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ALMOST PERIODIC SOLUTIONS FOR HIGHER-ORDER
HOPFIELD NEURAL NETWORKS WITHOUT BOUNDED
ACTIVATION FUNCTIONS

FUXING ZHANG, YA LI

ABSTRACT. In this paper, we consider higher-order Hopfield neural networks
(HHNNSs) with time-varying delays. Based on the fixed point theorem, Lya-
punov functional method, differential inequality techniques, and without as-
suming the boundedness on the activation functions, we establish sufficient
conditions for the existence and local exponential stability of the almost peri-
odic solutions. The results of this paper are new and they complement previ-
ously known results.

1. INTRODUCTION

Consider the following higher-order Hopfield neural networks (HHNNs), with
time-varying delays,

zi(t) = —cizi(t) + Z aij(t)g;(z;(t — 75(t)))
oo (1.1)
+ 3N b ()gi (x5t — oiu () gi(@i(t — viju(t)) + Li(t),

j=11=1

fori=1,2,...,n, where n corresponds to the number of units in a neural network,
x;(t) corresponds to the state vector of the ith unit at the time ¢, ¢; > 0 represents
the rate with which the ith unit will reset its potential to the resting state in
isolation when disconnected from the network and external inputs, a,;(t) and b;;;(t)
are the first- and second-order connection weights of the neural network, 7;;(t) > 0,
0i;1(t) > 0 and wv;;;(t) > 0 correspond to the transmission delays, I;(t) denote the
external inputs at time ¢, and g; is the activation function of signal transmission.

Due to the fact that high-order neural networks have stronger approximation
property, faster convergence rate, greater storage capacity, and higher fault toler-
ance than lower-order neural networks, high-order neural networks have been the
object of intensive analysis by numerous authors in recent years. In particular,
there have been extensive results on the problem of the existence and stability of

2000 Mathematics Subject Classification. 34C25, 34K13.

Key words and phrases. High-order Hopfield neural networks; almost periodic solution;
exponential stability; time-varying delays.

(©2007 Texas State University - San Marcos.

Submitted March 11, 2007. Published July 13, 2007.

Supported by grant 10371034 from NNSF of China.

1



2 F. ZHANG, Y. LI EJDE-2007/99

equilibrium points and periodic solutions of HHNNs (|1.1) in the literature. We
refer readers to [I, 2, [7, 8] and the references cited therein. The assumption
(T0) for each j € {1,2,...,n}, g; : R — R is bounded, i.e., there exists a
constant L; such that

lgj(u)] < Lj, forallueR (1.2)

has been considered as a fundamental condition for the existence and stability
of equilibrium points and periodic solutions solutions of HHNNs . To the
best of our knowledge, few authors have considered the problems of periodic and
almost periodic solutions of HHNNs without the assumptions (T0). Thus, it
is worth while to investigate the existence and stability of almost periodic solutions
of HHNNs in this case.

In this paper we shall study the existence and stability of almost periodic solu-
tions for . By applying the fixed point theorem, Lyapunov functional method
and differential inequality techniques, we derive some new sufficient conditions en-
suring the existence and local exponential stability of the almost periodic solution
of . These results are new and they complement previously known results.
In particular, an example is also provided to illustrate the effectiveness of the new
results.

Throughout this paper, for ¢,7,1 = 1,2,...,n, it will be assumed that I;, a;;,
biji, Tijs 0iji, Viji - R — R are almost periodic functions, and there exist constants
T, @5, bij and I, such that

r=mexd, mx, e, g sp o), g s
sup ()] = B, suplagy(8)] =75, sup|L(5)] =T, -
teR teR teR
We also assume that the following conditions hold:
(H1) For each j € {1,2,...,n}, there exists a nonnegative constant L? such that
95(0) =0, |g;(u) — gj(v)| < Li|u —v|, for all u, v € R.
(H2) Assume that there exist nonnegative constants L,q and § such that

Ti n n n _
L= max{=}, 0= max{¢'D> a;L!+> > biulILi]} <1,
j=1

1<i<n "¢ 1<i<n :
j=11=1
L n 27, n on
_ -1 =79 7979
=5 <1l q= lrélfugxn{ci (Za”Lj tq —5 ZwaleLl>} <1
j=1 j=11=1
For convenience, we introduce the following notation. We use z = (21,72, .., 2,)"

in R™ to denote a column vector, in which the symbol (7) denotes the trans-

pose of a vector. We let |x| denote the absolute-value vector given by |z| =

(|21, 22|, - - -y [2a])T, and define ||z|| = maxi<i<n |®i|. A vector z > 0 means

that all entries of x are greater than or equal to zero. = > 0 is defined similarly.

For vectors x and y, © > y (resp. « > y) means that x —y > 0 (resp. x —y > 0).
For the rest of this paper, we set

{; (1)} = (@1(8), 22(1), ..., 2 (1),
B = {plp = {p;(t)} = (p1(t), p2(1), ..., ()T},

where ¢ is an almost periodic function on R. For all ¢ € B, we define the induced
module ||¢||s by ||¢llz = sup;cp ||¢(t)|]. Therefore B is a Banach space.
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The initial conditions associated with system (1.1)) are of the form
zi(8) = @i(s),s € [-7, 0], i=1,2,...,n, (1.4)
where ¥ = ((,01(t), @2(t)7 AR @n(t))T € O([_Tv OL Rn)

Definition. [3| 4] Let u(t) : R — R™ be continuous in ¢. u(t) is said to be almost
periodic on R if, for any € > 0, the set T(u,e) = {d : |u(t + ) — u(t)| < ¢, for
all t € R} is relatively dense, i.e., for Ve > 0, it is possible to find a real number
I =1(e) > 0, for any interval with length I/(e), there exists a number § = d(¢) in
this interval such that |u(t 4+ 0) — u(t)| < ¢, for for all t € R.

The remaining part of this paper is organized as follows. In Section 2, we shall
derive new sufficient conditions for the existence of almost periodic solutions of
. In Section 3, we present some new sufficient conditions for the local expo-
nential stability of the almost periodic solution of . In Section 4, we shall
give some examples and remarks to illustrate our results obtained in the previous
sections.

2. EXISTENCE OF ALMOST PERIODIC SOLUTIONS

Theorem 2.1. Let conditions (H1) and (H2) hold. Then, there exists a unique

almost periodic solution to (L)) in the region B* = {p|¢ € B, |l¢ — ¢ollp < 251},
where

t) = {/_ exp(—c;(t — s))I;(s)ds}

— (/_too exp(—ci(t — s))Il(s)ds,/ exp(—co(t — ))Ia(s)ds,

— 00

. ,/t exp(—cp(t — s))In(s)ds>T.

— 00

Proof. For each ¢ € B, we consider the almost periodic solution x¥(t) to the
nonlinear almost periodic differential equations

zi(t) = —cizi(t) + Zaw )95 (05 (t — 73;(1)))
- (2.1)
+ 3D i) g (i (t — oi ) gi(pu(t — vijn(t)) + Li(t),

j=11=1

for i = 1,2,...,n. Then 7;(¢), b;;(¢t) and I;(t) are almost periodic functions.
According to [3, pp. 80-112] and [4, pp. 90-100], we know that the auxiliary system
(2.1) has exactly one almost periodic solution

:L#P(t) = (xf(t)v l‘g(t), s 7mﬁ(t))T

= (/_; e T {i a1;(s)g; (15 (s — 715(s)))

0D b9 (es(s — a1 (Naulienls = vi(s)) + Li(s)|ds,
j=11=1
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. / C et [f s ()95 (05 (5 — Ty (5)))

8

£ 303 buit(5)05 055 — T (Nan(euls — () + Lu(s)]s)

j=11=1
Now, we define a mapping T : B — B by setting
T(p)(t) = «*(t), Vo€ B.
Since B* = {p € B, ||¢ — pollp < 2}, it is easy to see that B* is a closed convex
subset of B. According to the definition of the norm of Banach space B, we get

leolls = Sup max {/ s)exp(—c¢;(t — s))ds}

R 1<i<n

< sup max {—}
teR 1<i<n " ¢;

Therefore, for for all ¢ € B*, we have

oL L
< — < = <1. .
lells < lle = wolle +llvolls < =5+ L =75 =1 (2.2)
In view of (H1), we have
lgj(w)| < Llu| forallu € R, j=1,2,...,n. (2.3)

Now, we prove that the mapping T is a self-mapping from B* to B*. In fact, for

all ¢ € B*, from ([2.2) and ([2.3), we obtain
1T —ollB

= sup max {| t emeilt=s Zaw $)9; (0 (s — 7i5(s)))
!

teR 1<i<n

)0 bi(8)g; (i (s — ija(s)))gi(pr(s — Vijl(s)))} ds|}

j=11=1

< ilelﬂg 1r£?<Xn{/too eci(t=s) ZGUL lells + ZzbzgngLg”@HB]ds}
t j=11=1 ’
< Sup 1?%)("{/—00 e~ci(t=9) Za”Lgi +;;b”zL 'L ( 5) ]ds}
t L
- iggf;l?;‘n{/_m o—ci(t—s) Z%L +JZ”§;ZWL L }ds —}
< e [+ S s
oL j
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where § = maxy<i<n{c; ' [X7_; @i LY + >0y >y bijnLYL{]}. This implies that
T(p)(t) € B*. Next, we prove that the mapping T is a contraction mapping on B*.
In view of (2.2) and (H1), for all ¢,¢ € B*, we have

IT(6(t)) =T (4 ()]

= (1) ~ TN .. (T6(0) ~ TEN)
= (|/ e_cl(t_s)[Zalj(s)(gj(¢J(s 715(5))) — 95 (5 (s — 115(s))))
. >
+Zme )(95(¢5(s = a1u())gi(du(s — v1u(s)))
j=11=1

= 9503 (s = 1 ())an(Wls = va(s)))) |dsl, ..

| / ement) [Z g (5)(95(85(5 = Tus () = 955 (5 = 7ns(5))))

+ Z Z bnji(5) (95 (05 (s — onji(5))gi(Pi(s — vnji(s)))

j=11=1

T
= 95(5(s = nit(s)gu(Wa(s = vasu(5))) ] dsl)

n

t
< (/_Oo e—c1(t—s) [;%L? igﬂg |¢)J (t) — ¥; ()|

+ 30> butllgi(5(s — ov())gi(ils — vz(s))

j=11=1
— 9(¥i(s — 0151(5))) 91 (P (s — viji(s)))]
+ 195 (15 (s — 0151(8))) g1 (Pi (s — v15(s)))

— 95 (s — o11() g (Wi (s — vij(s)))]) | ds,

t
e s>[zam Jsup |05 (1) - 5(0)

+Z brjit (19 (5(5 = 0njt(9)))g1(1(5 — vnji(s)))

—g;( a( — 0nji(5))gi1(d1(s = vnji(s)))]
+ 195 (¥ (s = onji(5)))gi(di(s — vnji(s)))

T
— g5 (i (s — onju(s)) g (dhi(s — anl(s)))wds)
< (/_OO e‘Cl(t—s)[Za—leg Sup|¢>j(t) B ij(t”

+ZZbungLg sup |61(6)] +sup [ I|6 = ¥l plds;....

j=11=1
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t n
/ emen(t=) [Z L sup 5 (1) = v 1)

— 00

T
F3S h (sup [9x(1) +sup 15 (1)) o 1) )
j=11=1

< (Cl ( aleg QLészlleng |¢ wHBv

j=1 j=11=1

c#(ZWL%% > bapLILY)|¢ - wHB),

n

j=11=1
which implies
IT(@) - T@)lla < max {c;" Z%L £ 2SS B Do~ vl
j=11=1
=dqllo - wIIB.

Note that ¢ = maxi<;jcn{c; '(O7_y @ LY + 25 30 Yy bipnLIL)} < 1; it is
clear that the mapping 7T is a contraction. Therefore the mapping T possesses a
unique fixed point Z* € B*, TZ* = Z*. By (2.1), Z* satisfies (1.1). So Z* is an
almost periodic solution of (1.1]) in B*. The proof is complete. O

3. STABILITY OF THE ALMOST PERIODIC SOLUTION

In this section, we establish some results for the stability of the almost periodic

solution of (1.1)).

Theorem 3.1. Let

max {c¢; ZaUL +ZZbUlL9Lg +27)]}<1

1<i<n
j=11=1

Suppose that all the conditions of Theorem are satisfied. Then (1.1) has ezxactly

*

one almost periodic solution Z*(t) = (xi(t),x5(t),...,2%(t))T € B*. Moreover,

rn

Z*(t) is locally exponentially stable, the domain of the attraction of Z*(t) is the set
G1(Z*) = {plo = (p1(t), 2(t), .., on(®))T € C([=7, 0]; R"), llo — ¢l < 1},

where o* = {@; ()}, ;(t) = x5(t), j = 1,2,...,n, t € [-7,0], and |lp — ¢*|1 =
SUP_,<s<o Maxi<;j<n [0j(8) — ¢j(s)|. Namely, there exist constants A > 0 and
M > 1 such that for every solution Z(t) = {z;(t)} to system with initial
value ¢ = {p;(t)} € G1(Z*), we have

2i(t) — 2f ()] < Ml — @*|lie™, Vt>0,i=1,2,...,n

Proof. From Theorem system has exactly one almost periodic solution
Z*(t) ={x}(t)} € B*. Let Z(t) = {x;(t)} be an arbitrary solution of system (1.1
with initial value ¢ = {p;(t)} € G1(Z7), let y(t) = {y;(t)} = {z;(#) —2;(¥)} =
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Z(t) — Z*(t). Then

yi(t) = —ciyi(t) + Zaw (g5 (; (t = 73;(1))) — gj(x;(t = 7i5(t))))

+ Zzbul (95 (25 (t = 0iju () g (21 (t — vizu(t)))

j=11=1
— g5 (@ (t — oii()gi(z] (t — vin(1), i=1,2,....n

Since maxlgign{ci_l[zj V@ LY YT ST b LI (1 + 2755)]} < 1, we can
easily get

L
—cl+2aij+ZmeLL (142775) <0, i=12...n,  (32)

j=11=1

which 1mphes that we can choose a positive constant A such that

L
g AT grg 2)\7' AT
A— ¢ +Z%L +;;me L (e + 26X ) <0, (3.3)
forv=1,2,...,n. We consider the Lyapunov functional
Vi(t) = |yi(t)]eM, i=1,2,...,n. (3.4)

Calculating the upper right derivative of V;(¢ ) along the solutlon y(t) ={y; ()} of

system (3.1) with the initial value ¢ = ¢ — ¢*, we have from ([2.2] . .
(H1) that

DT (Vi(t))

< —cilyi(t) [Zlaw Mgs (5 (t = 735(8)) = g (5 ( — 755 (1)))]|

+ DD i ()15 (a5 (t = oiju())gu(a(t — vij(t)))

=11l=1

(@5t — s () gu(ar (t— vin ()] e + Ays(t)]e

<.

e}

< (A —a)lw(t) M+Z\am LG ly; (8 = 765(1))]

[ZZ bist ()11 (x5 (¢ = 30 (0))u (¢ = vigu (1))

j=11=1
— g5 (5 (t = 0iji () gu(@i(t — visi(t))] + g5 (25 (t = 03 () gu (i (t = vizu(t)))

= (@5 (t — oijn(t)gn (] (¢ = vizu(1))]) [

< (A —a)lwi(t) ZG’UL ly; (t = 7i; ()]

+ 20 2 bt LI (s (¢ = i) It = vig(8)

1i=1
(t = vig(®)] + |25 (t = oin (@)l (t — vizu()])]e

<.

+ ]
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< (A= c)lyi(t) [ZaUL ly; (¢ — 735(2))]

j=1

3 B LS L (s (¢ — i) — v (1)
j=11=1

L L

1yt — o (O 5 + Tt — v )], (35)

where i = 1,2,...,n. Set

o=@l = _sup ma I (s) — @55 >0

Since ||¢ — ¢*||1 < 1, we can choose a positive constant M > 1 such that
Mlp=¢*i <1, (Mg —¢*[)?* < Mllp = ¢*|r. (3.6)
It follows from (3.4) that
Vi(t) = |yi(t)|eM < M|jp — o*||1, forallte[-7,0], i=1,2,....n
Now we claim that
Vi(t) = |yi(t)|eM < Mlo — ¢*|1, forallt>0,i=1,2,...,n.  (3.7)
Contrarily, there must exist an ¢ € {1,2,...,n} and ¢; > 0 such that
Vilts) = Mlle — ¢"[l1 and  Vj(t) < M|l — "1, Vt € [T, 1),
for 5 =1,2,...,n. It follows that
Vi(ti) = Ml —¢"[1 =0 and  Vj(t) = Ml — ¢*[lL <0, Vt € [-7, ;)
for j =1,2,...,n. This together with (3.5)), yields
0< D (Vi(ts) — Mlle = ¢"[11)

= D (V1)
< (A= e)lyilt [ZaUL ly (= 73 (2:))]
+ D0 b KL (ly; (8 — oja(8) [y (s — viga(8)]
j=11=1
st = o (0)) |7 + sl — v ()]

n
= (A= c)lyst)leM + Y@Ly, (ts — 7ij (t:)) X ) Amia(8)
j=1

n
3 Bt ALY (s (ts = ougn (1)) 75Dy — vig(t)|

3

e/\(tf,—u”l(ti))e)\aul(ti)ekuiﬂ(t,-,)e—kti
4 ij( U”l( ))|€A(tz aiji(ti)) >\<T”z(t)

L
gl = ()] ) W”)
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n
< (A =)Mo =@ |+ Y agLie Ml — ¢* |y
j=1

Z D LI LY (Ml = " [|1) e 7

HM:

L L
Mo — ¢*[l1e* 76+17M||<P ©*[1e*)

< [(A—czv)JrZ@Lg +ZzbungLg (3T +2¢N L(s)}MHw ¢*ll1-

j=11=1

Thus, we have

0<(A—c)+ ;@Lge” + ; ; biji LILY (2 + 2e”1—fd)
which contradicts . Hence, holds. It follows that
lys ()] < M|jp — p*|lie™, t>0,i=1,2,....n
This completes the proof. (I

4. AN EXAMPLE

In this section, we give an example to demonstrate the results obtained in pre-
vious sections.
Consider the following HHNNs with delays:

1 1
T — (sint)gy (21 (t — sin*t)) + 1—6((:05 3t)go(wo(t — Tsin? t))

+ é(cos t)g1(x1(t — 5sin®t))ga (2o (t — 2sin?t)) + %sin(\@t),

21 (t) = —w1(t) +

1 1
T: (sin 2t) gy (z1(t — cos®t)) + E(COS 8t)ga(x2(t — 5sin?t))

+ é(cos 48)g1 (1 (¢ — sin? £))ga (s (t — 4sin® 1)) + %cos(\@t),

y(t) = —wa(t) +

(4.1)
where ¢g1(z) = ga2(z ) |z|. Observe that ¢; = ¢ = LY = L§ = 1, aj; = £,
i,j=1,2,b110 = b =4, b1 =0,1,5,1=1,2, ijl # 112, ijl # 212. Then

2 2
1
9Ly
, (5—1r£11a<><2{c E a;; L E_ E_ ”lLL 4<1,
2 ol 2.2 3
_ — 919)
0= e QI+ 75 0 2 B} = g <L
i=

j=11=1

L:

oo

2

2 2
L 1
a; LY 979 Loyt
e (o ] + 33 B + 2y = 5 <1
j=11=1

Jj=1

Therefore, By Theorem system (4.1)) has a unique almost periodic solution
Z*(t) in the region ||¢ — ol < 0.25. Moreover, Z*(t) is locally exponentially
stable, the domain of the attraction of Z*(¢) is the set G1(Z*).
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We remark that (4.1)) is a very simple form of HHNNs. Since g;(x) = go(x) = |z,

one can observe that the condition (T0) is not satisfied. Therefore, all the results in
[T, 2, 5L [6] 7, [8, 9] and the references cited therein can not be applicable to system

(4.1). This implies that the results of this paper are essentially new.
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