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Existence and regularity of a global attractor for
doubly nonlinear parabolic equations *

Abderrahmane El Hachimi & Hamid El Ouardi

Abstract

In this paper we consider a doubly nonlinear parabolic partial differ-
ential equation

9B(u)
ot

—Apu+ f(z,t,u) =0 inQ xR,

with Dirichlet boundary condition and initial data given. We prove the
existence of a global compact attractor by using a dynamical system ap-
proach. Under additional conditions on the nonlinearities 3, f, and on p,
we prove more regularity for the global attractor and obtain stabilization
results for the solutions.

1 Introduction

This paper is devoted to the study of a doubly nonlinear parabolic P.D.E. related
to the p-Laplacian operator. More precisely, we are interested in the existence,
uniqueness and long time behaviour of the solutions of problem

9B(u)
ot

—Apu+ f(z,t,u) =0 in Q x (0,00)
u=0 on 9N x (0,00) (1.1)
B(u(.,0)) = Bug) in Q,

where Apu = div (|Vu|p’2Vu) , 1 < p< 400 and  is a regular bounded open
subset of RN, N > 1.

These problems arise in many applications in the fields of mechanics, physics
and biology (non Newtonian fluids, gas flow in porous media, spread of biolog-
ical populations, etc.). There are a lot of works dedicated to the existence of
solutions [1, 2, 3, 5, 15] and to the large time behaviour of these equations
[4, 6, 10, 13, 16, 20].
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Our work is inspired by the results of El Hachimi and de Thélin [8, 9] and
of Eden, Michaux and Rakotoson [6]. The aim here is to study the long time
behaviour of solutions of (1.1) via a dynamical systems approach (in the frame-
work of Foias and Temam [11]). As is well known, the presence of a dissipative
term, in many infinete dimensional systems, implies the existence of a compact
set A which attracts all the trajectories. This set, called the global attractor,
has usually finite Haussdorf and fractal dimensions, and it is studied by reducing
it to a finite dimensional system.

For p = 2, problem (1.1) has been studied in [6, 7]. Here, we shall consider
general p under the same assumptions on 3 and f as in these references, and
extend some of the results therein.

This paper is organized as follows: After some preliminaries in Section 2,
we give, in section 3, an existence result for solutions of problem (1.1). Then
section 4 is devoted to the existence of the global attractor A. Finally in section
5 we give, under restrictive conditions on 3, f,p, a supplementary regularity
result for A and a stabilization result for the solutions of (1.1).

2 Preliminaries

Notation Let 8 be a continuous function with 5(0) = 0. For ¢ € R, we define
U(t) = fot B(7)dr. Then the Legendre transform of ¥ is defined as U*(7) =
sup,cr{Ts — ¥(s)}. Let Q be a regular open bounded subset of RY and 052 its
boundary. For T' > 0, we set Qr = Q x (0,7) and Sy = 9 x (0,T). The
norm in a space X will be denoted by || - ||x. However, || - ||, is the norm when
X =L"(Q) with 1 <r < +o0, and || |1, when X = W19(Q) with 1 < ¢ < +o0.
Let (-, ) x x’ denote the duality product between X and its dual X’. For [ > 1
we denote by £’ the conjugate of £; that is the real number I satisfying %—i—ll, =1.
For 1 < r < +o00, we shall denote by W21((0,T) x ) the set of all functions v
such that

T
ov |r
"4 Dol + D% + || ) dedt < oo.
L (ol 1ot 10200+ |7 )t < o
We shall consider the following hypotheses.
(H1) wp and B(ug) are in L2(2).
(H2) §is an increasing locally Lipschitzian function from R to R, with 3(0) = 0.

(H3) For each ¢ € R, the map (z,t) — f(z,t,() is measurable and { — f(z,t,()
is continuous almost everywhere in Q x R*. Furthermore, we assume that
there exist positive constants c1, ¢z, c3 such that, for a.e (z,t) € Q x RT,

sign(§) f(z,t,&) > Cl|/3(€)|q—1 — e,

Jim sup | (2, 6)] < ea(lgl'~" + 1) .

with ¢ > sup(2,p). Also assume that |f(x,t,&)| < a(|¢]) almost every-
where in Q x RT, where a : Rt — R™ is an increasing function.
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(H4) For each M > 0 and |()| < M, %(w,h() exists, there exists a positive
constant Cjs such that |‘g—{(x, t,¢)| < Cy for almost every (x,t) € QxR*.

(H5) There exist ¢4 > 0 such that ¢ — f(x,t,{) + c1f((), is increasing for
almost (z,t) € & x R.

Remarks (i) By hypothesis (H5) and properties of 3, if the function f; :
(z,t) — | f(x,t,0)] is bounded by a positive constant d, for a.e. (z,t) €  x Rt

sign(u) f(z,t,u) > c3|B(u)| — d. (2.2)

When this condition is satisfied, Condition (2.1) is also satisfied.

(ii) From (H1), it follows that U*(3(ug)) € L*(Q).

(ili) When g satisfies the condition |8(s)| < di|s| + dg, for any s € R, with
positive constants d; and ds, as in [6], we have the implications:

Uug € LQ(Q) = ﬁ(UO) S LQ(Q) = \IJ*(ﬂ(U())) (S L2(Q)

Definition By a weak solution to (1.1), we mean a function u such that:

w e LP(0,T; Wy P (Q)) N L0, T; LI(Q)) N L (7, T; L®()) ¥ > 0,

96(u)

5 € LV (0.Ts WP (@) 4+ L7 (0,75 LY (),

for all ¢ € LP(0,T; Wy*(€2)) N L>®(0,T; L=(Q)) it holds

T 8/6(’&) T - T .
/0 < T ,¢>X,X,dt+/0 /QF(VU)ngd:cdtff/O /Qf(ac,t,u)gbd:cdt,

and if 2 € L*(0,T; L*(2)), with ¢(T) = 0, then

T 8ﬁ(u) B T a¢
/0 < ot ’¢>X7X’dt—_/0 /Q(ﬁ(U)—B(uo))Ed:cdt,

where X = L®(Q) N W, *(), X’ = LY(Q) + W1 (Q) and F(¢) = |¢[P2¢ for
any £ € RV,

3 Existence and uniqueness
Our main result reads as follows.
Theorem 3.1 Under Hypotheses (H1)-(H5), Problem (1.1) has a weak solution

u such that uw € LP(0,T; Wy P(Q)) N L (7, T; Wy P(Q) N L(Q)), for all 7 >0
and B(u) € L9(Qr) N LX(0,T; L(2).
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Remark For a solution u of (1.1), by the first equation in (3.1), we have

a%_(tu) e LP (0, T; W57 () + LY (0, T; LY ().
Since ¢ > sup(2,p), we get B(u) € LI(Qr) N L>(0,T; L?(2)) wich is a subset
of LI(0,T; LY (Q) + Wy "* (Q)). Thus, from Lion’s lemma of compactness
[14, p.23], we deduce that at least B(u) is in C(0,T; L7 (2)); so that the third
condition (1.1) makes sense.

Proof of the main result

a) Existence. The proof of Theorem 3.1 is based on a priori estimates. From
3, we construct a sequence 3. € C(R) such that: € < 3., 3.(0) =0, 3. — B in
Cloc(R) and |B:| < [B].

Let (upe)e>0 be a sequence in D(§2) such that ug. — ug almost everywhere
in Q and [Juoc||z2(0), |8 (voe) |l 2() < ¢, with a constant ¢ > 0. Consider the
problem

06 (1)
ot

—div F.(Vue) + f(z,t,ue) =0 in Qr

u. =0 in St (3.1)

ﬂs(ue)|t=0 = BE(UOs) in Q,
where F.(£) = (|¢]? +&)P=2)/2¢, for ¢ € RV,

Remark In this paper, we shall denote by ¢; different constants, depending on
p and €, but not on €, or T. Sometimes we shall refer to a constant depending
on specific parameters: ¢(7), ¢(T), ¢(7,T), etc.

Lemma 3.2 There exists a unique solution of (3.1), such that ue € L= (Qr) N
Lo°(0, T; Wy (Q)). Moreover, u. € W21((0,T) x Q) for 1 <r < oo,

Proof. The proof is similar to that in [6, lemma 5] and we shall give here only
a sketch. For a fixed positive integer m, consider the function

f.t0) i 8(u)] < m
fnla 1) = € e (18(w)[7 — m~) sign(u)
+f(z,t, 87 (u) sign(u))) otherwise.

Then
sign(u) fo (2,1, 1) > c1]Be(u)|T! — co.

Indeed, if |3(u)| < m, by properties of 5., we get

sign(w) fin (@, t,u) = sign(u) f(z, t,u) > 1 |BW)]T™" — ez > e1]B-(w)|?™ — e,
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and if |3(u)] > m then, as sign(u)/sign(8~!(msign(u))) = 1, we deduce by
properties of 3. that

sign(u) fmn (2, £, 0) Ze1(|B(w)|*~" = m?™") + 2| (B~ (msign(u)))[*" — ¢
e B(w)|" ez > ea]Be(w)|7H — e

For o € [0,1], define the map K(o,.) by K(0,v) = ¢, which is the solution to

8ﬁs (U/670')

5 — divF.(Vue o) + o fm(z,t,v) =0 in Qr,

ey =0 in Sr, (3:2)

ﬁa(ue,a)h&:O = ﬁa(aquz) in Qv

For each o € [0,1], the operator K(o,.) is compact from LP(0, T} Wolp(Q))
into itself. Indeed, for a fixed v € LP(0,T; Wy (R2)), one has a unique solution
U 5 € LP(0,T; Wy P(Q)NW2L((0,T) x ) by using the theory of Ladyzenskaya
et al [12, chap. V]. Therefore, arguing exactly as in [6, Lemmab], we deduce
that, for each o € [0,1], K(0,.) is a compact operator from LP(0,T; Wy P (Q))
into itself and that the map 0 — K(o,.) is continuous and K(0,v) = u.g =
0. Thus, from Leray-Schauder fixed-point theorem, there exists a fixed point
Ue = Uug1 = K(1,v). Moreover, arguing also as in [6, Lemma 5] and using (3.6),
we obtain |3 (ue)|r(0,m;n=)) < c(uoe), where c(ug:) is a positive constant
depending only on wp.. Thus, f,(z,t,u:) = f(z,t,u;) for m > c(up:) and then
ue is a solution of (3.1).

The uniqueness property of a solutions can be derived from [4, Theorem 3,
p. 1095]. If we show that 8653—2“5) € L?(0,T;L*(Q)). To avoid repetition, we
claim that it is a consequence of Lemma 3.4 below.

Now we give the a priori estimates needed for the remainder of the proof.

Lemma 3.3 Under the hypothesis (H1)-(H3), there exists constants ¢; such
that for any e €]0,1[ and any 7 > 0, the following estimates hold

< ¢y(7,T), (3.3)

||u6 HLQC(T,T;LOO(Q))
182 (ue) | L 022 (@) L9 (@) < €5(T)
‘U|LP(O,T;W01”’(Q)) < c6(T). 3.5)

Proof (i) Multiplying the first equation in (3.1) by |3 (uc)|*B-(u.) and using
the growth condition on f and the properties of 3., we deduce that

1 d/ k+2 k k+1
—_— Be(ue)|F2dx + ¢ / Be(u)|FTdx < ¢ Be(ue dr (3.6
k+2dt Q| ( )| 14 Ql ( )| 15 Q‘ ( )| ( )

Setting ye 1 (t) = [|8: (ue)|| Lr+2(q) and using Holder’s inequality on both sides of
(3.6), there exist two constants ag > 0 and Ag > 0 such that
dye k(t)

“ar + Aoyi}l(t) < ag;
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which implies from Ghidaglia’s lemma [19] that

1 1
Yer(t) < (%) TS —o(t),VE> 0. (3.7)
0 [Ao(g — 2)t] 72
As k — 400, and for all ¢ > 7 > 0, we have
|8 (ue) ()| Loe () < c7(T); (3-8)

which implies

[ue(t)| o= (@) < max(B" (e7(7)), 1B (—er(7))]) = 0 - (3.9)

Since (. converges to § in Cloc(R), then the sequence . is bounded in R as
€ — +oo. Thus §. is bounded by max(3~(c7(7)), |87 (—c7(7))|), which is
finite. Whence (3.3) is satisfied. On the other hand, taking k¥ = 0 in (3.6), using
Holder inequality and integrating on [0, 7T yields (3.4).

(ii) Multiplying the first equation in (3.1) by u., integrating on  and using
(2.1) and the properties of 3., gives

d
([ uetudn) + [ (Fuf+ 0 229upds e [ 5@l do
dt\ Jo " %
<y (3.10)
where U is the Legendre transform of ¥, and ¥ ( fo B:(s)ds. By hy-

potheses (Hl) and (H2), and the remark (ii) in Chapter 2, we can assume that
fQ *(B:(uge))dx converges to fQ *(B(ue))dz < ¢, where ¢ is some positive
constant So, integrating (3.9) from 0 to T yields

T
/2 U (B (ue))dx + Cs/o /Q | uePdrds < cg(T). (3.11)

¢
Hence (3.5) follows. 0

Lemma 3.4 Assume (H1)-(Hj). Then there exist constants c11(7) and ¢;(1,T)
(1 =9,10) such that for € €]0, 1] the following estimates hold

|UEHL°O(TTW1 w(q) < oo, T), (3.12)
/ / BL(u V2dxds < c10(r,T) (3.13)

t+1
/ / BL(u )2dxds < c11(7), for anyt > 7 > 0. (3.14)

auf

Proof. Multiplying the first equation in (3.1) by g , integrating on 2 and

using (3.9) and (H4), it follows that for any ¢t > 7 > 0

/ﬁ ue)( 8“6 +(§lt[1/(\Vus|2+e dx+//u€ f(a:,t,y)dydx}

<1/ / O (ot y)yds] < ero(r), (315)
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where c12(7) is some positive constant. Now integrating (3.10) on [t,t 4+ F] and
observing that ¢ €]0, 1[, yields

v
1\9‘| =

t+3
/ i /(|Vu€|2+e)gdxdt§cl3(7) vt
t Q

Furthermore, by (3.9) we have: | [, [, (@:5) f(z,t,y)dydx| < c13(7). Then,
applying the uniform Gronwall’s lemma [19 p-89] with a1 = ¢13(7), as = c14(7),
h = ¢12(7) and

we (z,t)
y(t) = / (IVuel? + )P 2de + / / Fat,y)dyd,
Q QJO

gives

ue (z,t)
[vudaes [ [ ftdyde < 20
Q QJo

By using (3.9) and hypothesis (H4), (3.16) leads to

+Cl5(7') Vt>71>0.
(3.16)

/ [VuePde < c16(7)Vt > 7 > 0. (3.17)
Q

Hence (3.12) is satisfied. On the other hand, by the mean value theorem and

(3.5), we conclude that for any 7 > 0, there exists 7. €]7, [ such that

/|Vu€(75)|pdx:z/2/|Vu€|pdxdt§cl7(7).
Q TJz Ja

Now, integrating (3.15) on [7.,T] and using (3.9), (3.17) and (H4), we easily

deduce (3.13). To conclude (3.14), it suffices to integrate (3.15) on [¢,¢ + 7]

and to use once again (3.9), (3.17) and hypothesis (H4). Whence the lemma is

proved. O
As a consequence of Lemma 3.4, we get the following lemma.

Lemma 3.5 (i) The following estimates hold:

//8ﬂ8u6 dxdsgclg(T,T), forT >71>0,

t+7
/+ / (365 5))2d:cds < ci9(7), forT>0.
¢ Q ot

(i) When f does not depend on t,

/ /ﬂ dxds<022( ), forT>7>0.
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Proof. (i) Let L be the Lipschitz constant of 3 on [—4, 4], where ¢ is the
bound in the proof of lemma 3.3 (i). It is possible to choose (. so that 5. < L
on [—6,0]. Then (3.11) implies

T
l/ / (aﬁs(ug))2d$d83023(T,T), for any T > 7 > 0.
L T Q ot

(ii) From (3.14), and using the notation on the equation preceding (3.16) now
we have

[ e+ 5[ [ 2 (Vi + 0 do+y(o)] <o

Integrating this expression on [7.,T] and using (3.17), it follows (3.13). O

Passage to the limit in (3.1) as ¢ — +o00. By estimates (3.5) and (3.12),
F.(Vu,) is bounded in L* (0, T; L? (). Hence

F.(Vu.) is bounded in L (r,T; W~ (Q)), (3.18)
By Lemma 3.5 (i),
863(:5) is bounded in L2(r, T; L2(Q)),¥r > 0. (3.19)

Therefore, by estimates (3.3), (3.4), (3.5), (3.8), (3.12) and (3.18), there exists
a subsequence (denoted again by u.) such that as € — 0, we have

ue — u  weak in LP(0,T; Wolp(Q)), (3.20)

uc — u  weak star in L= (7, T; Wy *(Q)), V7 >0, (3.21)
div F.(Vu,) — x weak in L¥ (0, T; W17 (Q)), (3.22)
(3.23)

(3.24)

Be(us) — & weak in LY(Qr),
Be(ue) — & weak star in L=(r, T; L*°(£2)).

Now according to (3.9), (3.19), (3.23), (3.24), and Aubin’s lemma [17, Corol. 4],
we derive that 3. (u.) — & strongly in C([0,T], L?(Q2)) and by a similar way as
that in ([3], page 1048), we consequently obtain (u) = £. Moreover standard
monotonicity argument [3, 14] gives x = div F'(Vu).

To conclude that u is a weak solution of (1.1) it suffices to observe, as in [6,
p. 108], that f(x,t,u.) — f(x,t,u) strongly in L'(Qr) and in L*(r,T; L*(Q2))
for all 7 > 0 and for all s > 1, as ¢ — 0. (One should use the growth condition
on f and Vitali’s theorem).

b) Uniqueness. By Lemma 3.4, the solutions of (1.1) satisfy

%(tu) € L*(1,T; L*(Q)) V1 >0.

Therefore, by [4, Theorem 3, p. 1095], we deduce that the solution is unique. O
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Corollary 3.6 Under the hypotheses of Theorem 8.1 with f independent of
time, Problem (1.1) generates a continuous semi-group S(t : L*(Q) — L?(Q)
defined by S(t)ug = B(u(t,.)). Moreover the solution of problem (1.1) satisfies

3%(:) € L%(7,+o0; L2(Q)) for all T > 0.

4 Existence and regularity of the attractor

For the concepts of absorbing sets and global attractors used here, we refer
the reader to [19]. Using estimates in Lemma 3.3, we deduce the following
statement.

Proposition 4.1 Under hypotheses (H1)-(H5), the semi-group S(t) associated
with problem (1.1) is such that

(i) There exist absorbing sets in L7(Q), for 1 < o < 4o0.

(ii) There exist absorbing sets in WyP ().

Proof. Let u be solution of (1.1) and u. solution of (3.1) approximating u,
then for fixed t > 7 > 0, (3.9) and Sobolev’s injection theorem imply

lue(t)||Lo () < cs, forany o:1 <0 < oo, (4.1)

where ¢, is some positive constant depending on meas(f2) and §, with § =
max(8~1(c(7)), |37 (—c(7))]) as in the proof of Lemma 3.3 (i). From (4.1), we
then obtain

lu(t)|| o) < cs for any o : 1 <o < oo. (4.2)

By letting o tends to 400 in (4.2), we obtain
|u(t) ||y < cs- (4.3)
Thus, by (4.2) and (4.3), the open ball B(0,cs) centered at 0 and with radius

¢s is an absorbing set in L7(£2), 1 < 0 < 400. On the other hand, by (3.16),
(3.20) and the lower semi-continuity of the norm, we get

/ |Vul|P(t)dz < c16(7), for any ¢ > 7.
Q

Therefore the open ball B(0,c16(7)) is an absorbing set in Wol’p(ﬂ). Whence
part (ii) is verified. Box

Assuming that the nonlinear function f does not depend on time, Proposi-
tion 4.1 then gives assumptions (1.1), (1.4) and (1.12) of [19, Theorem 1.1, p.
23], with U = L%(Q). So, by means of the uniform compactness lemma in [6, p.
111], we get the following result.

Theorem 4.2 Assume that (H1)-(H5) are satisfied and that f does not depend
on time. Then the semi-group S(t) associated with the boundary value problem
(1.1) possesses a mazimal attractor A which is bounded in Wy™P(Q) N L>(5),
compact and connected in L*(Q). Its domain of attraction is the whole space

L2(9).
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5 More regularity for the attractor

In this section we shall show supplementary regularity estimates on the solution
of problem (1.1) and by use of them, we shall obtain more regularity on the at-
tractor obtained in Section 4. To this end, we consider the following hypotheses
on the data.

(H6) f(z,t,u) = g(u) — h(z), where h € L>°(Q) and g € C*(R) are such that f
satisfies the conditions already prescribed in (H3), (H4) and (H5).

(H7) B € C*(R) is such that there exist 01,09 > 0 with o1 < 3/(s) < g9 for all

s eR.
Let ue be solution of (3.1) with f = g — h. For simplicity, we shall denote
ou 0%u 0
v, w'= 0w =00 (B(Vw) = £ (B(Vw)),

with E(§) = [£|P=2/2¢, for all € € RN and (F.(Vw)) = 2 (F.(Vw)).
The following two lemmas are used in the proof of the main results of this
section.

Lemma 5.1 For 1l <p < 2, there exists a positz’ve constant coq such that

/|Vw |pdx<024/ [Vw|Pdz + /| (Vw))' |*dz, (5.1)
Proof. Straightforward calculations, [8] give

(F.(Vw)) .Vw'dx > > dp—1) | ) PPda. (5.2)
Q

Since Vw = |E(Vw)| = E(Vw), it follows that Vw' = 2|E(Vw)\ 7 (BE(Vw))'.
So, as 1 < p < 2, the Holder and Young inequalities lead to

/\vw'|de:cz5/ |E(Vw)\2’p|(E(Vw))’|pda:
Q
026/| (V) Pde + 2 /| (Vw))' Pdz,

where co5 = (2/p)P and cog is a positive constant. Hence estimate 5.1 follows.
0

Lemma 5.2 Assuming (H1)-(HS), the sequence (uc)e>o converges strongly to
the solution u of (1.1) in LP(0,T; W1P(Q)).

The proof of this lemma is similar to that of [9, Lemma 2] and is omitted
here. For stating the next theorem we introduce the hypothesis

(H8) N=1land 1<p<2or N >2and N+2<p<2

Theorem 5.3 Let f and B satisfy hypotheses (H1)-(H7), and (H8) be satisfied.
Let y(t) = [, f' (w)(w')?*dz. Then

y(t) < 027(7'), Vi, T,e witht > 7 >0 and 0 <e < 1.
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Proof. Differentiating equation (3.14) (with f = g — h) with respect to ¢ (the
justification can be done by passing to finite dimension as in [9]), we get

B (w)w” + 5" (w)(w')? — div((Fe(Vw))') + g’ (w)w' = 0. (5.3)
Now multiplying (5.3) by w’, integrating over ) and using (5.2), gives

1 1 1)

3O+ 5 [ @)+ L BT+ @@ <0, 6

On the other hand, by using hypotheses (H7) and (H8) and relation (3.3) and
applying successively Gagliardo-Nirenberg’s inequality (see for example [12]),
Young’s inequality and Lemma 5.1, it follows that

——/6” w')3dx

< callo/|{ el Vully + 22 [ (BT P 655

Np _ _ N@B-p) : :

where 0 = (Np+2p ) and a = ety Estimate (3.3) and hypothesis
(H6) and (H7) imply

| )@ < g @l [ @) <0l 60)

arllw'|5 < y(t), (5.7)

where M is a positive constant. Therefore, using (5.5) and (5.6), (5.4) becomes

1 / 2(]7 B 1) /
30+ 22 [ (E(vw)) P

< ea [l 30

+ caal|Vul[} + M |w'[I3. (5.8)
Now (5.7) and estimate (3.4) give

1 2(p—1 3(1+a)
39O+ 2 [ (B0 Pr < calol) 5 400 +1) < eaalyl0) e
Q
(5.9)
for all ¢ > 7 > 0. By assumption (H6), equation (3.15) can be written as
B (w)w" — div(F.(Vw)) = h — g(w). (5.10)
Taking the scalar product of (5.12) with w’, we obtain
drl 2 5
/ﬂ d:v—f—dt{ /Q(\Vw\ +¢) dm}
w'dz
(5.11)

—/Q<g<w> n)
(glw) ) s
S/Q? B (w)w'd
1

70 ) = Bl + /5

<
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Hence
1 g N2 a4 darl Vwl|? 5| < — h)? 5.12
2/, (w) (w')" dz + = » Q(l w® +¢)* dz| < csellg(w) = Al 7 (o), (5.12)

where ¢35 depends on oo and meas(Q2). Estimate (3.12) of Lemma 3.4 gives

1

—/Q (IVwl? +¢)

p

p
2

(t)dz < cyr(r), V> % > 0.
Integrating (5.12) on [t,t + %] yields

t+3
/ y(s)ds < es3s(7), Vi> g > 0. (5.13)
t

Going back to (5.9) and using the uniform Gronwall lemma [19, p. 89] with
r=17/2, g(t) = c3ay(t) and h = c35 and estimate (5.13) leads to

y(t+ %) <esolr) VE> % > 0.

Hence y(t) < c3g(7), for any t > 7 > 0. The proof of the theorem is now
complete. O
Using Theorem 5.3, we state the main result of this section.

Theorem 5.4 Let f,3,p satisfies hypotheses (H1)-(H8). Then, for T > 0, the
solution of problem (1.1) satisfies:

96(u)

T L (1, +00; L3()), (5.14)
u € L (1, +o0; BLT7P (Q)), (5.15)

where BLFoP (Q) is a Besov space defined by the real interpolation method [18].
Moreover, there exists a constant c¢(t) > 0, depending on T such that

. _ay/20Vu
ti}gloo HVU|(p 2)/2W||L2(t7t+1;112(9)) S C(T). (516)

Proof. By Theorem 5.3 and hypothesis (H7), :fQ(%)Qd.’E < o9y(t) < c(1)
for t > 7 > 0. Passing to the limit as € goes to 0 then yields (5.14). Now
integrating (5.9) on [¢,t + 1], for any ¢ > 7 > 0, and using Theorem 5.4, yields

/m/ |(BE(Vue)) [Pdeds < c(r), V1 >0. (5.17)
t Q

Furthermore, from Lemma 5.2,

Vus. — Vu a.e on Qr. (5.18)
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By (5.17) and (5.18) we derive the estimate (5.16). On the other hand, by (H8)
there is some ¢/, 0 < ¢/ < 1, such that :L?(Q) ¢ W=7 (). Now Simon’s
regularity results [18], concerning the equation

—Ayu = h(z) — g(u) = B(u); € L (7, +00; BL #' (),
implies that for any ¢ > 7,
[uCs Ol grra-ena-m2a gy < car(m)lg(u) = A0l pooror gy + caz(7)-

Hence estimate (5.15) follows. O

Remark Integrating (5.9) on [t,t + h] and letting h tends to 0 leads to the
estimate

1 t+h a
Jim W), /Q |vu|P*2|&vu|2dxds <ec(r), Yt>1>0.

Let
w(ug) = {w e Wy () NL®(Q) : 3t, — +00: ul.,ty) — w in Wolp(Q)}

Corollary 5.5 Under the hypotheses of Theorem 5.3, w(ug) is not empty and
w(ug) C E, where E is the set of solutions of the associated elliptic problem

—Apw = g(w) — h(z) inQ,
w=0 on Q.

Proof. Note that w(ug) is not empty because BL"?(€) is compactly imbed-
ded in WHP(Q). Let w = lim,, . .o u(.,t,) € w(ug). By the regularity esti-

mate 9% € L*(r,400; L*()), we can conclude as in [9] that w € €. O

Concluding remarks. 1) In the case §(u) = u, a regularity property stronger
than (5.16) is obtained in [9]; namely,

|Vl € L*(1, +00; L*(Q)) V7 > 0.

p—2)/ 2@

ot
2) In [6], the authors obtained that the attractor A satisfies A C W2(Q) if
p =2, and N < 3. In fact, their result still holds for N = 4 and the proof
follows the same lines as in Theorem 5.3 with p = 2.

1+ —1,
3) In [8] and [9], it is obtained that A C Bay ©2° () if p > 2 and B(u) = u.
Unfortunately for general § and p > 2, Lemma 5.1 no longer applies.

4) In a forthcoming paper, we shall study a time semi-discretization scheme
associated to problem (1.1) and related questions.

Acknowledgement The authors would like to thank professor F. de Thélin
for reading a preliminary version of this work.
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