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ASYMPTOTIC STABILITY FOR SECOND-ORDER
DIFFERENTIAL EQUATIONS WITH COMPLEX COEFFICIENTS

GRO R. HOVHANNISYAN

ABSTRACT. We prove asymptotical stability and instability results for a gen-
eral second-order differential equations with complex-valued functions as coef-
ficients. To prove asymptotic stability of linear second-order differential equa-
tions, we use the technique of asymptotic representations of solutions and error
estimates. For nonlinear second-order differential equations, we extend the as-
ymptotic stability theorem of Pucci and Serrin to the case of complex-valued
coefficients.

1. MAIN RESULTS

Consider the linear second-order differential equation
Liz(t)] = 2" (t) + 2f ()2’ (t) + g(t)x(t) =0, t>T >0, (1.1)
where the coefficients 2f(¢) and g(t) are complex-valued continuous functions of
time ¢t. The rest state x(t) = 2'(t) = 0 of is called asymptotically stable if
lim x(t) = tlLIglo Z'(t) =0 (1.2)

t—o0o

for every solution of (1.1)).
The asymptotic stability for the classical equation [I.I] has been widely studied

[ 2, B, 4 6, [7, O, 13]. However, most of the studies consider real-valued coef-
ficients and are based on Lyapunov stability theorems. In this paper, we prove
asymptotical stability and instability theorems for a general linear second-order
equation with complex-valued coefficients. For a linear case, we use the tech-
nique of asymptotic representations of solutions and error estimates [8, [5]. For a
nonlinear second-order equations with complex-valued variable coefficients,
we generalize the asymptotic stability theorem of Pucci and Serrin (Theorem [1.8]).

Denote
_ ’ _ g’ (t)
go(t) = g(t) — f2(t) = f'(t), ko(t) = 7495/2(75)’ (1.3)

Colt) = —Ky(t) — KE(1)v/aa (D) = 12?5?@) - 45;?'/?()”7 (14)
0 0
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+V/F2() + f(8) = (D). (1.5)
Denote by L'(T,00) the class of Lebesgue integrable in (T, 00) functions and by
C1(T, 00) the class of differentiable functions on (T, ).

Theorem 1.1. Let f € C3(T,0),g € C*(T,00) be the complez-valued functions,
and assume that there exists positive number N such that

pa2(t) = —f(t) —

/ ’kg(t)\/go(t) + k(’)(t)’ X2 /1 RV =90(s)ds gy < N, (1.6)
T
Then the rest state of is asymptotically stable if and only if
t t
. NJ _ .
tlg(r}lo . R[p;ldt = —o0, tlirrolo . R[u; + Nj}dt =-00, j=1,2. (1.7)

Remark. When {(t) and g(t) are constant, kq(t) = 0, conditions (1.6]) are satisfied,
and conditions (|1.7) becomes the Routh-Hurwitz criterion of asymptotical stability:

R(—7FVI?—g) <0.
Remark. Theorem shows that asymptotic stability of (1.1)) depends on the
behavior of R(f) and go(t) as t — oo.

Example 1.1. Let f(t) = t*(Int)?, g(t) = 1. From Theorem equation ([1.1)) is
asymptotically stable if —1 <« <0 or « = —1,8 > —1 (see section 3).

Example 1.2. Let f(t) =t~ +it?, g(t) = 1. From Theorem equation is
asymptotically stable if —1<a<—F—1,a<0 (see section 3).

Remark. For the small damping case: g(¢t) = 1, lim; o f(t) = 0, we have
Rv/—go(t) = 0 and conditions 1D are not restrictive. For the large damping
case: limy_ o f(t) = 0o, we have lim;_,, $8/—go(t) = oo. and conditions |D are

very restrictive.

Remark. If go(t) = g(t) — f2(t) — f'(t) > 0 then R\/—go(t) = 0 and becomes
/ |k§(£)V/ go(t) + Kk§(t)|dt < N. (1.8)
T

Remark. Condition ([L.8]) is close to the main assumption of asymptotic stabil-
ity theorems in Pucci and Serrin, that ko(¢) is the function of bounded variation
([ [kb(t)|dt < 00). See [10, [I1] or Theorem [1.8|in this paper.

Theorem 1.2. Assume there exist the complez-valued functions ¢y € C*(T,00)
that satisfy the conditions

1520 exp/t%(?)ds =0, j=1,2, (1.9)
pa2(t) L1 (t) = @1(t) Lepa(t), (1.10)
@5 (t) o
%(%(t)) <0, j=1,2,t>0b for someb>T, (1.11)
/ |Bay (s)|ds < oo, (1.12)
T
Ba(t) = 200 Wi (0).2(0] = 91060 - h(Dpatt) (113
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then every solution of satisfies limy_, o 2(t) = 0.

Theorem 1.3. Assume there exist complez-valued functions @19 € C?(T,00) that

satisfy conditions @— and

©7(s)

lim §R ds = —o0, j=1,2, 114
t—oo [ [gpj(s)] ( )
! (¢ t —0
%(t;‘ Sc(/ [Bai(s)lds) . j=12,t=b0<d<1, (1.15)
b

for some positive constants ¢ and §. Then the rest state of 18 asymptotically
stable and for k = 0,1 we have
2

=Mt Z [l O] +C</bt|321(3)|d5)_k6(1+exp(/bt|2B(s)|ds)).

(1.16)
Theorem 1.4. Let conditions @ and
Jim m[f( )+ f'(t) — g(t)]dt = oo, (1.17)
—oo Jp
Rf(t) + )+ f'(t)—gt)] >0, t>b (1.18)

be satisfied for some number b > T. Then every solution x(t) of satisfies
lim; o0 z(t) = 0.

Example 1.3. f(t) = t*, g(t) = 1. From Theorem [I.4] follows that if -1 < o <1
then all solutions of (|1.1)) approach to zero as t — oco. It is known that condition
—1 < a <1 is necessary and sufficient condition of asymptotic stability in this
case.

Remark. Example 1.3 shows that Theorem covers small and large damping
cases although example 1.1 shows that Theorem covers only the small damping
case (a < 0).

Example 1.4. f(t) = t* +it%, g(t) = 1. It can be checked that (1.8) is satisfied
(see section 3). From Theorem [1.4] follows that if =1 < a < 1, 8 < (a + 1)/2 then
all solutions of (1.1)) approach to zero as t — cc.

Theorem 1.5. Let conditions (@, , and

t ’
lim [ R[p; + &]dt =—o0, j=12 (1.19)
T Hj

t—oo

t -4
s ()] < c(/ B(OVao@) +ky(B)]dt) *, 0<s<1 j=12  (120)
T
be satisfied for some positive numbers c¢,d. Then the rest state of s asymp-
totically stable.

Theorem 1.6. Let the complex-valued functions 1 2 € C*(T, 00) satisfy conditions

(10 (23 and

lp12(t)|  be decreasing, (1.21)
lp1(00)[ =7 >0 (1.22)
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then the rest state of is mot asymptotically stable.
Theorem 1.7. Let f € C3(T,00), g € C*(T,0) satisfy conditions @ and

RIF (1) + fg(“ + \/fz(t) TP —g@dt =0, t>T,  (1.23)

| wi - &

Then the rest state of equation (n) is not asymptotically stable.

— V2 + f(t) — g(t))dt < co. (1.24)

Consider a nonlinear second order differential equation
2" (t) + h(t, z(t),2' ()2 (t) + j(t,z(t)) =0, t€J=I[T,0). (1.25)
The following theorem is a generalization of the asymptotic stability theorem of

Pucci and Serrin [I0, Theorem 3.1], to the case of complex-valued coefficients.

Theorem 1.8. If there exist a non-negative continuous function k(t) of bounded
variation on (T,00), non-negative measurable functions o(t),5(t),v» € L*(J) and
positive numbers 3, x, M, c,m such that

0 <o < Relh(t,z,z")], teJ, (1.26)
|h(t,z,2")| < §(t), teJ, (1.27)
|h(t,z,2")| < yRelh(t,x,2")], te€J, v>1, (1.28)
0 < k(t) < Bolt), tel, (1.29)
t
lim [ k(s)ds = oo, (1.30)
t—o0 T
t
/ 5(s)k(s)ele A tas < M, te (1.31)
T
zj(t,z,2") + zj(t,z,2’) > x >0, for|z|>0,te (1.32)
F(t,z) = /j(tmc,x )dz = / (t,z,2")dz >0, for |z| >0, (1.33)
F(t,0) =0, F(t,x)>clz|™, OF(t,x)<y(t), te (1.34)

Then the rest state of is asymptotically stable.
Example 1.5. Let j(t,z) = I(t)z|z[?, h(t,z,2") = t* +it’, ¢ > 0 then from
Theorem it follows that the rest state of (1.1]) is asymptotically stable if

0<l<i(t) <1y < oo, / h(t)ldt <00, —1<a<0, B<a. (135
T

2. AUXILIARY THEOREMS
Consider the system of ordinary differential equations
a(t) = Alt)a(t), t>T, (2.1)

where a(t) is a n-vector function and A(t) is a continuous on (T, 00) n X n matrix-
function. Suppose we can find the exact solutions of the system

() =A@)(), t>T, (2.2)
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with the matrix-function A; close to the matrix-function A. Let ¥(¢) is the n x n
fundamental matrix of the auxiliary system (2.2]). Then the solutions of (2.1)) can
be represented in the form

a(t) = ¥()(C +¢<(t)), (2.3)
where a(t),e(t), C are the n-vector columns: a(t) = colomn(ay (¢),...,a,(t)), e(t) =
colomn(ey(t),...,en(t)), C = colomn(Ch,...,C,),C) are an arbitrary constants.

We can consider (2.3) as definition of the error vector-function (t).

Theorem 2.1 ([5]). Assume there exist an invertible matriz function ¥(t) €
Cl[T, ) such that

H(t) = U (6)(A)T() = W'(t) = U ()(A) — A (1) ¥(t) € LN (T, 00). (2.4)

Then every solution of can be represented in form and the error vector-
function e(t) can be estimated as

le®)ll < lICI( —1+exp | /T A - vas]),  25)

where || - || is the Fuclidean vector (or matriz) norm: ||C|| = /C? +--- + C2.
Remark. From 1) the error £(t) is small when f; [U=1(A — A;)¥|ds is small.

Proof of Theorem[2.1. Let a(t) be a solution of (2.1). The substitution a(t) =
U(t)u(t) transforms (2.1)) into

u'(t) = Ht)u(t), t>T, (2.6)
where H is defined by (2.4). By integration we obtain

t
u(t)=C —l—/ H(s)u(s)ds, t>T, (2.7)
T
where the constant vector C' is chosen as in (2.3)). Estimating u(t),

lu@®)| < [IC] +/T [H ()] - [lu(s)l|ds, (2.8)

and by Gronwall’s lemma we have
t
)] < 1l exo ([ 1 (s))as). (29)

From representation and expression , we have

et)=vla-C=u—-C= /T75 H(s)u(s)ds.
Then using we obtain the estimate :

t
l=oll < [ rulas

<ten [ e ([ 1)
=i~ 1+ e ([ 1)
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Theorem 2.2. Let @1 2(t) € C*(T,00) be complex-valued functions such that
| 1Bt <o, k=12 (2.10)
T

where
ok (t)Lp,(t) d? d )

“oilt) oy =1,2. 2.11
W(or o2) o T2 (), (2.11)

Then for arbitrary constants Cy,Cy there exist solution of (1.1] (n) that can be written
in the form

Bkj (t) =

z(t) = [C1 +e1(D)] @1 (t) + [Ca + e2(t)] @2(1), (2.12)
2'(t) = [C1 + e1(t)] @1 (1) + [Ca + e2(t)] @5(1), (2.13)

where the error function is estimated as

t
Il < ICU(= 1+ exp | 1B()]ds) (214)
the matriz B has entries By; and has norm ||B||.
Proof. Equation we can rewrite in the form
V() = A(t)v(t), (2.15)

where

By substitution

g?(tg) . (2.16)
2
in 7 we get,

Boi () Bas(t)

w'(t) = H(tw(t), H(t) = <_Bu(t) —312(t)> . (2.17)

To apply Theorem to the system (2.17), we choose A(t) = H(t) in (2.1 and
Ai(t)=01in . Then the identity matrix ¥ = I is the fundamental solution of

. 2.2)) with A1 = 0. By direct calculations we get |[H|| = [|[¢~1(AV - ¥')|| = || B,
so condition of Theorem follows from ([2.10). From Theorem we have

w(t) =(C+e(t)), or v(t)=TV)w(t)=TE)(C+et)). (2.18)
Representations , (2.13)) and estimates (2.14)) follow from Theorem O

Denote

xj(t):exp(/T,uj(s)ds), i=12, mgf(t)fgéo(g)ii 0. (219)

Theorem 2.3. Let g € C*(T,0), f € C3(T,00) and
o0 oo
/ |Go(t)| et2 /1 SV go(s)ds gy _ / ’Go (t)ei?f; R[y/—g0(s)]ds |dt <oo, (2.20)
T T

where Go(t) is defined by . Then for any constants Cy,Cs there exist solution
of that can be written in the form

z(t) = [C1 +e1(t)] 21(t) + [C2 + e2(t)] 22(2), (2.21)
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2 (t) = [C1 + e1(t)] 21 (t) + [Co + e2(t)] x5(t), (2.22)

and for the error vector-function (t) = (2%3) we have the estimate
=0l < ICN(=1+exp [ [GOIar). (223)
G(t) = max (}Go(s)e2 Iz SVandz | |Go(s)e—2.f% SVgodz \). (2.24)

Proof. We apply Theorem [2.2| with ¢;(t) = z;(t). By direct calculations, we have
xl( )Lxl( ) _ ZGO(t) eZif;;w/go(s)ds’

W[l‘l,l‘g] 2
Ta(t)Laa(t)  Golt) o ft . /go(syds

W[Il,l‘g] N 21 € ’ (225)
ml(t)LxQ(t) o J?z(t)LJIl(t) o @

W[l’l,l'g] o W[Z'l,{EQ] a 21 '

From 1) and Cauchy-Schwarz inequality follows |, > |Goldt < 0o. So conditions
(2.10]) of Theorem follow from (2.20]). Theorem follows from Theorem
(I

Theorem 2.4. Let 15 € 02(T o0) satisfied (1.10) I . Then for any constants
C4, Cy there exist solution z(t) of (1.1 (-) that can be wmtten in the form (2.12 (-)

and the error functions €;(t) are estimated as

(0] < C(—1+exp [ |Bai|ds)
T |05 (B)] ’

with some positive constant C' not depending on b.

j=1,2 (2.26)

Remark. For the given functions ¢4 (t), W (t) we can construct
¢
W(s)ds
Pa(t) = ¢1(t)
r $i(s)
such that (1.10) and ([1.13) are satisfied.
Proof of Theorem[2.]] From (L.11)) we have
d Lo 5 (t)
— |, (t i ‘exp/ —st‘ = |¢;(t)|Re(—
o0 = o0 exw [ 2as| = oy 0lme(27

which means that the functions |¢; ()| are decreasing. When ([1.10)) is satisfied then
the functions ¢ 2(t) are solutions of the homogeneous equation

() + 2F (00 (1) + (9lt) — %)u(t) —0

) <0, j=1,2t>0,

and any solution of (also of (|1.1]))

(1) + 2/ ()2’ (1) + (g(t) - %)z(t) - —%a(t)

can be written in the form:
L<P2d8 Lgpl ds

(227
W [©1, p2] W [p1, 2] (2.27)

z(t) = p1(t)C1 + p2(t)C2 + 1 (1)
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x(t) =901(t)01+<p2(t)02+/bt(‘p1(t - @Q(ti) PLSLPas) g (2.28)

/(1) = @} () Cy + @h(t)Cs + / t (“’/1“) _ 2y _pil&)Leals) o ooyg0 0 (2.99)
b p1(s) (s)

or ﬂ where

(s)Lpa(s)ds L<p1
W901 s),02(s)]’ / Wie )] (2.30)

Here C1,C5 and b are arbitrary constants and C4, Cs do not depend on b. Because
the functions |¢;(t)| are decreasing they are bounded:

;) < N;(T), j=12 t=T. (2.31)
From representation (2.28]) we have the estimates:

(1)) < [NLCh| + | NaCs| + z/bt | Byra(s)|ds.
Applying Gronwall’s lemma we have
|z(t)] < Cexp (/bt 2|le(5)|d3)7 C = [N1C| + | N2Co|. (2.32)
From and (2.32)), because ¢ »(t) are decreasing, we obtain estimates (2.26)):
pyes()] < C/t Bar(s)el? P92 = 0~ 1+ exp /t 2Boildz), =12
b b _

3. PROOFS OF THE MAIN STATEMENTS

Proof of Theorem[I.1]. Let us choose z;(t) as in (2.19) and apply Theorem
From conditions (2.20) (which coincide with conditionb (L.6)) of Theorem by

Theorem [2.3| we have representations (2.21} and estlmates . From

|z (t)] zexp/ Re(pj)ds
) T ) (3.1)
501 = by (Dleap | R+ 2 )as, j=1.2,

and (1.7) we have
1 : = 1 / = ] =
Jim [y ()] = lim [o (0] =0, j=1,2.
From (2.21)-(2.23) and (1.6) we have |¢;(¢)] < const, ¢ > T, j = 1,2 and the
asymptotic stability.
Now prove that if one of the conditions in (|1.7)) is not satisfied, then there exist
an asymptotically unstable solution z(t). By contradiction assume that (1.2)) is

satisfied, and, for example, the first condition of ((1.7]) is not satisfied. Then there
exist the sequence t,, — oo such that

t]linoo |$1(tn)| = )\1 7é 0. (32)
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There exist the subsequence ,,, = t,, of the sequence ,, such that
lm |22(tm,)| = Aa. (3.3)
tm —00

From Theorem for any constants C7, Cs there exists the solution x(t) of (1.1))
that can be represented in form (2.21)), or

z(tm) = [C1 + e1(tm)] 21 (tm) + [C2 + e2(tm)] 2(?3) (3.4)

where |g;(t)| < const, t>T, j=1,2. From representation (3.2)),(8.4) Ay, must
be finite numbers, otherwise left side of vanished and right 51de approaches to
infinity when t,, — oo by appropriate ch01ce of C;. Let choose C; =1, Cy =0

and denote N = exp ([ |G|ds) then from (2.23) we get
g5 (B)] < Jlefl < e —1. (3.5)

There exist the subsequence t; of sequence t,, such that exist limy, o €;(tx). So
from ([3.4) we obtain
0=X + A1 lim e1(tx) + Ao lim ea(ty),
tr—00 tr—00

: Ay
Sl )+ 52l
which is impossible because the right side can be made small in view of estimate
(3.5) by choosing T big, which makes N and ¢; small. O

To prove the statement of Example 1.1 let us show that if —1 < a < 0, or
a = —1, f > —1, then conditions (1.6)), (1.7) of Theorem are satisfied. From
the estimates

f)=o0(1), go=1—f2(t) = f'(t) =1+0(1), t— oo,
go > 0.5, SyVgo=0, t>T,
9] < CIF @B, 190 ()] < CIf'(#)] € La(T, 00),
conditions follows:

/T ‘GO(S)eiQf;%\/go(y)dyd3| </ (|96( )|2+ |gg(s)‘) ds

<C / s)|ds < 0.
Further from the estimates

N12——f— ile —f+O(f'f) £ivgo = i+ o(1),

ig (t) 90 \/
Wil = - o = ()| <1F1+ calgbl + ealgh|? + ealgf| < CIf,
29, Jo
MI, M
Re(=1) < |22 < eI < CIf'|, f € La(T, 00),
127 Hj
/ fdt:/ t*In’tdt =00, a>-1, ora=—-1,8>—1,
T T

| muar= [ s+ o - -
conditions follows.
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To prove the statement of example 1.2 let us show that if -1 < a < —1 — (3,
a < 0 then conditions (1.6]), (1.7) of Theorem |1.1]are satisfied. From the estimates

f#)y=0(1), go=1-f*t)=f()=1+0(1), t— o0,

a2t2a+ 2t2ﬁ
)< Y e o,

l90] > 0.5, |go(O)| < CIf'(®)], g0 @) < Clf'(#)],
P=R(—go) = -1+ -t 1 at® !, Q=3(—gy) = 2P 4+ pt°71,

00),
<

P=—-1+0(1), Q=2t""P(1+0(1)), E\/P2+Q2:1—|—0(1), t — 00,
P+R P2 Q|
Rv=g0 = R P) ~ 2(1+o(1
/t%vgodt/tm<0/ 59t Pds < const, t — oo
T r 2(1+0(1)) = " Jr ,

conditions (|1.6]) follow:
| |Gatret tinvmminas < o [ iGagslas < [ gl + 1 his
T T T

< C/TOO |f/(t)|dt < oo.
Further from the estimates
R(p;) = Re( — f — 7= +iy/g0) = —Re(f) + O(g5) £ O(|Ql/2), j=1,2, t — oo,
8CE(uj) _— +0(gp) £0@*7), j=1,2,t — oo,

t
/ R(p;)dt = —o0, a>—1,t— oo,
T

/
Mj:_f_zlgioii\/%:ii"_o(l)v J=12, t— o0,
go

g0 ig(
5l = [+ () & 3/02|<le B f € Ly(T,c0),

1

€ Li(T,0), j=1,2
M

conditions (|1.7]) follow.

Proof of Theorem[I.3 From representation (2.28)) of the solutions of (I.1)) we have
the estimates:

2 t oy x(s s) Ly (s
w012 101+ | ROl e

or because the functions |¢;(t)| are decreasing:

2
o L)) Lei(s)
x(t)| g;m@g(m +2/b W lorts)ootor] 1 (3.7)
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From ,
t
()] < C+2 / 12(3) Bax (5)|ds, (3.8)
b

where C' = |N1C4| + |N2C2| depends on T and does not depend on b. From (1.10))
we have Bo; = Bys. Applying Gronwall’s lemma we have

t
lz(t)| < C’exp/ 2|Ba1(s)|ds. (3.9
b
From (3.7, (3.9) we have
2 t s
o0 < Y (o0 + € [ |Barlesp (2 [ |Bar(w)ldy)ds. (3.10)
j=1 b b

From ,
b
s o5 (0)] = s (7)) Jim exp [ R(Zyds 0. j=1.2
T Pj
In view of

2 t
tﬂgE}Q%@WH%—l+mglB&ﬂﬂw)eq

Jj=1

when t — oo and b — oo, because C;, C' do not depend on b. ([

Proof of Theorem[I.3. From

t (k)
k-1 k—1) ©; ()
|‘P( ()] = |%0( (T)|exp/ Re((kjil))ds, k=1,2 (3.11)
T 2 (s)
and conditions (|1.9), (1.14) we have
lim [ V() =0, jk=12 (3.12)
t—oo
From (3.12) we have
") < S <00, k=1,2t>T, (3.13)

where S depend on T and does not depend on b. From representations (2.28]),(2.29)
we have the estimates:

bk ()
l2®) (¢ |<Z|w(k) C\+/b ‘f;l(g)—‘z(g)‘-|Bm(s)x(s)|ds, k=0,1 (3.14)

or because the functions |¢;(t)| are decreasing we get for £ =0,1

(k)
wer |<Z|9"(k) CH(%((;) /|B21 s)ds.  (3.15)

In view of (|1.15| - ) and (| we obtain for £ = 0,1 the estimates

2 t _ks ot .
\x“)(t)\s}:|so§-’“><t>cj|+cc( [ 1Bao)ids) " [ (Ba(olel 1795 as,
b b

Jj=1
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from which follow estimates ([1.16]):
2 t —ké .
|ﬂ“ung§:ug@@@n+cc(/|B@wu) (= 1+ el 2BEIE) g,
j=1 b

when ¢ — oo and b — oo, and C1, Cs, ¢, C do not depend on b. (]

Proof of Theorem[I] Let us choose ;(t) = z;(t) asin (2.19). From (1.17), (1.18),
(2:25) and (L.8)), conditions (L.9)-(1.12)) of Theorem [I.2|follow. Theorem [I.4]follows

from Theorem [[.2| O
Note that Theorem follows from Theorem by choosing ¢;(t) = x;(t) as
in (2.19).

The statement in the example 1.3. follows from example 1.4 when § — —oo. To
prove the statement in example 1.4 let us show that if

a+1
2

then conditions (|1.8)),(1.17)), (1.18]) of Theorem are satisfied. From conditions
T or

o ([ 805+ £k y=gm)ar) = Cloo exp ([ (7% v=an) ) -

—1§C¥<1, ﬂg

it follows that for the product of these expressions we have

t t
1902 exp / Re(f)dt) = lgo|"/* exp ( / t2dt) — oo
T T

from which, because gy has polynomial growth or decay, we get the necessary
condition v > —1. Denote

Ut) = Re(f — v=g0) =1° — /(B + P)J3,
P=R(g), Q=S(-g), R=+P 1@
Then one of conditions (3.16]) turns

t
RY/A4 exp(/ U(s)ds) — 0.
T

Because R(t) has polynomial growth or decay in most of the cases to prove (|1.17))
it is sufficient to prove that

t
/U(s)ds:O(tk)—>oo, t—o00, A>0.
T

By direct calculations
U— t**—(P+R)/2 _ 28**—P-R
t+/(P+R)j2 2t ++2P+2R
K
(2t* + 2P +2R) (212> + R — P)’
K = 4t2® — 4ot~ —4ptet26-1 _ 32426=2 Dividing the plane (c, 3) on 6 regions

{a = B,0>0} {a<p f>0} {a<0,f <0} {a<0,8=0}{a=0,3<0}
and {a = 0,8 = 0} we check conditions of Theorem 1.4 in each region separately.
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Case 1: > (3, a > 0. From
90 =0(t**), got) = O(t**7), t— o0,
1Got)] < € (lg6(®)* /190 ()2 + g5 (1)) /90 () [*/2) < Ct=o=2
condition lows.
To prove ([1.17]) note that
P=—-1+t* -1 L at* ' =21 +0o(1)), t— oo,
Q=2t""(140(1)), R=+P2+Q>=1>*(1+0(1)), t— oo,

(2t* + V2P + 2R)(2t2°‘ + 2R — P) = 126*(1 + o(1)), t — oo,
4t2a _ 4at3a71 _ 4ﬂta+2ﬁ71 _ 62t2[372

) = 1263 (1 4 o(1))
When a < 1,
l—«o
/U t (150(1))—>oo, t — oo.

Conditions (L.17)),(L.18) are satisfied.

Case 2: —1<a< 6, ﬁ > (0. From
g0 =00"), g(t)=0("""), t— oo,
Go(t)] < € (Iab ()P lao(®) /2 + 1§ 1)/ lao (D) < O+
condition follows. Further
P=1(-1+0(1), Q=0@t*"), t— oo,
= VP21 @ =1t*(1+0(1)) R—P=2%(1+0(1)), t— oo,

«a 2a _ _ «a |Q‘\/§ 2a _
(2t + V2P + 2R)(2t** + 2R — P) = (2t +m)(2t +2R—P)

=6t°T2%(1 + 0(1)), t— oo,
4t20z o 40&30‘71 _ 4/6)ta+2ﬁ71 _ 52152,872
61+ (1 + o(1))

U(t) =

If 3 < 2t then (1.17) is satisfied:

t 4t1+a 208
/TU(s)ds a72ﬂ+1( +0(1)) - 00, t— o0

If 3 =2t <1, we have

2 2 2
Uy = 20— g = sy - D

! 2 -2 =2
/TU(s)ds:§(1—ﬁ)lnt—W—T—>oo

t
R4 exp(/ U(s)ds) — oo, t— o0.
T

Then conditions (1.17)),(1.18)) are satisfied.
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Case 3: /<0, -1<a<0. From
90=0(), |gp(t)| <

Go(t)] < Clgo(t)1*/190(t)]

condition (|1.8) follows.
Then

| Q

c
OIS SEES

2+ 196 )]/ 1go(D)*/* < Ot 2

[SAES N

P=-1+0(1), t— oo,

Q=2t""P(1+0(1)), R=+vP2+Q2=1+0(1), t— oo,
(2t* + V2P + 2R)(2t** + 2R — P) = 6t*(1 + o(1)), t — oo,
4t2a _ 4at3a—1 _ 4ﬁta+2ﬁ_l _ I62t2ﬁ—2

ut) = 6t (1 + o(1)) :

/tU(s)ds 2 o) e oo
T 3(1+ «) ’ ’

Conditions (1.17)), (1.18]) are satisfied.
Case 4: =0, -1 <a<0. From

90 =0@), It <5, o) <
condition follows. Then
P=-2+0(1), t— oo,
Q=2t"(140(1)), R=240(1), t— oo,

«a « _ o |Q|\/§ o _ «
(2% + VAP £ 2R)(2% + 2R - P) = (26" + \/ﬁ)(zﬁ Y2R — P) = O(t%),
42> — 4ot
- o1

t
/ U(s)ds = O (t't*) — 00, t — o0.
T

Conditions (1.17)), (1.18]) are satisfied.
Case 5: <0, «a=0. From

g0 = 0P —2it%) = O(-2i%), |gh(0)] <
condition (|1.8)) follows. Then
P=—t¥ Q=002t"), R=02t"), t—
(2t + V2P + 2R)(2t** + 2R — P) = (2 + V48 — 2128)(2 + 4t° +1*7) = O(4),
2
U(t) =0(1 — pt¥~1 - %tw’Q), t — oo,

t 2
R1/4/ U(s)ds = O(tﬁ/4 exp(4t — 2t%° — 2ﬂ71t26_1)) — 00, t— 00.
T

Conditions (1.17)), (1.18]) are satisfied.
Case 6: =0, «=0. From

P=-1, Q=2 R=+5, U=0(1)
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conditions (1.8)), (1.17), (1.18]) follow.

Proof of Theorem[I.¢. From representation ([2.27) we have the estimate:

Lsﬁl
<P17 <P2

L‘Pz
901, 902

‘d +|2

|<Z|<PJ )Ci| + ler(t) ‘ds

(3.17)
or because the functions |¢;| are decreasing and bounded:

L t
|<Z|sog C|+2/) ‘f;l :’Z \dsgc+2/b (2(5) Bay (5)|ds. (3.18)

Applying Gronwall s lemma we have

t e}
lz(t)] < C’exp/ 2B (s)|ds < Cexp/ |2Ba1 |ds = Cp. (3.19)
b T
By choosing Cs = 0 from representation we have the estimates:
L(‘DQ L(pl
> o1 (H)Cy| — / ‘ ‘ds / ’ ‘
201> I (0C1] = (0] | | G2 o [ G
or
»’U<P2L<P1
(t)] > } . 3.20
o012 (101 -2 [ [ g (3.20)
From ({1.12)
| 2Ly
a(b z/ S ds 0 3.21
©) s | Wlpr, e ( )

when b — co. Because positive constants |C1[, Co, 7 do not depend on b by choosing

b big enough we can make
|C1 |’Y

a(b) < 5Co
Thus from and |¢1(t)] > |p1(00)| =~ > 0 for ¢t > b we have
|z(t)] > |C1ly — 2a(b)Co > 0
and Theorem [I.6] is proved. O
Proof of Theorem[I.7. By choosing ¢;(t) = z;(t) as in (2.19) from (2.25)), (1.23),

(1.8) it follows (1.10), (1.12)) and that the functions |¢;| are decreasing. From ([1.24)
follows |¢1(00)| = > 0. So Theorem follows from Theorem O

Proof of Theorem[1.8. We prove this theorem by the method of Pucci and Serrin.
First we prove the theorem in the case the function of bounded variation k(t) is of
class C1(J). Multiplying equation ([1.25) by Z'(t) we get

()" (t) + h(t,z, ") |2' (t)|* + 7' (t)j(t,z) = 0. (3.22)
Adding the conjugate equation
()2’ (t) + h(t,z, ") |2 (t)]* + 2" (8)j(t, ©) = 0

we get

jt(|x (t)* + F(t,2)) + 2Re[h(t, z,2")] |2’ (t)|* = Fy(t, 2), (3.23)

|2’ (t)|? + F(t,z) + 2/T Re[h(s,z,")]|z’ (s)]?ds = C + /T Fy(s,z)ds.  (3.24)
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From F(t,z) >0 and [;° F,(t,x)dt < co we have
/ & (O] Re[h(t, 2, 2/ )]dt < o. (3.25)
T

Indeed otherwise the right side of (3.24) is finite when ¢ — oo and the left side
approaches to positive infinity and we get contradiction. So when ¢t — oo from
(13.24) we get

|2/ ()] + F(t,x) =1+e(t), 1>0, lime(t)=0. (3.26)

t—oo
From this expression and (|1.34]) we see that x(¢) and 2’(t) are bounded:
lz(t)| < L, |2'(t)|<C, fortelJ (3.27)

To prove that [ = 0 assume for contradiction ! > 0. Multiplying (3.23)) by the
positive non decreasing function

w(t) = eXp/T k(s)ds (3.28)
we get
&l (P + wF(1,2))
= wF(t,x) + ' (t) (|2 (t)|? + F(t,x)) — 2wRe[h(t, z, z")]|2'(t)|?,

d
¥ (w|2']? + wF + aw'z'z 4+ aw'za’)
=aw"(Z'r +2'%) — a'T(2'h + j) — aw’x(:‘c'ﬁ +7) (3.29)
+ 200’ |2 |? + wF; + W' (|22 + F) — 2wRelh)]|z'|?,
where « is a positive number. Denote
d
R(t) = pr (w|2'|? + wF + akw(T'z + 2'T)), (3.30)

then from w’ = kw, w” = (k' + k*)w and

R -
o= F,+k (2] + F — azj — axj) — 2Re(h)|2'|?

) (3.31)
+ a(k' + k) (xz) + 2kal2’|? — ak(2'Zh + x2'h).
We take T7 large so that
|2'|? + F > 321 on J; = (Ty,00) and [ (t)|dt < ﬁ. (3.32)
T

Let us estimate R when ¢ € J; and « is suitably small. Suppose that k = k' =
onteJ\I, J=][T,00). Then from (1.26),(1.34), (3.31):

R
S <), ten\L (3.33)
On the remaining set I’ = I J;, we partition R in the form
R 5
— = Fy + k(l2'|* + F) + > _ Ry, (3.34)

k=1
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where
2Re(h -
Ry =2 e g4 o),
2Re(h
R2 = —7R§( )|I,|2 + 2I<JOZ‘I/|2,
2Re(h
Ry = _7;( )|x’|2 + k*a(zz’ + z2'),
2Re(h
Ry = — z( )|x’|2 + K a(zz’ + z2'),
2Re(h -
Rs = *R%()WP — ka(zz'h + a'zh).
To prove the estimate
Ry < —kay, forte I’ and small « (3.35)

let us fix p1 = /1/4 so that [2/|?> = |p|*> < {when |2| < L and [p| < [p1|. From
339
l
F(t,z) > 5 om L={tel: |2t <p}

On other hand
F(t,x) = F(T1,x) Jr/
T

for t € Jy. Thus F(t,z) > 1/4 in I. Since F(T,0) = 0 it follows that there exist a
number ug > 0 such that |x(t)| > ug for t € I;. From (1.26)), (1.32) we get (3.35)

for t € I;. In the remaining set I’ \ I; we have |2/(¢) > p; and if

t t
l
Fy(s,x)ds < F(Ty,z) + Y(s)ds < F(Ty,x) + 1
T

2p]
a< —. 3.36
<ot (3.36)
then
2kp?
2Re(h)|2'(t)|> > 20p3 > 4 > baky.
2 -
Ry = —gRe(h)|x’(t)|2 —ak(zj +xj) < —akx
and (3.35) is valid for all ¢t € I'. We claim that
k
Ry < %, for t € I' and small a. (3.37)
Indeed
RO < i RO <=
2Re(h k
Ry = (20k — el ))|x’(t)|2 < 2ak|z' (1)) < %
Otherwise, if |2/(t)| > pe, then from
1
< — .
o< (3.38)
we have
2Re(h
2ak < 2af0 < il < Re( and Ry < 0.
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Let us prove that

k
Rs < %, for t € I’ and small a. (3.39)

Indeed for p3 , we have

= X
— 16Lsup(k)
k
2ak? |2’ (t)Z| < 2ak*Lps < % it |2'(t)] < ps.
Otherwise if |2/(t)| > p3 then from |2'(t)| < C and
P3

L — 3.40
“= 58L sup(k) (340)
we have
20k2L 2k 2 2Re(h
ai?la's| < 2L < B < Mo < W, my <o

So (3.39) is proved. From ([3.27)) we have
2
Ry = —gRe(h)|x'\2 +ak'(Z'z + z(t)a') < 2a|k'|CL, for tel. (3.41)
To prove the estimate
Ry < 10a* L0k sup(k) (3.42)
define the set
Ii={tel:|2'(t)] >aA, A=5Lysup(k)}.
In this set
2/ [PyR(h) 2R€(h)|x,|2

_ _ =!,.7 <9 / <2 L
ak(zz'h + z'xh) < 2ak|z'zh| < 20k SaLysup(k) = 5

and we have Rs < 0.
In I’ \ I5 we have |2/(t)| < aL and estimate (3.42):

Rs < 2ak|zx’'(t)h] < 100*L*y6ksup(k) = 20*5kLA.

Thus we have the estimates

R 2
Z <yt k(WP +F —ax + %) +2aCLIK (£)] + 10a2L2~0k sup(k),
w

2
R <w (¢ +2aCLIK'| + 100°L*vdk sup(k)) + ' (1 +& — ax + %), (3.43)

where 6k =0 on J \ I. Let us fix « so small that (3.36]), (3.38)), (3.40) and
<X
~ 80M L%y sup(k)

are satisfied. Moreover in view of (3.26) and k € BV (J),k’ € L1(J) we can take
T, > T7 such that

o (3.44)

le(t)] < O;—X for t > Ty, (3.45)
ds < 2X K (s)ds < —X—. 3.46
“os < X [T < gk (3.46)

Then from (3.30)) and (3.43)),

d
= (w|2'|* + wF + akw(Z'z + 2'T))

=R <w (¢ + 2aCL|K'| + 100> L*yk sup(k)) + w' (I + ax/8 — 3ax/4)
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which integrating yields

w(|z'(t)]? + F + ak(z'z + 2'%))
t

o0 t
< / wipds + 2aCL/ w|k'|ds + 100> L%y sup(k‘)/ wik ds +w(l — bax/8) + c.
T> T> T>

So the function
U =w(|2'(t)]? + F + ak(z'z + 2'z) — | 4+ 5ax/8)
t t t (3.47)
7/ wipds — 2aCL/ w|k'|ds — 10a* L%y sup(k)/ wok ds
T> Ts T>
is decreasing.
Now we claim that there exist a sequence t,, such that t,, T oo and
E(ty)|z (t,)]*> — 0, n — oo. (3.48)

Otherwise, because of boundedness of k(t),|z'(¢)| there exist numbers kg > 0,
po > 0, t such that

k(t) > ko >0 and |2'(t)]>po>0 fort >t

In turn, since k(t) =0 on J \ I, we must have I D [t, c0),
k _
o(t) > EO and |z'(t)] > po >0 fort >4
So Re(h)|z'(t)|? > 0 for t > £, which contradicts (3.25).
From (3.44)-(3.47) we have
U(tn)
w(tn)

> e —2aLklz'| + bax /8 — 3ax/8

—ax/8 — 2aLk|z'| + 2ax/8
ax/8 — 2aLk|r'|.

From (3.48), Lk(t,)|z' (t,)| < x/32 for n > ng and

U (t,)
w(tn)

Hence ¥(t,) — oo as — oo. This contradicts the fact that ¥(¢) is decreasing. So
[ =0 or lim;_,(|2'|? + F) = [ = 0 from which follows (1.2)).
The proof of the general case k € BV (J) follows from the lemma below. O

2
2

> arx/16.

Lemma 3.1 ([10]). Let k(t) be a non-negative continuous function of bounded
variation on J (k € BV (J)). Then for every constant 0 > 1 there exists a function
k € C'(J) and an open set E C J such that

() 6k > k> {k in J\ E
0, m£FE
(ii) Var(k) < 6 Var(k)
(iil) [, kdt < 1.
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