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INITIAL BOUNDARY VALUE PROBLEM FOR A MIXED
PSEUDO-PARABOLIC p-LAPLACIAN TYPE EQUATION WITH
LOGARITHMIC NONLINEARITY

YANG CAO, CONGHUI LIU

ABSTRACT. We consider the initial boundary value problem for a mixed pseudo-
parabolic p-Laplacian type equation with logarithmic nonlinearity. Construct-
ing a family of potential wells and using the logarithmic Sobolev inequality, we
establish the existence of global weak solutions. we consider two cases: global
boundedness and blowing-up at co. Moreover, we discuss the asymptotic be-
havior of solutions and give some decay estimates and growth estimates.

1. INTRODUCTION

In this article we study the following initial-boundary value problem for a non-
linear evolution equation with logarithmic source

uy — div(|VuP~2Vu) — kAus = |ulP2ulog|ul, Q x (0,7),
u(z,t) =0, 0 x(0,T), (1.1)
u(z,0) = uo(x), Q,

where 1 < p < 2, ug € H}(Q), T € (0,4], k > 0, @ C R"(n > 1) is a bounded
domain with smooth boundary 0.

Problem is a mixed pseudo-parabolic p-Laplacian type equation, whose
abstract form was first considered by Showalter [I8], and sometimes referred to as
Showalter equation [I]. When k = 0, is the classical fast diffusive p-Laplacian,
which appears to be relevant in the theory of non-Newtonian fluids. When k > 0,
belongs to the pseudo-parabolic equations, which are characterized by the
occurrence of first-order partial derivative in time of the highest order term [I9].
These equations arise from a variety of important physical processes, such as the
flows of fluids through fissured rock [3], nonlinear dispersive long waves [4], the
heat conduction involving two temperatures [§], the aggregation of populations [9],
etc. Particularly, is from shearing flows of incompressible simple fluids [2].
The quantity |Vu[P~?Vu + kVu; can be viewed as approximation to the stress
functional in such a flow, and kVu; can be interpreted as viscous relaxation effects.
On the other hand, when considering the influence of many factors, such as the

2010 Mathematics Subject Classification. 35K58, 35K35, 35B40.

Key words and phrases. Pseudo-parabolic; p-Laplacian; logarithmic nonlinearity;
long time behavior.

(©2018 Texas State University.

Submitted December 26, 2017. Published May 14, 2018.

1



2 Y. CAO, C. LIU EJDE-2018/116

molecular and ion effects, the nonlinear term V(|Vu[P~2Vu) appears to replace Au
in pseudo-parabolic models.

Let us introduce the research on the asymptotic behavior of solutions that related
to our work. We mainly review the following three aspects.

(1) For the fast diffusive p-Laplacian equations, Jin et al [23] considered the initial
boundary value problem of the equation

uy — div(|VuP~2Vu) = uf,

with 0 < p < 2 and ¢ > 0. They determined both the critical extinction exponent
go = p — 1 and the critical blow-up exponent ¢. = 1. Lately, Qu et al [I6] and Li
et al [I3] extended the critical exponent results to the sign-changing solutions for
p-Laplacian equations with nonlocal source |u|? — \slT| Jo lu|9da.

(ii) For the pseudo-parabolic equation
up — Aug — Au = uf, (1.2)

Cao et al [5] studied the Cauchy problem of and obtained the complete Fujita
type result with showing ¢. = 1 + % For the initial boundary value problem of
(1.2), via the potential well method, Xu et al [22] also confirmed the Fujita exponent
gc =00 (n=1,2) and ¢q. = Z—fg (n > 3) with bounded initial energy. Lately, Chen
et al. [7] carried out the research on pseudo-parabolic equations with logarithmic
source

up — Auy — Au = ulog |ul, (1.3)
and found the blowing-up at co of the solutions, which with [22] reveal that the
polynomial nonlinearity is an important condition for the solutions to be blow-up
in finite time.

(iii) Recently, Le et al [I2] investigated with p > 2. Owing to the slow
diffusion, there exist both global existence and blowing-up in finite time of the
weak solutions, under the same conditions in [7]. Moreover, Le et al gave the large
time decay of the global weak solutions.

In this article, we would like to reveal the effect from fast diffusive, pseudo-
parabolic viscosity and logarithmic nonlinearity on the asymptotic behavior of so-
lutions. First, different from the case p > 2, we prove that the weak solutions
of are global and can not blow up in finite time. This means that the fast
diffusion is dominant, and the logarithmic source is not strong enough to cause
blowing-up in finite time. Next, similar to [7], we find the sufficient conditions to
divide the global boundedness and blowing-up at oo of the weak solutions (Theo-
remsand. Moreover, we derive some decay estimates of the global bounded
solutions, namely Theorem[4.2] as while as some growth estimates of the unbounded
solutions, namely Theorem [5.3} From Theorem the global bounded solutions
of the 1-D case decay exponentially, which is the same as the case p = 2, while
different from the algebraical decay of the case p > 2. Theorem also tells us
that the upper bound of the decay rate are proportional to k, which seems that the
pseudo-parabolic viscosity slows down the decay. From Theorem [5.3] and Theorem
the weak solutions that blow up at oo grow algebraically. Theorem also
indicates that the lower bound of growth estimates is smaller than that of the case
p = 2, which is caused by the fast diffusion.

Here we exploit the potential well method which was proposed by Sattinger et
al [I7]. Liu et al [I4] [I5] generalized and improved the method by introducing a
family of potential wells which include the known potential well as a special case.
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Nowadays, it is one of the most useful method for proving global existence and
nonexistence of solutions, and vacuum isolating of solutions for parabolic equations
6], [21].

This article is organized as follows. In Section 2, we prove the global existence
and uniqueness of the weak solution. Section 3 gives some preliminary lemmas of
the potential wells. In Section 4, we treat the global bounded case and the decay
estimates. Section 5 is devoted to the blow-up at co and the growth estimates.

2. GLOBAL EXISTENCE AND UNIQUENESS

We start this section with the definition of the weak solutions. Set
E = {ueC(0,T; Hy(Q));us € L*(0,T; Hy ()} -

Definition 2.1. A function u(zx,t) is said to be a weak solution of (1.1)), if u € E,
u(z,0) = ug(z) € HE (), it holds

(ut, 0)2 + (|[VulP7>Vu, Vo)a + k(Vuy, V) = (JulPulog |ul, )2, (2.1)

for any o € H(Q), and for a.e. t € (0,T), where (-, )2 means the inner product of
L3 ().

Lemma 2.2 (Imbedding inequality). For any function u € Wol’q(Q), we have the
inequality
[ull, < C(p, g, n, Q)[[Vullg,

for all 1 < p < q*, where ¢* = "qq if n>q and ¢* = 0o if n=q.

n—

Theorem 2.3 (Global existence and uniqueness). Assume that uo(z) € Hg(Q).
Then for any T > 0, the problem (L.1)) admits a unique weak solution.

Proof. Here we use the Galerkin approximation method to prove the existence of
the global weak solutions for (1.1)).

Step 1: Approximation problem. Let {w;(z)} be the orthogonal basis in
HJ(€2), which is also orthogonal in L?(2). We look for the approximate solutions
of the following form

m
W) = 3 g (Owy (@), m=1,2,..
j=1

where the coefficients g7 (t) = (u™, w; )2, satisfy the system of ODEs
(u)",wj)e + ([Vu™P2Vu™, Vw;)e + k(Vu", Vw;)s
= ([u™P~2u™ log [u™], w;)2,
" (2:2)
ug'(@) =Y g7 (0)w;(z) — uo, in Hy(Q),
j=1

for 5 = 1,2,...,m. The standard theory of ODEs, e.g. Peano’s theorem, yields
that ¢7"(t) € C'[0,00). Thus u™ € C*([0,00); Hj(92)).
Step 2: A priori estimates. We need some a priori estimates of the approximate
solutions ™. Multiplying the first equality of by g}”(t) and summing for j,
we have

1d

Ld kd
2 dt

m||2
3 + 5=

IV |2+ [ Vu| = / P log [u™|dx. (2.3)
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Via a direct calculation and Lemma [2.2] it holds

ptag

1 1 3
/ [u™ [P log [u™|dz < 7/ |u™PTe0dy < —(/ IVum|2dx) . (24)
Q €Qp Jo eqq Q

where aq satisfies 1 < p+ ag < 2, e.g. we can choose oy = 2%7”. Substituting (2.4))
into 1D we can deduce that

2

HU ||2+k ||VU 3da < cank@ta0/2

m||2 m||2 H%
(™13 + ElIVa™(I3) =,
which 1mphes

™3 + KV 3

2(1 — Aoyt oy 1= 20\ e
<(W (I 13 + Rl Vg [3) '~ )7

Multiplying the first equality of (2.2)) by % g;" (t), summing for j, and integrating
with respect to time from 0 to ¢, we obtain

(2.5)

t t
/ Ju 2dr + & / IV 2dr + S [wum 2 + Lz
0 0 p p (2.6)
= Il [l Plog g lde + a4 [ P loglulds
p' 0y Jo 0 0 p2 0" g ’

On the one hand, the convergence of u'(z) gives
1 m 1 m m
~[[Vug'll; — */ |ug"[” log [ug |df€+ HUO I < Cluo),
p bJa
for sufficiently large m, with
1 1 1
Cluo) = 7 IVually = [ uol?log uolds + ol + 1.
On the other hand, (2.4) and (2.5) tell us that
1
f/ ™ P log [u™|dz < C(ug, £)
P Ja

with

1 (2(1 - p+2"‘°)t

m _ptag \ —5t—
peaok(p+a0)/2 eaok(p+a0)/2 (H Ug ||2 + k“v || ) 2 ) ptap

C('LLO, t) =
Substituting the above two inequalities into (2.6]), we obtain

t t 1 1
/ Jum|2dr + & / IV Bar + [ Fu" [ + = ™} < Cluo) + Cluos ). (27)
0 0

Step 3: Passing to the limit. Therefore, from (2.5) and (2.7)), for any T > 0,
there exist u € L°°(0,T; H}(Q)) and a subsequence of u™, which is still denoted by
itself, such that when sending m — oo,

u™ — u  weakx in L>°(0, T} Hé(Q)) and a.e. in Q x [0,7),
uy* — u;  weakly in LZ(O,T; H& (Q)),
|Vu™[P=2Vu™ — x  weakx in L>(0, T} Lﬁ(g))
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Since the convergence of u™ and wuj", it follows from Aubin-Lions compactness
theorem that

u™ — u  strongly in C(0,T; L*(Q)),
which implies
[u™ P20 log [u™| — |[u[P2ulog |u| a.e. in Q x [0,T).
For j fixed, we can pass to the limit in to get
(ue, wy)2 + (X, Vwy)z + k(Vug, Vg )z = (JulP"*ulogul, w))s.
Then for any ¢ € Hg (), it holds

(ue, )2 + (X, V)2 + k(Vug, V)a = ([ulP~*ulog |ul, ¢). (2.8)
We only need to prove that x = |[Vu|[P~2Vu in the weak sense, namely
(X, V)2 = (I[VulP2Vu, Vp)a, Ve € Hy(Q). (2.9)

In fact, for any v € L>(0,T; Wy P(Q)), ¥ € HA(Q), 0 <1 < 1, we have
/ ¢ (|Vu"P2Vu™ — |[VolP~2Vo) V(u™ — v)dz > 0,
Q
namely
/ Y| Vu™ P2 | VU™ P de — / Y| Vu™ P2 Vu" Voda
Q Q
- / Y|V 2VoV (u™ — v)dz > 0.
Q
Letting m — oo in the above equation and noticing that
/ Y| Vu" P2 VU™ 2
Q
=— / div(|Vu™[P~2Vu™)u™pdr — / |Vu™ P2 Vu" " Vepda
Q Q
= —/ u?umz/}dx—k/ Vu*Vu"pdr — k/ Vuu™Vipdx
Q Q Q
+ / [u™ P log |u™|Ydx — / |Vu™ P2V u ™™ Vapde,
Q Q

we have

—/utuwdaﬁ—k/ VuVupdr — k Vutuvwdx—i—/ |u|P log |u|tpdx
Q Q Q Q

(2.10)
— / xuVidr — / YxVodr — / Y| Vo|P2VoV (u — v)dz > 0.
Q Q Q
Choosing ¢ = ut) in (2.8]), we obtain
/ wputpde +/ xVupdz —|—/ xVyudz
Q Q Q
+k/ VutVuwdx—i—k/ VuuVipde (2.11)
Q Q

:/ |u|P log |u|ydx.
)
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Combining (2.11)) with (2.10]), we obtain
/ ¥ (x — [VolP~*Vv) V(u — v)dz > 0.
Q
Choosing v = u — Ap, A > 0, ¢ € H} () in the above inequality, we arrive at

[ ¢ (= 9= 2P~ = Ap)) Vipdo 0.

Taking A — 0, we have
/w (x — |VulP~?Vu) Vedz > 0, Ve € Hy(Q).
Q

Obviously, if we choose A < 0, we can deduce the similar inequality replacing “>” by
“<”. Hence, (2.9) holds. On the other hand, from (2.2 we obtain u(x,0) = ug(z)
in H}(Q). Thus u is a global weak solution of (1.1]).

Step 4: Uniqueness. Suppose (1.1)) admits two weak solutions u; and us. Set
w = u; — ug, then w satisfies

w; — div((p — 1)|V@P 2 Vw) — kAw; = ((p — 1) log |@| + 1)|@[P 2w, Qx (0,T),
w(z,t) =0, 90Qx(0,T),
w(z,0) =0, Q,
(2.12)
where W = 61u; + (1 — 91)’(,62, W = Oouq + (1 — 02)’&2 with 91,92 € [0, 1]
Multiplying (2.12]) by w and integrating on 2, we have

1d
2dt J,

= / ((p — 1) log || + 1)|@|P*w?d.
Q

kd
de:B—l—/(p—1)|VE|p_2\Vw\2dm+f—/ |Vw|*dz

For any t € (0,T), integrating both side of the above equation on (0, ¢) and noticing
that w(z,0) = 0, we can get

1 k k
f/ w?dr + f/ |Vw|*dz S/ /((p— 1) log || + 1)|w|P~2w?dxdr.
2 Jg 2 Jo 0 Ja

In fact, since when 1 < p < 2, it holds

li — 1)1 HfF2=0, - 1)1 1)fP=2 < 0;
Aim ((p—1log f+1)f A ((p—Dlog f +1)f

thus ((p — 1)log f + 1)fP~2 < C with f = ¢ e as the maximum point, and
((p—Dlogf+1)fP~2 < 0with0 < f < e~ 7 1. Thus we can find a positive
constant C independent of u; and us, such that

1 k ¢
f/ dex—Ff/ \Vw\Qda:SC'/ /w2dxd7’.
2 Ja 2 Ja 0 Ja

It follows from Gronwall’s inequality that

/dex:O, a.e. (0,t).
Q

Thus w =0 a.e in Q x (0,T). O
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3. POTENTIAL WELLS

We define the following two functionals on H}(Q):

1 1 1
J(u szup—f/ ulP log |uldx + — ||ul|?,
(u) pll 5 , Q| [P log |u p2|| [54

(3.1)
I(u) = |Vul]? —/ lul? log |u]dz.
Q
It is obvious that ) )
T(w) = 1) + =l (3.2)

Remark 3.1. Since u € E and 1 < p < 2, we can use the Holder inequality and
Lemma 2.2] to derive that

[ullp + IVullp < Clp, Q) (lull2 + [[Vull2),
1
/ [ul? log [ulde < —||Vull5™,
Q ex

where « satisfies 1 < p+ « < 2*, which imply that J(u) and I(u) are well-defined
in H} () and W, *(Q). Further, similar to the Step 4 of Theorem one can
prove that

’LLH/ |u|? log |u|dx
Q
is continuous from H{(Q) to R. It follows that J(u) and I(u) are continuous.

Let

d = inf{sup J(\u)|u € H(Q), [Vullp # 0}, (3.3)
A>0

and
N = {u € HY(©)IT(w) = 0, |Vl #0).
Then Lemma 3.3 and Lemma [3.5] below tell us that

1, p2e
d = inf >M=—=(—
inf J(u) > (nﬁp

ueN p?
where £, can be found in (3.9)). Thus we can define
W = {uec Hy(Q)|I(u) >0,J(u) < d}U{0},
V ={u€ Hy(Q)|I(u) <0, J(u) < d}.

)n/p

i

For § > 0, we introduce

Is(u) = 8]|Vu]l?, /Q luf? log |u]dz, (3.4)

Ns = {u € Hy(Q)|I5(u) = 0, [ Vul} # 0}, (3.5)
d(d) = uién]\fzé J(u), (3.6)

Wy = {u € HAQ)|Is(u) > 0, J(u) < d(6)} U {0}, (3.7)
Vs = {u € H(Q)|Is(u) < 0,J(u) < d(5)}. (3.8)

To handle the logarithmic nonlinearity |u|P~2ulog |u|, we need the following LP
logarithmic Sobolev inequality
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Lemma 3.2 ([I1, [10]). For any u € WHP(R™) with p € (1,+00), u # 0, and any
p>0,

p [ o el g 4 ™ 1o (2 [ wpdr < [ v,
n D nly’ Jrn R"

[lwllp
where I 0 y
pp—1,4 _» 5+ p/n
£ . p S R — . 39
f2 n(ie ) 7T Z{F(n"’pl—i—l)} ( )

For u € WHP(Q), we can define u = 0 for z € R™ \ €, such that u € WP (R").
Thus it holds the LP logarithmic Sobolev inequality for bounded domain €2

ul n ppe
p/ ulP log dx + — log(— ulPde < p | |Vu|Pdx. 3.10)
[ tog(qi- )+ 510820 [ v (

Lemmas and are similar to [7, Lemmas 2.1, 2.2, 2.3 and 2.4], so

we omit most of their proofs.

Lemma 3.3. Assume A >0, u € H}(Q) and |Jul, # 0, then we have

(1) J(Au) strictly increases on 0 < A < X*, strictly decreases on \* < A <
oo and takes the maximum at X = X*. Further limy_o J(Au) = 0, and

limy - oo J(Au) = —00;
(2) I(hu) >0 0on 0 < X< A, I(Au) =0 and I(Au) < 0 on A\* < A < oo,
where
v = exp 118 = Sy P o s

[l

Lemma 3.4. Let u € WyP(Q) and llul|, # 0. Then we have
(1) if 0 < ||Vullp < r(d), then Is(u) > 0;
(2) if Is(u) <O, then ||[Vullp, > r(d);
(3) if Is(u) = 0, then [Vull, > r(5).

n

where r(0) = )\}/p(%)ﬂ , and A1 1is the first eigenvalue of the problem

—div(|Vu|P~2Vu) = AMuP"%u, 2z €,
u=0, x¢€dN.

Proof. (1) Using the LP Sobolev logarithmic inequality (3.10)), for any pu > 0, we
have

p n. o pue
1 > (60— )|IVu|? 4+ (= log(——) — 1 P, 3.11
5(u) = ( p)ll ully + (p2 Og(nﬁp) 0g [ullp)[[ull} (3.11)
Taking p = pd in (3.11)), we obtain that
2
n p“de
I5(u) > (Flog(nﬁp)—10g||U||p)||UH§- (3.12)

_1

By the Poincaré inequality, if 0 < ||Vul|, < r(d), then 0 < [Jul, < A, *|[Vu|l, <
(£25)7. Thus I5(u) > 0.

The proof for (2) and (3) is similar to that of [7, Lemma 2.2 ], so we omit it

here. g

Lemma 3.5. For d(4) in (3.6), we have

(1) d(8) > L(1—8)rP(8) + & (). In particular, d(1) > & (22)"/? = M;

nLy
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(2) there exists a unique b, b € (1,1+ 1%1] such that d(b) =0, and d(§) > 0 for
1<0<b;

(3) d(9) is strictly increasing on 0 < 6 < 1, decreasing on 1 < § < b, and takes
the mazimum d = d(1) at 6 = 1.

Now, we can define
dp = lim d(9), (3.13)

§—0t
where dy > 0 from Lemma 3.5

Lemma 3.6. Let dy < J(u) < d for some u € H} (), and §; < 1 < &3 are the
two roots of the equation d(§) = J(u). Then the sign of I5(u) is unchangeable for
01 < 0 < da.

In what follows, we prove that when 0 < J(ug) < d, W5 and Vs are the in-
variant sets of ([1.1)). The discussion is divided into two parts: J(ug) being in the
monotonous interval of d(§), and J(ug) being in the non-monotonous interval of

d(s).

Proposition 3.7. Assume ug € H}(Q), u is a weak solution of (L.1)) with J(ug) =
o. Then we have the following results.

(1) If 0 < o < do, then there exists a unique § € (1,b) such that d(0) = o,
where b is the constant in Lemma[3.5] (2). Furthermore, if I(ug) > 0, then
u € Ws for any 1 < § < §; else if I(ug) <0, thenu € Vs for any 1 < < 4.

(2) If dy < o < d, then there exists 61 and o2 such that 61 < 1 < o and
d(61) = d(62) = o. Furthermore, if I(ug) > 0, then u € Wy for any
01 < 8 < 095 else if I(ug) <0, then u € Vs for any 01 < § < 2.

Proof. Case 1. 0 < ﬁm) = 0 < dy, namely J(ug) is in the monotonous interval of

d(8). From Lemma 3.5 there exists a unique 6 € (1,b) such that d(§) = . For any
0 €[1,0), we have

Is(uo) = (6 — 1)[|Vuolh + I(uo) > I(uo), J(uog) =0 =d(6) <d(5). (3.14)
Multiplying both sides of by u; and integrating on  x [0, ¢], it holds

/O (lurll3 + Kl Vur|3)dr + J (u) = J (uo) = d(6) < d(6), (3.15)

for all t € (0,7) and all § € [1,6), where T is the maximal existence time.

If I(ug) > 0, then means that ug € Wy for 6 € [1,5). We assert that
u € Ws for t € (0,T) and 6 € [1,0). If it is false, then there exists 6* € [1,§) and
to € (0,T), such that u € Wi« for t € (0,t9), but u(x,tg) € 0Ws», namely

Is+(u(to)) = 0, [[Vulto)ll; #0, or J(u(to)) =d(6").

In fact, (3.15) shows that J(u(to)) < J(ug) < d(6*), which implies I+ (u(ty)) = 0
and [|[Vu(to)|[5 # 0, namely u(x,ty) € Ns-. Thus from the definition of d(5*), we
have J(u(tg)) > d(6*), which is a contradiction.

Next, we prove that if I(ug) < 0, then ug € Vs for 6 € [1,6), and u € Vj for
t € (0,T) and 6 € [1,5). If the assertion of ug is false, then shows that
there exists d. € [1,0) being the first number such that wg € Vs for § € [1,0.) and
ug € Vs, , namely

Is (up) =0, or J(ug)=d(dx).
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Since J(ug) is in the strictly decreasing interval of d(d), then J(ug) = d(0) < d(6.),
which indicates that Is, (ug) = 0. Since I5(ug) < 0 for § € [1,4,), then Lemma [3.4]
(2) gives |Vugl|p > r(d) > 0, which indicates that ug € Ns,. By the definition of
d(6.), we have J(ug) = d(§) > d(d,), which is contradict with the monotonicity of
d(6). If the assertion of u is false, then there exists 67 € [1,6) and to € (0,T), such
that u € Vs« for t € (0,%9), but u(x,ty) € OVs+, namely

Is: (ulte)) =0, or J(uto)) = d(87).

In fact, (3.15) shows that J(u(ty)) < J(uo) < d(03), which implies Is-(u(tg)) = 0.
If I5- (u(to)) = 0, then from Lemma (3), IVu(to)llp > r(d), namely u(z,to) €
Ns-. Thus from the definition of d(d;), we have J(u(tg)) > d(d;), which is a
contradiction.

Case 2. do < J(up) = 0 < d, namely J(up) is in the non-monotonous interval of
d(0). From Lemma there exist 0; < 1 < d2 being two roots of d(J) = o, and
dy < J(UO) = d((51> = d((52) < d(é) for 6 € ((51752).

If I(ug) > 0, then from Lemma[3.6] the sign of I5(u) is unchangeable for 6; < § <
d2. Thus we have I5(ug) > 0 for § € (01,d2). Therefore, ug € Ws for 6 € (d1,02).
The proof of u € Wj is similar to that in Case 1.

If I(up) < 0, also from Lemma we have I5(up) < 0 for § € (01, 02), which
with J(ug) < d(0) for § € (01, 02), imply that ug € V5 for 6 € (1,92). The proof of
u € Vj is similar to that in Case 1. O

Proposition 3.8. Assume uy € H}(Q) with ug # 0, J(up) = d, u is a weak
solution of (1.1)). If I(ug) > 0, then I(u(t)) > 0 for all0 < t < T; if I(ug) < 0,
then I(u(t)) <0 for all 0 <t < T, where T is the mazimal existence time of u.

Proof. We prove the proposition by contradiction. When I(ug) > 0, if there exists
t1 € (0,T) such that I(u(t1)) < 0, then we can find ¢y € (0,¢1) being the first point
satisfying I(u) = 0, namely

I(u(tg)) =0, and I(u(t))>0 forall <t < tp.

Thus fot(||ur||§ + k|| Vu,||3)dr > 0 for 0 < t < tg. Otherwise u; = 0 and Vu;, = 0
a.e. (z,t) € Qx (0,to), which are contradict with the fact I(u) = — [, uudz —
k [, Vug - Vudz > 0 for 0 < t < tg. Thus

t
J(u(t)) = J(ug) — / (Jlur |3 + k|| Vu,||3)dr < d, forall0<t<ty.  (3.16)
0

Also I(u(to)) = 0 imply that u(z,t0) = 0 or [[Vu(to)|[5 > r(1) # 0. If u(z,t5) =0,
then from the uniqueness of solutions, u(x, t) = 0 for ¢ > ¢y, which is a contradiction,
since I(u(ty)) < 0. If [|[Vu(to)|[5 # 0, then by the definition of d(d), we have
J(u(to)) > d, which is contradict with (3.16)).

When I(ug) < 0, if there exists t; € (0,T") such that I(u(¢1)) = 0, and I(u(t)) <0
for all 0 < ¢t < ¢1. Similar to the proof of , we have

t
J(u(t)) = J(ug) — / (|lurl|3 + k|| Vu,||3)dr < d, forall0<t<t;. (3.17)
0

Also from Lemmaand I(u(t)) < 0 forall 0 < ¢ < ty, then [|[Vu(to)|[h > r(1) # 0.
By the definition of d(§), we have J(u(tg)) > d, which is contradict with (3.17). O
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4. GLOBAL BOUNDEDNESS AND DECAY ESTIMATION

In this section, we treat the globally bounded case, especially including the
decay estimates. First we need to point out that if u is a solution of with
J(ug) < d, I(ug) > 0, and there exists t2 > 0 such that ||[Vu(t2)||, = 0, then from
the uniqueness of the solution, © = 0 for all ¢ > #5. So in what follows, we do not
consider this type of solutions.

Theorem 4.1. When J(ug) < d and I(ug) > 0, the weak solution of is
globally bounded.

Step 1: J(up) < d. Actually, we only need to focus on the case 0 < J(ug) < d &
I(ug) > 0, irrespectively of other cases. The reasons are that the case J(ug) < 0 &
I(ug) > 0 is contradict with (3.2); the case 0 < J(ug) < d & I(ug) = 0 is contradict
with the definition of d; if J(ug) = 0 and I(ug) > 0, then up = 0, which is a trivial
case.

Multiplying the first equation of by u; and integrating with respect to time
from 0 to ¢, we obtain

t t
s ||3dT + k/ | Vur||3dr + J(u(t)) = J(u(0)) < d, fort>0. (4.1)
0 0
We assert that u(z,t) € W for any ¢ > 0. If it is false, then there exists tp > 0 such
that u(z,tg) € OW, then
I(u(to)) = 0, [[Vu(to)l, # 0, or J(u(to)) =d.

On the one hand, indicates that J(u(tg)) = d is not true. On the other hand,
if I(u(to)) = 0,]|Vu(to)|lp # 0, then by the definition of d, we have J(u(to)) > d,
which is also contradict with (£.I)). Thus we have u(z,t) € W, which with
deduce that

[ully < p*d. (4.2)
Taking p = % in (3.10)), we have

HVuw::Muw+/WMPMgwwx
Q

=2I(u) + 2/ |ul? log |u|dx — ||[Vul/D
Q

2. pe 4.3
< 21 (u) + 2l log [l — 5 Towy )l “3)
2 2n pe
= 2pJ(u) + (2log [Jul, — P 10%(2n£p))|IU||§
< cd.
Also, (4.1) implies
t t
/ | 2dr + k/ Vs |2dr < d. (4.4)
0 0

From , and , we have

¢ ¢ 1 1 C
/ [ur||5dT + k/ [Vurll3dr + = Vulb + = Jull? < (2+ =)d. (4.5)
0 0 p p p
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Multiplying the first equation of (1.1)) by u, we have

2dt/| *da +§%/|Vu\ de +I(u)=0 (4.6)

Combining (4.6)) and the fact that u(z,t) € W for any ¢ > 0, we find that
2dt/‘ 2da —|—2dt/|Vu|dx<0

[ull3 + Vull3 < C(lluoll3 + [IVuoll3)- (4.7)
Thus and . ) show that u is globally bounded in FE.

Step 2: J(uo) =d. Let by =1— = and Umo = MmUg for m > 2. We consider the
following problem:

— div(|Vu|P2Vu) — kAu; = [ulP"2ulog |ul, Q x (0,T),
u(z,t) =0, 092 x (0,T), (4.8)
u(z,0) = umo(x), Q.
We assert J(umo) < d and I(umo) > 0. If |Jugll, = 0, then from and

which means that

J(ug) = d, we have I(ug) = pJ(up) = pd. Thus I(umo) = pb,I(ug) = umpd > 0,
J(umo) = p2,J(uwo) = pb,d < d. If |Jugl|, # 0, then from I(ug) > 0 and Lemma
we have A* > 1. We can also deduce that I(umo) = I(pmuo) > 0, and
J(umo) = J(pmuo) < J(ug) = d.

Using the similar arguments as in Theorem [2.3|and Step 1, admits a unique
global bounded weak solution u,, € E. Since the initial data w,,0(x) — uo strongly
in HJ(£2), then via a standard procedure, u,, — u strongly in E. Thus u is globally
bounded in FE.

Theorem 4.2. Let u = u(x,t) be the global bounded weak solution in Theorem .
(1) If J(up) < M and I(ug) > 0, then we have

Jim ([[ufl5 + K[ Vull2) = 0. (4.9)
Furthermore, when n = 1, there exists time tg > 0 such that

lu(®) 13 + kI Va3 < (lults)ll3 + kIValts)l3)e2 =", for all t > ts,

where )
gt BT pue
al—mln{ (1 )pl (nE)
for any p € ([p*J (u )]p/" "Ly p) and L, is [B-9).
(2) If J(up) = M and I(uo) > 0, then

Jim ([lull?, + K[ Vul2) = 0.

%mg(p%(uo))} >0,

Furthermore, when n = 1, there exists time t, > 0, such that

lu(®) 13 + EIIVu(®) 13 < (lut)lI3 + kI Vulty)[3)ez =", for alit > t,,

where )

n bpue 2

— — ) — =1 M —

2 Og(n/:p) ’ og(p~( 7))} >0,

for any p € ([p?(M —4)|P/" 222 p) and L, is (3.9).

= min{%(l - %)7
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Remark 4.3. When p > 2, under similar conditions as in Theorem [£:2] the global
bounded solutions decay algebraically [12]. However, if p < 2, Theorem shows
that the global bounded solutions decay exponentially, which is the same as the
results in [7] for p = 2. Further, Theorem tells us that the upper bound of the
decay rate e~“* and e~“2! are proportional to k, which seems that the pseudo-
parabolic viscosity slows down the decay.

To prove the theorem, we need to introduce the following two lemmas.

Lemma 4.4 ([7, Lemma 3.1]). Let y(t) : RT — R be a nonincreasing function.
Assume that there is a constant A > 0 such that

+oo
/ y(s)ds < Ay(t), 0<t< +oo.
¢

Then y(t) < y(0)e' =%, for all t > 0.

Lemma 4.5 (20, Prop. 6.2.3]). Assume that a is a positive constant, g(t), h(t) €
Cl([a,0)), h(t) > 0 and g(t) is bounded blow. If there exists a positive b and C,
such that

g'(t) < =bh(t), Rh'(t)<C, tEe€la,00),
then lim;_, o A(t) = 0.

Proof. Case 1. Decay estimates for J(ug) < M. Let u = u(x,t) be the global
bounded solution of with J(ug) < M < d and I(up) > 0. As in the proof
for Theorem we only need to discuss the case 0 < J(up) < M and I(ug) > 0.
Proposition reveals that w € Wy for 1 < § < dor §; < 6 < 8y with §; < 1 < J

and particularly I(u) > 0. Then from (3.2)) and (3.15]), we have
lull? < p?J(u) < p*J(uo) < p*M. (4.10)

Because J(ug) < M = i( pe )M/P for p € ([pQJ(uO)}P/n"pﬁezo’p)7 we obtain the
following inequality from (3.10)) and -7

I(w) > [[Vullf = [[ull}1og [[ull, + 10g( )H [ *IIVUII’”

I pﬂ (4.11)
> (1— = Py log 71 p
> ( p)HVUHp ( (nﬁp) , og(p*J (uo)))||ul?
> o ([|ullf + kIIVUIlp),
where ) )
. py, no. e 5
= —(1—-=), —= — ) — =1 J 0.
ar = min{ (1~ 5, G 108(27) — L 10g(p% (o))} >
Combining (4.11) with
() = 5 o lull3 — & |Vl
it holds
p Py, 4.12
Sl 52 a3 < —an(full + MV (412)

Next we first prove that [|u|P +k[|Vu|[} decays to 0 as t — oc. For this purpose,
Lemma [£5]is useful. Set

g(t) = lull + k[ Vul3,  h(t) = llullf + k[ Vull}.
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Then it is sufficient to prove h'(¢t) < C. Multiplying the first equation of (|1.1)) by
u; and using the Young inequality, we can obtain

d P
/|ut|2dx+k/ \Vut|2dfc—|——/ ﬂdm
Q Q dt Jo p

. | (4.13)
< f/ g | da + f/ |u|?P 2 (log |u|)?dz.
2 Jo 2 Ja

Since
lim f~“logf=0, lim fYlogf=0, for 0<a<l,
f—4o0 f—0+

then we can deduce that
/ |u|*~2(log |u|)?dx < C’/ lu|?dx + C,
Q Q
which with (4.13) and (4.7 indicate that

d
/|ut|2dx+k/ |Vut\2dx+f/ Vuldr < C.
Q Q dt Q

Thus we find that
n'(t) = / pluP2uudr + i/ E|Vu|Pdx
Q dt Jo

1 1 d
< 7/p2|u|2p_2dx+f/ |ut|2dx+—/ E|VulPde < C.
2 /o 2 /g dt .,

Then from Lemma [4.5| and (4.12)), we can prove (4.9)).

Next, we deal with the decay estimates of the solutions for the 1-Dimensional
case. On the one hand, (4.9) and the Sobolev imbedding inequality imply that

|ufo;o = sup|u| — 0, ast— oo. (4.14)
Q

On the other hand, multiplying the first equation of (1.1) by Au and integrating
on (2, we have

d 1 k
L A vuP + 5 auP)ae + - 1) / IV ulP 2| Au?de
at Jo 2 2 0

= [ 1720~ 1) log u] + 1)|Vulda,
Q
which with (4.14) indicate that there exists a tg > 0, such that
[ufo.0 < e” 77 and / |Aul?dz < C, for t > tg.
Q

Using the Sobolev imbedding inequality again, we have that
|Vulo,o = sup |Vu| < C. (4.15)
Q

Substituting (4.14) and (4.15) into (4.12) gives

d d
Ll + L RIVul3 < 200 (ol + I Tul2)

:—2a1(/ |u|2\u|p_2dx+k/ Vul?|VulP2dz)
Q Q

—2C 0 (||ull3 + K[ Vull3).

IN
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Integrating the above inequality from ¢ to T" with t > tg, we have

1

T
2 2
<
[l + kivul)as < 5o

(lu®l3 + EIVu@®)3 = (D)3 + EIVu(T)]3))

< ()3 + kI Vu(®)]13)-

200[1
Let T — oo and from Lemma [:4] we can find
1i-Ca
Ju(t) )13 + kI Vu@)3 < (lult)l3 + kI Vu(ts)]3)ez ~“*,
for all t > 3.

Case 2. Decay estimates for J(ug) = M. Let u = u(z,t) be the global
bounded solution of the problem (1.1)) with J(ug) = M < d and I(ug) > 0. From
Propositions [3.7] and we know that

I(u) = —(ug, uw) — k(Vug, Vu) >0, forall ¢ >0, (4.16)
and there exists a ¢ty > 0, such that
I(u(to)) =0, and I(u(t)) >0, for0<t< o,
which implies
/Ot(|u7||§ + |V |2)dr > 0, 0<t< to,

Thus we can choose some time 0 < t, < tg, such that

t’Y
/0 (sl + K| Vur [2)dr = 7.

where v is a sufficiently small positive number. If we take ¢, as the initial time,
then we have

I(u(t,)) > 0,
Tut) = Tu) = [ (|3 + FIVr|Far = 3 =5 < b,

which is the same as Case 1. Similar to the proof for Case 1, we can choose ¢., large
enough such that

1-Ca
Il + EIVa®)3 < (lult) 3 + kI Vu(t)lI3)e =, for all ¢ > ¢,

where
. 1 h, n pue 1 9
— —(1-5), =log(=— ) — =1 M — >0,
s mln{k( ) e (an) » og(p~( ’Y))}
for all o € ([p?(M — )P/ L2 ). =

5. BLOW-UP AT +00 AND GROWTH ESTIMATION

Actually, the estimation in Theorem tells us that the solution of
would not blow up at any finite time T' > 0. However, in this section, we prove
that the solution may blow up at +oco and further give some growth estimates of
the solution.
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Theorem 5.1. When J(ug) < d and I(ug) < 0, then the weak solution of (1.1
blows up at +oo, namely

i (Jul3 + k| Vu|3) = +oo.

Remark 5.2. Under the similar conditions, when p > 2, the weak solutions blow
up in finite time [12]. However, when p < 2, the weak solutions blow up at co.

Proof. Step 1: J(ug) < d. From Proposition we obtain for all ¢ > 0, u € Vj
for any 1 < < 6 or 01 < § < d9 with 07 < 1 < d2. Then by Is(u) < 0 and Lemma

we obtain [|[Vul[p > rP(5) = )\1(';2—2:)”/” for all £ > 0. Set

t
G = [ (Il + kIVulg)ar.
A simple calculation indicates that
G () = ~21(u) = 20— 1)|[Vull?, - 215(u)
>2(0 = D)[|Vul§
> 2(60 — 1)rP(0), forallt > 0.

Thus setting § > 1, we can have

t 2
G'(t) = G'(0) +/ G (1)dr > 2(6§ — 1)>\1(i—ge)"/”t, for all ¢ > 0, (5.1)
0 P
namely
p?de

a2 + k[ Vu@)|2 > 206 — DA (St for all £ > 0,

ntyp
where § > 1 in Proposition A1 can be found in Lemma and L, is .
This means that the weak solution v will blow up at +oo0.

Step 2: J(ug) = d. From Proposition[3.8 we know I(u) = —(us, u)—k(Vu, Vu) <
0 for ¢t > 0, and then fot(||uTH§ + k|| Vu, ||3)dr is strictly positive for ¢ > 0. For any
sufficiently small positive number t;, we have

J(u(tr)) = J(uo) = /0 (hull3 + K Vur3)dr < d.

If we take t = t1 as the initial time, then similar to Step 1, we can obtain that the
weak solution u blows up at +o0. (I

Theorem 5.3. Let u = u(x,t) be the weak solution in Theorem[5.1] If J(ug) < M
and I(ug) < 0, then for any as € (0,1), there exist to, > 0 such that

1
1_P%3

1
||UH§+]€HVU”§ Z Cas(t_tas) 2 ) fO?” a”t Ztozsa (52)

where

-

Cag = (1= F52)G™ 5" (ta) G (tas))

with G(t) = [3(ull3 + k|| Vul]3)dr.

Remark 5.4. From (5.2) and (2.5, the weak solutions that blow up at co grow
algebraically. (5.2)) also indicates that the lower bound of growth estimates is
smaller than that of the case p = 2, which is caused by fast diffusion.

E
| 2
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Proof. Let u = u(z,t) be the weak solution of (1.1]) with J(ug) < M and I(ug) < 0.
Then Propositions|3.7|and [3.8[ tell us that v € V and I(u) < 0 for all ¢ > 0. Taking
= pin (3.10) and noticing I(u) < 0, we can obtain

2
pe.\n 2
[Juf2 > (Tcp) P =p?M, forall t >0, (5.3)
which also implies ||ul|3 > 0 for all 0 < ¢ < T. Thus

G'(t) = ||ul|3 + k||Vul|3 >0 and G”(t) = —2I(u) >0, forallt>0.
Furthermore, from (5.3)), we obtain

2
G (t) = ~2T(u) = ~2pJ(u) + =l
t 2
— 2pJ(uo) + 2p / (I + K Ve [B)dr + = [l (5.4)

t
> 2p(M — J(ug)) + 2p/ (|lur]3 + k|| Vu, ||2)dr, for all t > 0.
0

Since
! 2 1 ti ull2 ull2)dr)2
([ e+ 1V, Fupa)ar)” = 3 Tl + KT ulir)
= (G0~ ) (55)

1
= Z(G'Q (t) = 2G'(t)G'(0) + G™(0)),
then combining (5.4)) and (5.5), and using the Holder inequality, we can calculate
GG (1) - £G™(1)

t

t
> 2p(M — J(uo))G(t) +2p/0 (H%H%JrkIIVuTH%)dT/O (lull3 + k[ Vul3)dr

- 229(/0 ((ur, w)2 + k(Vur, Vu)2)dr)? — pG' (1) (uoll3 + k[ Vuoll3)

p
+ 5(”“0”% + k|| Vuo|3)?
> 2p(M — J(ug))G(t) — pG' (t)(||luoll3 + k[ Vuoll3)
> —p([luoll + [ Vuoll3)G' (¢).

(5.6)
Then for 0 < ag < 1, we obtain
GWE" (1) P67 (1) > (1 - )26 (0) ~ plwol3 + KIVuo)C (1)
From (5.1)), there exists ¢; > 0 such that G'(t) is large enough and
GG (t) — I%G’Q(t) >0, forallt>t. (5.7)

Then we have
(@) =0 - FHE T 06 0),

(G17¥(t))// — (1 _ %)G*%*l(t)(G(t)G”(t) - Z%GIQ(t)) > 0.
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Now, we take to, > t; satisfying G(ta,) > 0. Then for t > t,,,

G(t) = (G5 (1) 5
(@) + [ -EEROCnTE (s

a3
1

2 Ca3(t - tOt3) -t
with
pasz, . ros e
Cay = (1 =BG (10, )G (t0)) T F

Since G”(t) > 0 for all ¢ > 0, then we have fg G'(1)dr < tG'(t), namely
H(lull3 + K| Vul2) > G(r), for all t > 0,
which combining with (5.8) we deduce that for 0 < az < 1 and t > ¢4,

]
[ull3 + Va3 > Cay(t —tay) 2"

O
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