)y
g C1,.0% ’
we can take p =t and
(p—2) bAZ2 p/(p—2) —2/(p—2)
=0 (1 + TOBN — 69%7]\]) (Cre08 )

such that the result holds. This completes the proof. [
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Define "
Py )L/P
M, = sup Upw [ulPda)'/P (2.20)
wEX>\{0} [[wllx
It follows from ([2.16]) that
H)\ S @p,N for A Z AN. (221)

Furthermore, by Appendix A there exist A; > Ay and ¢y € X,\{0} such that
~ (Jaw oalPda)t/P

II, = >0 for every A > Ay, (2.22)
[[&allx
and there exists a constant II,, > 0 independent on A such that
Iy \ s as A 7 oo. (2.23)

Setting

22400y JIB (1+6)(p—2)[ CoJIB (25 +2—p) 1°5°%"
ST A s ey sa0ay)
Lemma 2.4. Assume that b € R, and assumptions (A1)—(A4), (A6) hold. Let

p > 0 be as in Lemma (2.3 Then for every A > Ay and 0 < a < a, there exists
e € X satisfying

Qy :

llellx>p and Jle|lx =00 asa—0
such that
Jax(e) <0 and Jyi(e) > —oc0 asa—0.

Proof. Let ¢ € X \{0} be as in (2.22) and let
I(t) = Lo (tdx)

af2(1+9)

2(1+9)

t? Co 1P
+ 1 qﬁdx—z’i/ |palPdx for t > 0.
2 RN p RN

Then it follows from (2.11)) and (2.16)) that

AFIHD gL g 50402

t2 5 2(140) , bt? 2
= L0 + 2 v 2040 + vz,

I(t) < { 120
( ) - 23+5(1 + 5) @
2
L PR+ N 1O BPA40)C I,
) ) 5)— :
AT B 30 pA T B oAl 3P

A direct calculation shows that there exists
. (2”56’2761"[@0(1 +0)(p — 2))1/(25+2*p
A=
e a(;pAg(1+6)611V+6
such that for every 0 < a < ax,
| 204+0)(b+903y) A1 +)Co B,
a,)\ — a,
ABBNIAIR pAzBygals T

2240(1 4+ 6)||pa |3 bAZ
e
AO ﬁN

D =
leallx* >0

BN + 79§,N>
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Oy, 18 (26 + 2 — p) 1 22T9C, T2 (1 + 6)(p — 2)\ 7525
et G )
This implies I(tq,x) = Igx(tardr) <0 for 0 < a < a, and

Iy a(tgapn) &> —00  as a — 0.
Choosing e = t4 x|¢a|. Clearly,

PHICIL( 4 d)p = 2)] 542

—o00 asa— 0.
2(1+6
aSpAO( * )ﬂjl\r+5

lellx = ltangallx = |

Note that for 0 < a < a,, by (2.21) and (2.23)),

{22+5027€H§O(1 o) (p— 2)} e {529( 545 Bn +710% )1 7
a(;pAg(1+5)lev+5 02766;0,]\7(26 T2 p) )

by using (2.21)). This and (A6) lead to
( 1_€®§,N )1/(}7—2) lf b > 0

lella > p o= asr
R —“%fgg;@%“)ﬁ if —245285" <b<0,
where p > 0 is as in Lemma Moreover, by condition (A6), it holds J, x(e) <
I, x(e) <0 for 0 < a < a.. The proof is complete. O
We define

= f J, t
e\ = “/IEHF,\ Qax Jo, A(y(1)),

Q)= inf
o) = inf max Jolnge (1)),

where Jo x| p2(0) 18 a restriction of Jy x on HZ(Q),
Iy ={y € C([0,1], Xx) : 7(0) = 0,7(1) = e},
Ta(Q) = {y € C([0,1], H3 () : 7(0) = 0,4(1) = e}
Note that for u € HZ(€),

Tulmgion () = 5 [ 18uPde + 52| [Fupdn+)

Jr*/ \Vu|2d:z:f/F(x,u)d:c
2 Ja Q

and ¢o(92) independent of A. Moreover, if conditions (A4) and (A6) hold, then by
the proofs of Lemmas and we can conclude that J, )| mz(o) satisfies the
mountain pass hypothesis as in Theorem

Since HZ(Q) C X, for all A > 0, one can see that 0 < 7 < ¢y < ¢o(Q) for all
A > Ay. Take Dy > ¢o(€2). Then

0<n<ecy<c() <Dy forall A\>Ap.

By Lemmas and Theorem we obtain that for each A > Ay, there exists
a sequence {u,} C X such that

Jar(un) = x>0 and (1+ HunH)\)||J('1,>\(un)||X;1 -0 asn— oo.
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3. PROOF OF THEOREM [I.1]

Recall that a Cl-functional J, ) satisfies Cerami condition at level ¢ ((C).-
condition for short) if every sequence {u, } C X, satisfying

Ja(un) — c and (1 + HUHHA)HJ;,/\(un)Hx;l -0,
has a convergent subsequence, and such sequence is called a (C).-sequence.

Lemma 3.1. Assume that N >1,5 >0 and b > —2Aa261§1. In addition, assume
that conditions (A1)—(A4), (A6) hold. Then {u,} is bounded in X for each A > Ay,

where {uyn} is a (C)c-sequence.

Proof. Following the argument in Lemma we can conclude that the (C),.-
sequence {u,} is bounded in X for each A\ > Ay. O

Proposition 3.2. Assume that b > —2A;%8y"', and that conditions (A1)—(A6)
hold. Then for each D > 0, there exists Ay := A1(D) > Ag > An such that Jg »
satisfies the (C).-condition in X for allc < D and XA > A;.

Proof. Let {u,} be a (C).-sequence with ¢ < D. By Lemmal[3.1} {u,} is bounded in
X and there exists Dy > 0 such that ||u,||x < Dg. Then there exist a subsequence
{un} and ug in X such that

Uy — ug  weakly in X,
U, — ug strongly in L], (RY), for 2 <r < 2,,
Up — Uy a.e. in RY.

Moreover, (2.11) and (2.16) imply that the imbedding Xy < W12(R") is contin-
uous, which shows that

U, — ug  weakly in WH2(RY).
Similar to the proof of [I3] Lemma 4.4], one can easily obtain that
Vun(z) = Vug(z) ae. in RY.

Thus, it follows from Brezis-Lieb lemma [6] that

/ |V(un—uo)|2dx=/ |Vun|2dx—/ Vuol2dz +o(1).  (3.1)
RN RN RN

Now we prove that u,, — ug strongly in X,. Let v, = u, — ug. Then v, — 0 in
X». By condition (A2), we have

1
/ vidr = / vidr + / vidr < — v, |3 + o(1). (3.2)
RN {V>co} {V<eco} Aco

Using (3.2) and the Holder and Sobolev inequalities, for any A > Ay, we have the
following estimates:

For N = 3,
Sr—Q
[ e <ol [ oo < 52 ol ol + ot
RN RN ACO (3 3)
Sgo_2 A% -1 2 —(r—2)/2 . :
= Ao [(1—'—?) _Soo\{V<Co}|] [lon |l + o(1).
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For N =4,
1/2 1/2
/ |’Un|rd-'17 < (/ UidI) (/ UZ(T—l)d$)
RN RN RN
1 12 (o1 AG\r-1/2) e
< (5ecllonl +o) 855 (0 ) T el
G
2(r—1) 0\ (r—1)/2 r
— 1+ =2 1).
D (14 ) 2l + o)
For N >4,
21 =
/ |'Un‘rd1: S (/ "Un|2d:[’) 24—2 (/ |'Un Q*dl’) 24%—2
RN RN RN
B2 1 Zeor r
<G (50) T ealls 4 o(1).
Set
(14 4D - SLHY <02 N =3
Syt A2\ (r=1)/2 i
— (-1 =
Vo= S (14 ) N =4,
C()hi_z(%%)(z*—r)/(m&) if N > 4.

Clearly, ¥,. — 0 as A — oo. Inequalities (3.3)—(3.5) indicate that

L ol < i+ 000,

Following the argument in [23], it is easy to verify that
F(z,v,)dx = F(z,u,)dx — F(x,up)dx + o(1)
RN RN RN
and

sup / [f(z,vn) — flz,un) + fx,uo)]h(z)dr = o(1).
RN

lI2llx=1
Thus, using (3.1)), (3.7) and Brezis-Lieb Lemma [6], we deduce that
a

2(1+9)
b
+ §||an||2L2 — / F(x,v,)dz + o(1).
RN

1
Jax(un) = Jaa(uo) = §||”nH?\ +

(IVun |35 — [ Vuo|[35+)

(3.4)

(3.5)

(3.8)

Moreover, it follows from the boundedness of the sequence {u,} in X and (2.11)

that there exists a constant A > 0 such that
[Vun|2: — A asn — oco.
This indicates that for any ¢ € C5°(RY),

o(1) = (Jy A (un), )
= Au, Apdx + /

RN R

+b Vu,Vpdx — / fz,un)pde
RN RN

— AugApdx + / MV (x)uppdz + aA® VugVpdx
RN RN RN

AV (z)unpdr + a||Vun||%§2/ Vu,Vedx
N RN
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+0b VugVdr — / f(z,ug)pdr asn — oo,
RN RN

which shows that
luol|2 + (aA® + b) /RN |V |2de — /RN f(z,up)updz = o(1).
Note that
o(1) = (J} 5 (tun), tn)
= unl + all Vun |73 + b V72 - / | f@un)unde.
Combining the above two equalities gives
0(1) = [funllX + al| Vun |72 +bl| V|72 - / f (@ wnun de
~ ol — @A’ +) [ VuPdet [ fo s
= [lonll3 + al| Vunl|75 ) = al Vun |3 [ Vuo |3 (3.9)
UVl = [ 7o e +o()

”'Un”)\ + aHVunH ”VUHHH + bHv”nHL2 / f(z,vp)vpdz + o(1).

By Lemma [2.1] there exists a constant K < 0 such that

Jax(uo) > K. (3.10)
Thus, by (A5) and (3.8)—(3.10), one has
D — K > c¢— Jga(up)
> Jaa(un) = Jaa(uo) + o(1)

1 a 2(1496) 2(1496)
a n n v
> 5ol + gy g (17780 = 9o 47

+ §||an||2L2 - / F(z,v,)dx + o(1)
RN

) b5 d
> 2 o 2 0 2d
5 ol + 5 IVl = gy [ b
R

+ 20 +5) (IVunll22 = IVuoll22) [ Vuol 72 + o(1)

§_dO®2N 2 bd 2
> 7’ -

+ 2(1 +5) (I Vun || % ||VU0||2L62)||VU0H%2 +o(1),

which implies that there exists a constant D = D(a, D) > 0 such that
v |2 gﬁ—i—o 1) for every A > Ay. 3.11
by

It follows (A6), (3.6) and (3.11)) that

o1) = ol + al Ve [Vl + 1 V0nle = [ fGovn)onda
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> onl2 + bl Vou 22 — ¢ / Wde — Cy, / lolPda
RN RN

2 S leall3 = €W2D — Cy WP DP/? if b >0,
T\ L@+ 0428N)|vn|3 — €U2D — €y WEDP/? i — 2452851 < b <0,

which implies that there exists Ay := Aj(a,D) > Ay > Ay such that for each
A > Aq,

vy, — 0 strongly in X.
This completes the proof. (Il

Theorem 3.3. Assume that N > 3, § > % and b > —2A62ﬂ&1. In addition,
we assume that conditions (A1)—(A6) are satisfied. Then for each 0 < a < a, and

A > Ay, Jox has a nonzero critical point u((llg\ € X, such that Ja,,\(u((lll) =cy > 0.

Proof. By Theorem Lemmas and for every A > A; and 0 < a < a*,
there exists a sequence {u,} C X satisfying

Jar(un) > x>0 and (1+ ||un||A)||J;A(un)||X;1 —0, asn— oo.

By Lemma one has {u,} is bounded in X . Then it follows from Proposition
and the fact of 0 < n < ey < ¢o(2) that J, » satisfies the (C'),-condition in Xy
for all ¢y < D and A > A;. This indicates that there exist a subsequence {u,} and

ul(llz\ € X, such that u,, — u((lll strongly in X. The proof is complete. [l

Lemma 3.4. Suppose that N > 3, § > % and b > —QASQB;[l, In addition,
assume that conditions (A1)-(A4),(F1), (A6) hold. Then for every 0 < a < a, and
A > Ay one has

—00 < O = inf{Jya(u) :u € X\ with p < |lul|x < Re} < g < 0. (3.12)

The proof of the above lemma, follows directly from Lemmas and

Theorem 3.5. Suppose that N > 3, 6 > 2/(N —2) and b > —2A6251§1. In
addition, assume that conditions (A1)—(AG6) hold. Then for every 0 < a < a, and

A > Ay, Jo» has a nonzero critical point u((lzg\ € X such that

Jar (@) =0, <0,
where (9\@ s as in . Furthermore, when § > ﬁ, for every A > Ay it holds
Ja,A(ugg\) — —oc0  and ||u£22\|\)\ — 00 as a — 0,
Proof. Tt follows from Lemmas [3.1} [3-4 and the Ekeland variational principle that
there exists a minimizing bounded sequence {u,} C X with p < ||up|lx < Rq such

that
Jar(un) = 0, and  J; \(un) = 0 as n — oo,

2) ¢ X

a‘7

Similar to the proof of Theorem there exist a subsequence {u,} and u

with p < ||u((123\||,\ < R, such that u, — u((fg\ strongly in X, which implies that

('l/\(u((f;) =0 and JayA(u((f;) = 0, < 0. Furthermore, by Lemmas and we
have
Ja7>\(u((1272\) < Jaa(e) > —o0 asa— 0.

This implies ||u((123\||,\ — 0o as a — 0. The proof is complete. O
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We are now ready to prove Theorem [I.I] By Theorems @ and for every
0 < a < a, and X\ > Ay, there exist two nontrivial solutions uall\ and uf/\ of (Kg )
such that

JayA(ufz\) =0, < g <0<n<ey= Ja,A(usz\),

which implies that u(l) #+ u(z) Furthermore, when § > ﬁ, for every A > Ay it
holds

Ja(u ())%foo and  [[ul®) |y = oo as a — 0.

Since Jy A (u) > 0 on {u € Xy with [Ju|lx < pU|ullx > Re} by Lemmas and
we conclude that u((fz\ is a ground state solution of (K, ). This completes the
proof of Theorem

4. PROOF OF THEOREM

In this section, we give the proof of Theorem Let ug be a nontrivial solution
of (K,,). Then

luoll3 + al| Vo |2 + b Vo 72 — /  J(a,uo)uodz = 0.
R

We now divide the proof into two separate cases:
Case A:

| AVianids > Mo~y Tt (57| Vg | 12) B
RN /\60—6

It follows from the condition (A6) and (2.19)) that
0= lluo} +al| Vuo|| 75 +b]| Vuoll72 ~ / (@ uo)udz
R

1
> lluoll§ + all Vo [35 ) + b Vuollfe — (= | AV(@)uda
Co JRN

——2 2 C € 1
+5 Y <l ¥ IVlh) - b (5 [ AViedds
S
2N—p§N—2) N(p—2

——2 2
+57HV < ol ¥ Vuo 32 IVuoll 2™

——2
> af[ Vuo |35 + (b—es {V < o} IV uol

Cl 72) 2N7p£N72)
fpe HV < Co}\ [Vuoll% > + (/ AV(x)u%dx)
RN
Ao — ¢ e
X [ v (/RN AV (z)u dx)
Cy.c 1 . 2N-—p(N-2) N(p—2)
- N(p 2) ()\C ) : ”VU’OHL22 }
S

——2
> | Vuo |29+ + (b — STV < co}|2/N)||VuoH%2
Cle

LV < ol [Vl
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provided that
p—2

20 [2a<b — S8V < e}V

This is a contradiction.

Case B:

50 1V <ol

20+1) — Hoee Ci e ’ 2
a> (6+1)—p } 1, 2N _p(N- 2)) =
)

Cre ;a2
AT (5 [V 2)

(Aep — €

/ AV (2)uddz < Aeol
RN
By (2.19) one has

/ |uo |Pdx
RN
N(p—2)

1 [V <o}V (g :
< (5o /RNAV(x)ugdx+SQ|VU0||2L2) (s Hwo||L2)

2N —p(N-—-2)

—2vf Cie \ oDin=a p(N
<7 (=) T IV lE + 5 Y < ol TR Vo
Cop — €
Using this and (A6), we have
0= lluo} +al| Vuo|| 15 + bl Vuoll72 - / J(a,uo)uodz
R

J— 2
> al|Vuo |35 + (b — €8 {V < o} F) | Vuol|2

1(4p—2><N—2> N (N2 )
— — 5 (Acg — €)” T |V |72
Gy
GI{V < o} Vg2

Ifé6=2/(N-2), then for

—2 208 +1) — N 06 » 2
a>2 { 7(7; ) =P 1 |{V<c0}\w> =
20 L25(b— €S {V < co}/N)
Cl,e Cl,e %ﬁ
+ 2 (5) ’
S Co €
we have

0> a|Vuo| 297 + (b — 5V < co}|F) | Vuo| 2
2N—p(N—2

Cie( Cre \ G Bna .
- = (5 _56) B A

S
Cle

Y < o} TE T [Vuglfs > 0.

This is a contradiction. If § > 2/(N —2), then we consider the following two cases:
) 2
N§2 ()\CQ — E)ﬁ.
Cie
Then we have

——2 2
0> al[Vuo 25" + (b — €8 {V < eo}| %) Vuo |22
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2N —p(N—2)

Cief Cie o053 . IN_p(v-2)
- (5 g) 2 - SEHV <) [Zuoll2
7_2 2
> a||Vuo |35 + (b— €5 |{V < co}| z%)||w0||L2
2C1., Chie 2N—p(N-2) .
- gzl*’ (()\Tl’_e))“ﬂw’z) Vuoll7= >0,
provided that
g 2Hay=2) 2)0 g (Ao —€)~ BREEs
a >
S(N —2)5"°
y S(N—2)—2 Unn=1

S(N —2)(b—eS |V < co}|%)

This is a contradiction.
(i)
Acg — €
Cl,e

7 ( =2

Then
0> a||Vuo| 297 + (b— €5 2{V < co}|¥) | Vuo| 22

2N —p(N—2)

C1,e Cie \o-n8v—2 o 2N_p(N-2)

= (50 ) 2 - SNV <) 9ol
——2 2

> anwouLl” +(b—eS |{v < o} ¥) Vo |2
2N — (
B [ VuolP, > 0,
provided that
a>p_2[ 204+1)—p r<6+1) p(2016|{V<co}| b 2)),)252
20 Log(h— €S 2|V < co}[2/N) il

We also get a contradiction. Therefore, there exists a constant a* > 0 such that for
every a > a*, (K, ) does not admit any nontrivial solution for all A > Ay. This
completes the proof of Theorem [I.2]

5. CONCENTRATION OF SOLUTIONS

In this section, we investigate the concentration for solutions and give the proof
of Theorem

Proof of Theorem[I.3 Following the arguments in [3], we first choose a positive

sequence {\,, } such that Ay < X\; < )Xo < ... <\, > ocoasn — oo. Let u( - ug)/\

with ¢ = 1,2 be the critical points of Ja,A" obtained in Theorem [1.1] . Since
Ja,,\n(uf)) < g <0<n<ey, = a,,\n(ug)) <D, (5.1)

by Lemma one has
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where the constant Cp > 0 is independent of A,,. This implies that ||u£f ) Ix, < Co.
Thus, there exist ul) € X (¢ = 1,2) such that

ugf) — u((;) weakly in X,

u!Y — u  strongly in L], (RN) for 2 <r < 2,,
uﬁf) — ugg) a.e. in RV,

Following the proof of Proposition we conclude that

ug) — u(OQ strongly in X3, .
This shows that u$) — u& strongly in H2(RY) by and that

IVu 2 — [Vu@Ze as n— oo (5.3)

by and . Fatou’s Lemma leads to
|13

- Y%

n

/ V(z)(u?)de < liminf/ V(zx) (ug))2dx < lim inf
RN RN

n—oo n—oo

which implies that ul) () =0 a.e. in R¥\Q. Moreover, fixing ¢ € C5°(RV\Q), we
have

[ Vi@ =- [ u@voar=o
RV\Q RN\Q

This indicates that .
Vuld(z) =0 ae. in RV\Q.

Since 99 is smooth, ul) € H2(RN\Q) and vull € H! (RM\Q), it follows from
Trace Theorem that there are constants C,C > 0 such that

[l L2 00) < Cllu | 2@y = 0,
||VU£>?||L2(BQ) < CHVUEQHHl(RN\ﬁ) = 0.

These inequalities show that u') € H2().

Since (J;, 5. (ug)), ) =0 for any ¢ € C§°(£2), combining (5.3)), it is not difficult
to check that

/ Aul) Apdz + {a(/ \Vuld|2dz)? +b} / vul) - Vodr = / f @, ud)pda;
Q Q Q Q
that is, u((fo) are the weak solutions of the equation
APy — M(/ |Vul*dz)Au = f(z,u) in Q,
Q

where M (t) = at® + b. Since NORENG strongly in X, using (5.1) and the fact
that n and k are independent of \,, gives

1 a o+1
- (1))2 (1))2
2/Q|Auoo| dx+2(1+5)(/ﬂ|wm| dx)

—|—é/ |Vu§)|2dx—/F(x,ug?)dx277>0
2 Ja 0

and

1 a
1 )2 (2)12 7,.\0+1
5 | 1A Pde+ st ([ [V Pan)
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/ (V) Pdz — /F z,u?)de < = 5 "o
These imply that u ;é 0(i=1,2) and u 75 u(2). The proof is complete. O

6. APPENDIX A
Consider the biharmonic equation
A?u4+ NV (z)u = [uP"2u  in RV,
o N (6.1)
u e H*(RY),

where N > 3,2 < p < %,)\ > 0 is a parameter and V(x) satisfies conditions

(A1)-(A3).
Equation (6.1]) is variational and its solutions are critical points of the functional
defined in X by

1 1
) = gl = [ s

where [|ul|y is defined as (2.1)). It is easily seen that the functional Jy is of class C*
in X, and that

(Tx(u),v) = / [Au - Av + AV (z)uv]dz — / |ulP~?uw d. (6.2)
RN RN
We define the Nehari manifold by

N = {u e X3\ {0} : (73 (u),u) = 0}.

Clearly, Jx(u) is bounded below and coercive on N, since p > 2. Following the
standard argument, we conclude that there exists a positive constant A1 > Ay
such that admits a positive ground state solution ¢y € H?(RY) for every
A > A;y. Similar to the argument in [I7, Theorem 22|, we obtain that ITy defined

as ([2.20)) is achieved and
(Jon [@r[Pda) /P
[[&allx

Furthermore, similar to the proof of Theorem [I.3] it follows that ¢\ — ¢oo in
H2(RYM) and in LP(RY) as A — oo, where 0 # ¢, € HZ(Q) is the weak solution of
biharmonic equations as follows

APy = |[ulP~?u  in Q.

II, = >0 forevery A > A;.

This implies that

(Jo |9o0|Pda) '/
(Jo [Adoo|?dx)!/2

Iy — T >0 as A oo.

Note that
1/p
Pd
II, = sup —<IRN [ I)
ueX\{0} HU’”>\

is decreasing on A. Hence, we have

Iy (I as A 7 oo.
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