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NONLINEAR DECAY AND SCATTERING OF SOLUTIONS TO A
BRETHERTON EQUATION IN SEVERAL SPACE DIMENSIONS

AKMEL DE GODEFROY

ABSTRACT. We consider a Cauchy problem for the n-dimensional Bretherton
equation. We establish the existence of a global solution and study its long-
time behavior, with small data. This is done using the oscillatory integral
techniques considered in [5].

1. INTRODUCTION
For the Bretherton equation, we consider the initial-value problem (I.V.P)
g Fu+Au+ ANu=F(u), z€R", n>1,1t>0,
u(z,0) = fi(x), (1.1)
ui(x,0) = fo(x),

where F(u) = |u|*u and o > 1. Problem with n = 1 was introduced by
Kalantorov and Ladyzhenskaya in [4], where they proved the blow-up of it’s so-
lutions in finite time for large data. After an investigation on the local existence
of solutions to with n = 1, Scialom [7] pointed out that the global existence
result for “small data” remains an open problem.

Furthermore, using a new computational method called “RATH” (Real Auto-
mated Tangent Hyperbolic function method), Zhi-bin Li et al. [10] showed the
existence of solitary-wave solutions of some partial differential equations. Yet, for
the Bretherton equation, the “RATH” method showed the non-existence of solitary-
wave solution. Our scattering result here seems to confirm the computation result
of Zhi-bin Li et al. for the non-existence of solitary-wave solution to the Bretherton
equation, at least for small data. Indeed it is well known that affirmative results on
scattering are interpreted as the nonexistence of solitary-wave solution of arbitrary
small amplitude, see [2, [6]. Our aim in this paper is to study the global existence,
the uniform in x decay to zero and the scattering as t — oo, for solutions of
with sufficiently small data. More precisely, we show the following two theorems:

Theorem 1.1. Let o > 5 and fi, fo € H*(R") NLY(R"), n > 1, with s > 3n. If
|file + ([ fillsny2 + 2|1 + (| f2llsn/2 < & with 6 sufficiently small, then the solution u
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of (1.1)) s unique in C(R,H*(R"™)) and satisfies
lu(z, t)]oo < c(1+1)7H4 ¢ >0, (1.2)

where ¢ does not depend of x and t. Moreover, there is scattering for t — 400, that
is, there exist uy,u—, solutions of the linear problem (2.1), such that ||u(t)—ux(t)||2
tends to 0 as t — Foo.

Theorem 1.2. Let a > 1+ 3 and f1, f2 € HT+%”+1(R”)0L3+§TL(R"), n > 1, with

r> % [f ”ler—i-%n,q + Hf2||7'+%n,q + ||f1||r+gn+1 + ||f2||r+%n+1 < 5 wzth 6 Sma’ll7
then the solution u of the I.V.P (1.1)) satisfies

(. )llp < (1475, 20, (13)
where p=2/(1—0),q=1/(1+86), and 6 €]0,1].
Notation. The notation || - ||, is used to denote the norm in L2 such that for
u € LER™), [lullrp = llulliz = (1 = A)"?ullLr < co. Also, |- |, instead of |- [lo,
denotes the norm in IL”, and H* with norm || - || is used instead of IL2. Throughout
this paper, ¢ represents a generic constant independent of ¢ and x. The Fourier
transform of a function f is denoted by f(&) or F(f)(¢) and F~1(f) = f denotes

the inverse Fourier transform of f.
For1<p,g<ocand f:R" xR — R,

1f Lo RiLe Re)) = (/m (/ If(wvt)\pdw)q/pdt)l/q-

— 00
2. LOCAL EXISTENCE RESULT

In this section, we write the Cauchy problem associated with ([1.1)) in it’s integral
form and we prove the local existence and uniqueness of it’s solution. Our method of

proof is based on linear estimates and a contraction mapping argument. Thereupon,
we state a locally well-posed theorem for (1.1)).

Theorem 2.1. Let s > n/2 be a real number, and fi, fo € H*(R™), n > 1. Then
there exists Ty > 0 which depends on || fi|ls and | f2|ls, and a unique solution of
(1.1) in [0,T], such that u € C(0,To; H*(R™)).

Proof. Consider first the linear part of :
g +u+lu+ANu=0 zeR*, n>1,t>0,
u(z,0) = fi(x), (2.1)
u(z,0) = fa(),
The formal solution of is
u(z,t) = Vi(t) fr(z) + Va(t) f2(x) (2.2)
where

Vil fa(e) = [5(e + O fo€)] (o),

Va(t) fo(z) = [%(eitaﬁ(&) — e ") f,(6)]Y(2)

with ¢(&) = (1 — [¢]* + [¢|*) V2.
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We define
) = 1 zw§+zt¢(§) f2(£)
SO () = gy [ e 2
Then
Vi(t) fi(z) = S1(t) fr(z) + Si(=t) f(2),
Va(t) fa(w) = Sa(t) fa(z) — Sa(—1) f2(x)
Note that )
(&) > —=(1+[¢*). (2.3)

2
Indeed, ¢(€)” = 1 — [ + [¢[* = (1 - 3[¢2) + §|§|4 so that if |¢] <1 then

) NS
o2 1+ el = 2+ Ziep v e = L lepy:
and if [¢] > 1 then

Remark 2.2. Since (1.1)) will not change when ¢ is switched to —¢, the solution
u(t) in Theorem [2.1] can be extended to u € C([—Ty, To]; H* (R™)).

Remark 2.3. Note that, since the negative sign of ¢ in S;(—t) acts only on the sign
of the phase function, the estimates of S;(t)f(z) below hold also for S;(—t)f(x).
Hence, to estimate V;(t)f(z) one only has to estimate S;(¢)f(z), j = 1,2.

To prove the existence theorem for (1.1]), we need the following inequalities.
Lemma 2.4. Let fi, fo € H*(R™),s > 0, and Vi(t), Va(t) defined in (2.2)). Then

Vi(®) fr(@)lls < ell fills (2.4)

IVa(t) falls < ell falls—2 < ell fals- (2.5)

The proof of the above lemma follows directly from the definition of V;(¢) and
Va(t) in (2.2) and the use of the inequality (2.3]). O

Thereafter, with Lemma [2.4]in hand, one can use the contraction mapping prin-
ciple to prove the local well- posedness result in Theorem [2.1] Then, thanks to the
Duhamela principle, the solution of ([1.1]) verifies the 1ntegral equation

u( t) = Vi(t) fa () + Va(t) ‘/%t—Twax> (2.6)
Let us define
p(u)(t) = Vi (D) f1 () + Va(t) /vw—Twwx>T (2.7)

and the complete metric space

F={veCOT;H®R"), s>n/2  sup o(0)]l, < a},
[0,7]

where a is a positive real constant.
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We begin by showing that ¢ : F — F'is a contraction. The use of the definition
of ¢ in (2.7), Lemma and the fact that H*(R™)), s > n/2 is an Algebra, lead
forall0<¢<T, to

lp(u)(@)lls < e(llfrlls + I f2lls) +C/O (" u) ()| sdr

t
<c(lfills + ||f2|\s)+c/0 [u(r)]| o dr (2.8)

<c(llfrlls + Il f2lls) + CT([Sup] ulls)* .

)

Thereby, taking p as a positive constant such that || f1||s + || f2]ls < u, we get for
u € F,

sup le(u)(®)]ls < e{p +a® T}

so that choosing a = 2cu, we obtain
sup [lo(u) ()]s < efp + 20Tt ITY = epf1 4 20 e Ty
[0,T]

Then, fixing T" such that
gatleatljap < (2.9)
we get

sup [l@(u)(t)|ls < 2cp = a.
(0,7

This shows that ¢ maps F' into F. The next step is to prove that ¢ is in fact a
contraction. We consider v and v in F' with the same initial values. Thus

(p(u) = p(v))(t) :/0 Va(t = 7)(Ju["u = |v[*v)(r)dT.

To estimate sup 7 || (¢(u) —(v))(#)||s we use Lemma Taylor formula and the
fact that H*(R™)), s > & is an Algebra; it follows that for all 0 <t < T,

et = oD@ < ¢ [ 1Jul* + o) = o)(r)
<o [ 10ul® + W)@l - ) lr

< cT( sup [ull§ + sup [[o][) sup f[u — vl
0,7 (0,77 (0,77

which leads, with a = 2cu as above, to
[(p(u) = () (B)]|s < 20F eF poT sup l[u—vls. (2.10)

Hence, with the choice of T' as above in (2.11), we get from that ¢ is a
contraction map in F. Thus, the application of contraction mapping principle
gives the result of local existence and uniqueness in Theorem

For the sequel, we need the following inequalities which are obtained by obvious
computations including the inequality : V¢ e R,

ell2le - 1
v -
VoI = T e v ey

[D2¢(€)] < . (2.12)

(2.11)
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3. LINEAR ESTIMATES

The purpose of this section is to study the linear equation associated with (1.1))
and to establish linear estimates needed for the next section. The following result
is concerning the decay of solutions of the linear problem ({2.1]).

Lemma 3.1. Let Vi(t) and Va(t) be defined as in (2.2). Let fi, fo € H2"(R™) N
LY(R™), n > 1. Then there exists a constant ¢ independent of f1, fo,t and v € R"
such that

Vi) filoo < c(Ufil+ I fillansa(L+6)714 =12, (3.1)
or allt > 0. oreover, let f1, fo € H2 NLs ,n>1 ke ; then
f ll 0. M let f1, f H3™(R" L1n+k R” 1, ke RY; th

2
we have
Vi) fillkoo < ellfillgnana + Ifillznr) @+ 074 j=1,2. (3-2)

Before proving the above lemma, we prove the following lemma.
Lemma 3.2. Given z € R" and t € RT, the phase function

(&) = ¢(&) +17 ' (x,€)

has a finite number of stationary points. Moreover, if & is a stationary point of ¥,
then any point ns verifying |ns| = |&s| is also a stationary point of V.

Proof. Since

§(26 - 1)
(1= &> + Ig]*)1/2

VU(E) = V() +at™! = +ath

we have
V() =0 & QP —1) +at (1- ¢’ + g2 =0
and making the scalar product with
labele3.3¢(2|€]? — 1) + at (1 — [€]? + |€]H)/? (3.3)
we get
V() =0 (PP -1+ et PA- [P+ ) =0 PN =0 (3.4)

where P(y) = 4y5 — 4y* +y? — |t 1?(1 — 3% + y*), y € R,. The stationary points
of ¥ are such that their norms are the roots of P(y). Then since P(y) is polynomial
of degree 6 so that it has at most 6 roots, we deduce that ¥ has a finite number of
stationary points in R”. Furthermore, since P(0) = —|zt~1|?> <0 and P(y) — +o0
as y — +o0o, and since P(y) is continuous, we deduce that there exists at least
one stationary point of W. Therefore, ¥ has a finite number of stationary points.
Moreover, we note that if £, is a stationary point of ¥ and if 7, is a point verifying
Ins| = |€s], then we have P(|ns|) = P(|¢s]) = 0 and consequently from (3.4) n, is
also a stationary point of W. This completes the proof of Lemma [3.2 (I

Next, we use Lemma [3.2] to prove Lemma [3.1} Let us recall that, thanks to
Remark the inequality (3.1) of proposition (3.1)) holds for Vi(t) and Va(t)
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whenever it holds for Si(t) and Sa(¢). If 0 < t < 1, we have, thanks to the
Schwartz inequality,

SUOA@) = 5] [ MO
SYMEGI
<ol Q1P Pl < Al

<c(L+ )4 fillzng2

Ift>1,let Q= {€eR|¢ <tan}and ¢(€) = xa(€)e™®©); then thanks to the
Schwartz and the Young inequality,

|S1(t) f1(=
1

)
eit¢(€)+i$'§ £
sz L+ ) Fu(eyde
< elite) i@+ el [ (1416102 (14 1P e Pae) 2
QC QC

< eld@e(@)lool fr(@) + et fillsns

(3.6)
where the first factor in the second term of the right hand side of (3.6]) is a bound
given Vt > 1 by

(/{lglzmln}(l + \5I2>‘%"d£)1/2 < (/{@41”} T_gnrn_ldr)l/z

_ C(t71/2)1/2 _ Ct71/4.

It remains to estimate ¢;(z). We need for the sequel, the following notations: We
take Q = {€ € R",|§] < tan} and let & = {€ € R", V¥(£) = 0} be the set of
stationary points of U. Hence from Lemma[3:2] & has a finite number of elements.
Then set

s = | Bt g ern g <t7/4)

CEEs
where for each ¢ € &, B((,t~ /%) = {£¢ e R™, ¢ — (| < t~Y/*}. Let

A= s 5= <l < 1),

Hence

G(z) = / etz ge — (/ +/ )eit¢(£)+iw‘§d§ =1+ L. (3.7)
Q QnA QnAe
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Since from Lemma card(Es) < oo, we get

L) < / de
QNA

< Z/ d§+/ d§+/ d¢
(g, /Bt {lel<e—1/4) {5 (1=t~ V)<< 5 (1+e-1/4))

S/ r"_ldr—i—/ rldr
{0<r<t—1/4} {5 A—t= /N <r< (14t 1/4)}

<t d 4 r"dr
{L (-t /1) <r< L (1+¢-1/4)}

<t F ot VA< etA,

(3.8)
For I, we point out that on
1 1
AC = {s(t7V/M)}e < 1=tV u{lE > =1+ tYHY,
{s M3 MHlel < \@( )} U{lEl = \/5( )}}
¥ has no stationary point so that we can integrate I» by parts as follows:
=] [ e
QNAc
1 _
Zt_l \V4 eztlll(g) df
o TOETETE
_ 1 _ d¢
<t 1/ IV( )|dé +t 1/ —— 3.9
arae VU oty [T (39)
1

<ot [ {9+ IV g e

L prue)
<a” [ Seers

For the rest of this article, we consider a point £ € &; then we have
1
ACC{E e R | — & >tV n{jg] > e n {{l¢] < \ﬁ(l — N}
1
U{le] > =1+t~ Y41
{I¢l ﬁ( )}
Hence from (3.9)), we obtain

[I2] < ct‘l/ Mdg (3.10)
QN{B1UE:}n{[¢—&.| >t/ }n{le|>t-1/1} [VE(E)]
where By = {€ € R", [¢] < Z5(1—t7"/*)} and By = {€ € R", [¢| > (1 + 7))
For the sequel, we need the following inequality: with F; and FEs as defined in
(3-10), we claim that on {E; U Eo} N {|€ — &| > t=Y4yn{|¢] >t~ /4,
fa+le)
(1 — €2 + [€14)1/2

To prove this inequality, let us give the following remark.

IVEE)] = et

(3.11)
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Remark 3.3. Let & € &. Then for any £ € R”, there exists an index set J empty
or not, with J € {1,...,n} such that

—sgn(&y;) ified

sen(&i) = {sgn(fsi) if i e Je.

Let us prove now inequality (3.11]). In view of Remark let & € & and let J
be an index set such that

_ Y ifieJ
san() = | oS HIES
sgn(€s;) ifi e Je.
Moreover, define a point 1y by

o gsi ifieJ
T e ifie e

where J is the same index set as above. Hence from Lemma ns is also a
stationary point and then thanks to Remark [3.3] and the definition of 7, we have
on By = {¢ € R",|¢] > (1 +t=Y/4)} and for |&,] > v

VU] = V() = V¥(ns)| = [VO(§) = Ve(ns)|

(=R +[EM2 (1 = [ns]? + ns]4)1/2

B BT I e /N G )
=t LT g T e+

= @EP-1 . @&P-1
-2l MMMWQ@M—mumWM

@l — 1) (2l — 1)
F ST e i TS e

_ (2¢]” — 1) e g 2l&sP = 1)
; sgn(&:) |§z — €2+ g2 — sgn(&si) sl (1— &2+ |£S|4)1/2|

P CleP - 1)
+ 2 bl g TRy

2 -
= Y k(e 2D el Dy

1/2 + Sgn(gsi) |§sz|

= €17 + [€14) /2 (1= &[> + 1)
Ve (2lEP 1) Ve @l&P—1)
+ ZGZJL |Sgn(§l)|§l| (1 _ ‘£|2 + |£‘4)1/2 + Sgn(é‘l)'é’SZ' (1 _ ‘£S|2 + |§5|4)1/2|

_ &l 22 - 1) €l (216,12 — 1)
=+ LG g7 e+ G

S G2 - DOV +1) e U+ D)
G e S A (1 —[€1> + [g|)H/2
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Again on By = {£ € R",|¢] > %(1 +t=/*)} but now for |&] < %, we write
thanks to the definition of 7;,

VU ()] = [Ve(E) — V(—ns)|

IV @2 - 1)
R aT e T e T A e
SRS VR X

(=[P + g2 (1= Ins[? + a1/
so that thanks to Remark [3.3] and the definition of 7,, we follow the same lines as
above to obtain

- (2167 - 1) (1 — 216 [°)
V()| = €] =g+ eoe - 6] (1— &> + [&|4)1/2
> op-t/a 0+ 1)

(1= [g]> +[€*)H2
For this time, on F; = {€ € R",[¢] < %(1 —t~YN} and if |&] > L, we write

V2 V2’
thanks to the definition of 7, above,

IVE()] = [Vé(=ns) = Vo(S)]

B /e VIR ' it R
T P D72 S [P T e

2 . 2

g @mPon )

PO+ D72 - e + |€\4)1/2|
so that thanks to Remark and the definition of 1, we follow the same lines as
above to get

_ 2l&” - 1) (1—2[¢]?)
‘V‘II(SN - |§s|(1 — |€S|2 T |§S‘4)1/2 + |§| (1 _ ‘§|2 T |£‘4)1/2
o i lEl0EL+1)

- (L= [¢> +[€])1/>
Finally, still on Ey = {£ € R", |{| < %(1 —t~Y/4)} but now for |&,] < %, we write
with the definition of nj,

IVE(E)] = [Vo(ns) — Vo(§)

— |77 (2‘773‘2 — 1) —¢ (2|£‘2 — 1) |
T = Inal? a2 (L gl + €)1
(1 —2[ns]) (1 - 2[¢1%)

= | — s |
(L= [msl? + Ins| M2 = (1= €2 + 1€14)1/2
so that proceeding as above, we find thanks to Remark and the definition of 75,

€10EM+ 1)
(1 —[€17 + [g])H/2

+¢

IVE(E)| > et~/

This completes the proof of (3.11)).
For the sequel, we need the following inequality which, thanks to (2.12) and
(3.11)), is obviously shown: That is: On

QN{ELUE}N{l¢—&] >t 4 n{lg| > t71/4)
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where ) is defined in (3.5) and E; and Fs are defined in ([3.10)), we have
DO _ o (L= P+ _ (1416

3.12
NG ES)E G (3.12)
Therefore, from (3.10), (3.11)), (3.12), we get
D2 ()|
I gct—l/ |7d§
15 QN {E1UBs }n{je—¢. | >t-1/4pn{jgl>e-1/4y [VE(E)[?

< ot 14112 / 1€172(1 + [¢])%d
QN{E1UE }N{[{—&s|>t= /4 n{[¢|>t—1/4}

<ct 1/2/ |é~|72(1+ |€|)2dg
QﬁElm{'ﬁ*ﬁs|>t*1/4}ﬂ{|€|>t—1/4}

et 12 / €172(1 + Jg))%d
QNEaN{|€—E.|>t=1/4}n{[€]>t=1/4}

< ot 12y / € 72de + / g
{t*1/4<\§\<%(1—t*1/4)} {%(1+t*1/4)<|§|<tﬁ}

< ctil/Q{ r 2y
{t=1/i<r< 5 (1-t=1/4)}

+ " tdr}
{5 1+t Vay<r<ian }

< ct—1/2{/ r2dr + | dry < ct= 14,
{t—1/4<r<1} { A+t <r<tan}

(3.13)
where F, = {g € R", |£| < %(1 —t_1/4)} and By = {5 e R, |§| > %(1 +t_1/4)},
Hence, with the estimates on I; and Is in (3.8) and (3.13) above, and thanks to
(3.7), we are led to

|Ge(2)]oo < ct™V4 > 1.

Combining this inequality, (3.6) and (3.5)), we find

1S1() fr(@)] < U+ 04 fih + [ illsnsz VE>0,

which with Remark leads to (3.1 for the case 7 = 1. Let us prove now the
inequality (3.1) for the case j = 2 If 0 < ¢ < 1, we have thanks to the Schwartz

inequality and the inequality (2.3) on ¢(),

() f2(6)
'/Rn e ©

|f2(8)|
= / o) ©

6] (3.14)
/ o Em®

o (+IER) A 2 ol

< cllfalln-z < (1 + )| fallan o

IA

IN
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If t > 1, then we have with the notation Q = {¢ € R", |¢| < tax } given above and
thanks to (2.3]), the Schwartz and the Young inequalities,

e (4 [ e g s

. 3 /
< dfia) < @t e [ 0 +1R ) Il

< clke(@)]oo| f2 (@)1 + et follany2

where the function k(&) = xa(£)e®®© /p(£). On the other hand, with the same
notations of 2 and A given in (3.5, (3.7)), (3.9), we write

. 1 . . 1
o) = o ( / * / )OI e = Jy + . (3.16)
(2m)" \ Jona QNAe P(§)
Then, with the use of the inequality (2.3]), we follow the same lines as the estimation
of I1 in (3.8) to get

|Sa(2) fo(x)| =

3.15)

PAR (3.17)
For the estimation of Ja, we need the following inequality which with the use of
(2.3), (2.11), (2.12)), (3.11), (3.12)), is obviously proved. That is: On

QN {E U B} n{lg—&| >V n{lel > 14,

|D2¥(S)] V()] 1/2|¢|-2 2
+ <t 7T ISP
VU] [VE(E)e(E)
Therefore, following the same lines as in the proofs of (3.9) and (3.13]), we find
thanks to (3.18)) and integration by parts (as for I),

(3.18)

1

Tl itv(©) L g _ g1 SeT
o] = | e S=t1) VU EE

V(Y (€)Y g
QnAe #(€) (e )t

B | i
S VSe@ee) T /a{wc} NIGILG]

1 1
ca [ ¥ iogeag)

! |D*¥(¢)| Vo (&) (3.19)
< /Qm{wos)?w(sn B TGILGE

}

L / €721 + [&]?)de
QNE1N{|E—€,|>t= /43N {|€|>t—1/4}

et / €121+ [¢2)de
QNExN{|6—&s[>t=1/43In{|¢[>t—1/4}

<et™Y4,
Hence and the estimates and on J; and Jo above, give
k()| < et™Y4ve > 1.
Then, this with give
|S2(t) fo(@)] < e(1+ )74 ( folu + | follzns2 V¢ = 1,

Combining this inequality and ([3.14)), we get with Remarkthe desired inequality
(3.1) for the case j = 2. This finishes up the proof of inequality (3.4]). In order to
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prove the inequality (3.2 of Lemma we set J® = (1 — A)*/? with k € R, and
we note that

TES\ (01 () = THF (56 f(€)a)

_ ]:71(%(1 + [€[2)R 2O f (€))(2)

1

BECOR /Rn(l + [¢[*)* /2O f (€)de

and

T Salt)ole) = g [ (IO R €

Henceforth, we can prove the inequality (3.2)) of Lemma We begin with the
case j = 1: For 0 <t <1, we follow the same lines as in (3.5) and we get

75810 fr(@)] < (146 fll gy (3.20)

If ¢ > 1, let po(€) = (1+ [€7) 7" xa(€)e™®) where @ = {¢ € R",[¢] < tar} is
defined above in (3.6)). Then thanks to the Schwartz and the Young inequalities,
we have as in (3.6]),

1
2(2m)m

[ 77S1(8) f1(x)| =

([ + [ Jereor=sas ) " o]

(§ntk)

<clpe(x)* (1= A)" =7 fi(2)|oo
+C(/Qc(1 + |§|2)—3”d5>1/2</m(1 n ‘§|2)%n+k|f1<§)|2d§)1/2

< elpe(@) ool 1@ I gmsrs + et il g

(3.21)
Then, with the same notation of A and  given in (3.7)) above, we write:

. 1 / / 2\—2n itp(€)+ix-¢ / /
Pe(x) = + 1+ € e ds =1+ L. 3.22
t( ) (27-[-)77, ( QNA QNAc )( | ‘ ) ! ? ( )

and following the same lines as in (3.8) we get

Hl<e[ el iragse | a<at (3.29)
QNA QNA

For the sequel, we need the following inequality which with the help of the inequal-
ities ([2.3)), (2.10)), (2.11)), (3.11), (3.12)), is easily proved. That is, for all £ € R™ and
for any given v > 0,

1 1

VSvearen? T YV eveea e

o) < et 2T+ ). (3:24)
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Henceforth, thanks to the above inequality, we follow the same lines as in the proof
of (3.19)), and using integration by parts, we get

it T (€)

1
J/— e
| 2| 2(27T)n| OnAe (1+ ‘€|2)§ |

— d
22my '/m VOO +grE

ct™! !
<t /WC'V(V\P(@(Hsml)dg (3.25)

€172 (1 + [&]*)de

S Ct_1/2 /
QNEIN{|E—&,|>t=1/4}n{|¢|>t=1/4}

et / €721+ [¢2)de
QNEN{|6—&|>t=1/4 n{|€]>t-1/4}

<t
Therefore, and the estimates in and of I{ and I} above, give
()] < et™H4 1 >1.
so that thanks to (3.21)) we get for all t > 1,
7881 () f1(2)] < e+ )4 fill snsnn + fillgngn)s B2 0. (3.26)

Finally, combining (3.20) and (3.26)), and thanks to Remark we find the case
j =1 of the inequality (3.2)) of Lemma Likewise, following the same lines as in

the proof of the case j = 1 of , and with the use of the inequalities (2.3]) and
(3:24)), we prove the case j = 2 of the inequality (3.2). This, with Remark puts
an end of the proof of the inequality and consequently of Lemma

Let us give now the following lemma which will be useful for the L? —IL? estimates.

(R™), k>0,n>1. Then

Lemma 3.4. Let fi, fo € ]ngn_%

Vi) fi@)llkoo < c@+" N fil snnns 5 =12 (3.27)

Proof. Thanks to inequality (3.2) of Lemma it suffices to use the Sobolev
embedding W™1(R") C L*(R") and we get

Vi) £5 (@)oo < (U480 il 3npnn + [1F5l2nsr)
L+ )Y U fills nns + 1T £l2)
<L+ )Y I fills i + 172" £l 1)
2e(1+8) Y fllspenas 7=1,2

Cc

d
To end with this section, we give the following lemma.
Lemma 3.5. Let fy, f, € HF 3"+ (R") ALY, (R"), k>0, n>1. Then
2
_e .
Vi@ fi @k < e+ 072 fillgnin,g  7=1,2 (3.28)

where p=2/(1-0), ¢ =2/(1+80), 6 €]0,1].
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Proof. Thanks to (2.4) and (2.5)), we get for any k € R,

Vi) fi@)lle < ellfi@)e < ellfillgner =12 (3.29)
that is .
[TV fi(@)le < el T2 ()], G =1,2. (3.30)
Moreover, from (3.27)) in Lemma [3.4] we have
[TV fi(@)oo < (L +0)TVHTE R (), = 1,2, (3.31)

We know that (see above),

()Lﬂ( » Vi (@) = T2V (0)(T 2 ().
Therefore, thanks to and (| -, we apply the interpolation theorem (see [I)

for the evolution operator J ’%”V (t), 7 = 1,2, and we find the inequality (3.28)) of
Lemma [3.5] This finishes up the proof of Lemma O

4. DECAY AND SCATTERING RESULTS OF SOLUTIONS TO THE NONLINEAR
EQuATION

Proof of Theorem Theorem[1.1 We write (1.1) in its integral form as given in (2.6)):

u(a t) = Vi(t) fa () + Va(1) /vw—Twwx> (4.1)

where V;(t) and Va(t) are defined in (2.3), ( . Then, taking the L.°° norm of the
both sides of (4.1) we get thanks to Lemma

[u(t)|oe < e(1+6)"A(|fr]1 + Hf1||3n/2 + |f2|1 + [1f2ll3n/2

t
C/o (14 (¢ =) (lul*uly + [Jul“ullspn /o (7)dr

14 (4.2)
e+ )ik + 1 f1llsnsz + [f2l + [ f2llan/2
t
+ C/o (L4 (= 7)) (ulss ™ ul3 + [ulSlull3n 2 (7)dr
Then, we define the quantity
Q(t) = sup {(1+7)3[u(r)]oo + [[u(r) l3n/2}-
0<r<t
From (:2)
[u®)loo < e+ )4 frl1 + | fillsnsz + 2l + 1L f2lln/2
(4.3)

+eQ(1)* M /t(l +(t— 7)) YA+ 7)1 Dar,

0
But since for a > 5,

/t(l +(t— 7'))_1/4(1 4 T)—%(a—l)dT

0

= : t — 7)) /4 At g < ~1/4
(/O +/;)(1+(t ) (1+7) dr < c(1+1t)

we deduce from (4.3) that for a > 5,
L+ )5 [ult)loo < c{lfrls + [ fillsnsz + |f2l1 + [ follsnsz + Q) (4.4)
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Furthermore, we get for v > 5, thanks to the inequalities (2.4]) and (2.5) of Lemma

and with ,

t
[u@llsn/2 < c{ll fillansz + | f2llsn/2 + /O lul w30 /2(7)d7}

t
< c{llfillsnsz + 1f2llan/2 +/ |ulSollwlln/2(T)dT}
0 (4.5)

t
< c{llAillsns2 + 1 f2llsns2 + Q) /O (1+7)"%dr)

< C{||f1H3n/2 + | f2llsns2 + Q)Y

Therefore, and (| give

Q(t) < C{\f1|1 + [ f1llansz + [ f2l1 + | follnj2 + Q) ). (4.6)
Henceforth, thanks to the inequality (4.6), if | fi|y + || f1ll3n/2 + | f2]1 + || f2llan/2 <O
with § > 0 small enough, we find that Q(t) is bounded. Indeed, it is well known that
inequality (4.6) is satisfied if Q(¢) € [0, 1] U [B2, 00] with 0 < 31 < 2 < oo since §
is small. Thereby, since Q(0) < 2| f1[|3n/2 < 20 (because H2"(R™) C L>°(R™)), the
continuity of Q(t) and the inequality (4.6) allow us to conclude that Q(t) remains
bounded for all ¢ > 0. Thus, we have obtained a bound of Q(t) and consequently an
a-priori estimate of the local solution which permit us to extend globally the local
solution of Theorem Moreover, this a-priori estimate provides the inequality

(1.2) of Theorem For the proof of the scattering result in the Theorem we
define

+oo
ug(z,t) = u(z,t) + /t Va(t — 7)(Jul|%uw) (T)dr (4.7)

where u(z,t) is the solution of (L.1)) given by Theorem [1.1] We only consider the
case of uy (t — 400) since the proof for the case of u_ (t — —00) is similar. Then,

thanks to (4.7) and with the use of the inequalities (2.5)) of Lemma and (1.2)) of
Theorem we have,

+oo
[u(t) = us(B)]l22 < C/ [(lul*u)(7)]2dT

< c/ |u(r T)|2dT

Sc/ (1+7)"%dr
t

and the integral on the right—hand side approaches to zero as t — +oo, since by
hypothesis of Theorem a > 5.

Thereafter set g4 () )+ f 7)(Ju|*u)(7)d7. Then thanks to
and (4.1), we may write u+ as

up(z,t) = Vi) f(z) + Va(t)g (2)- (4.8)

Therefore, we can see that u (t) is a solution of the linearized equation (2.1). This
completes the proof of Theorem O

Proof of Theorem[I.3 To prove Theorem [I.2] we need the following inequality of
Gagliardo- Nlrenberg type
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Lemma 4.1. Let u belong to LP2(R™) and its derivatives of order m, D™u belong
to L™ (R™), 1 < pg, r1 < oo. For the derivatives Diu 0 < j < m, the following
inequalities hold:
|D7ulp, < D™l Jul,, @,

where

1 ] 1 m 1

— =2 pa(= - D)+ (1-a)—,

pron rT.on D2

for all a in the interval # <a<l.

The proof of the above lemma can be found in [7].

Now, we prove Theorem We recall the notation p =2/(1 —6), ¢ =1/(1+
#), 6 €]0,1[. Let r > 2 and apply the norm LE(R™) to the two sides of (4.1).
Then, thanks to Lemma the Gagliardo-Nirenberg inequality in Lemma[£.1] and
Sobolev imbeddings theorems,

[u(z, )]|rp

< Vi@ f@)llrp + [Va(O)g(@)lrp +/O IVa(t = 7)(lul*" u)(7) [l pdr

t
_9 _8 «
S C(l + t) 4 (||f1||%n+r,q + ||f2||%n+r,q) + C/O (1 + (t - T)) 4 H|’LL| U(T)H%n+r,qd7-
_9
S C(l + t) 4 (||f1||%n+r,q + ||f2||%n+r,q)

t
) e} a « —a
+C/O (L (=)l u(r)IG gy ol ful “u(r) [}~ dr

2

_0
S 0(1 + t) 4 (||f1||gn+r,q + ||f2||%n+r,q)

t
-£ a a a— —a
+C/O L+ (=) 7T (ulS Nl 3 ) (S ul3) '~ dr

where
:(§n+r)/n+(1—9)/2_1 1/n+6/2

Gn+r+1)/m+1/2 Gn+r+1)/n+1/2

Set

K(t) = sup {(1+7)%|lu(r)

rp + [u(r)]] gn+r+1}~

Hence, since (by hypothesis above) r > n/p, then thanks to the Sobolev imbedding
theorem LP(R™) C L>°(R") and with (4.9), we get for « > 1+ 4/6,

[u(@, )]s,
_86
<cM+0)71(1f1llgntrg + 1 f2llgn4rq)

+c/0 (L4 (- ) 4 (lu

_6
< e+ 1(1f1llgntrg + 1 f2ll5n4rq)

2l ),

P §n+r+1)

ol gngrsn)* (llu

+ C/t(l F(t—7) H(E@®T A+ 1)) (K@) (1L 4 7)o D) eg,

_06
<c(U+0)71(1f1ll3ntrg + 1 f2llgn4rg)
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+ K () /t(1 +(t-7)"iQ+ )" Vigr
0

S C(l + ) 4{”le 5n+rq + ”.fQH 5n+rq + K(t)aJrl}'
We deduce from the above inequality that for o« > 1+4/6,

1+ )3 @, Dy < el 1l g + Hf2||§n+7‘ + K ()" (4.10)

Furthermore, thanks to the inequalities (2.4] , } of Lemma [2. 4 and followmg
the same lines as in the proof of the 1nequahty , we find Wlth and for
a>1+4+4/0

a+1
||u(x7t)||gn+r+1 < C{Hf1||gn+r+1 + ||f2||%n+r+1 + K(t) " } (411)
Then the combination of (4.10) and (4.11]) leads to the inequality

1
K(t) < e{llfill gnarg 1 2l gnsrg H Al gnprin + 2l gnpr # KO (412)

Therefore, as above, we find that if

||f1||—n+rq =+ ||f2||—n+rq =+ ||f1||—n+r+1 =+ ||f2H 5n+r+1

is sufficiently small, then the mequahty - ) gives K(t) < ¢ for all ¢t > 0. This
implies that ||u(z,t)|,p < c(1+ )% for all t > 0, and Theorem [1.2]is proven. [
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