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HOMOGENIZATION IN CHEMICAL REACTIVE FLOWS

CARLOS CONCA, JESUS ILDEFONSO DIAZ,
AMABLE LINAN, CLAUDIA TIMOFTE

ABSTRACT. This paper concerns the homogenization of two nonlinear models
for chemical reactive flows through the exterior of a domain containing peri-
odically distributed reactive solid grains (or reactive obstacles). In the first
model, the chemical reactions take place on the walls of the grains, while in
the second one the fluid penetrates the grains and the reactions take place
therein. The effective behavior of these reactive flows is described by a new
elliptic boundary-value problem containing an extra zero-order term which
captures the effect of the chemical reactions.

1. INTRODUCTION

The general question which will be subject of this paper is the homogenization
of chemical reactive flows through the exterior of a domain containing periodically
distributed reactive solid grains (or reactive obstacles). We will focus our attention
on two nonlinear problems which describe the motion of a reactive fluid having
different chemical features. For a nice presentation of the chemical aspects involved
in our first model (and also for some mathematical and historical backgrounds) we
refer to Antontsev et al. [I], Bear ], Diaz [16] [I7, [I8] and Norman [24]. For the
second model, the interested reader can consult the books by Hornung [I9] and
Norman [24] and the references therein.

Let Q be an open bounded set in R™ and let us introduce a set of periodically
distributed reactive obstacles. As a result, we obtain an open set £2° which will be
referred to as being the exterior domain; € represents a small parameter related to
the characteristic size of the reactive obstacles.

The first nonlinear problem studied in this paper concerns the stationary reactive
flow of a fluid confined in ¢, of concentration u®, reacting on the boundary of the
obstacles. A simplified version of this problem can be written as follows:

—DfAu = f in Q°,

a €
—Dfa—ljj = aeg(u®) on S, (1.1)
u® =0 on 9.
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Here, v is the exterior unit normal to Q°, a > 0, f € L?(Q) and S¢ is the boundary
of our exterior medium 2\ Q¢. Moreover, the fluid is assumed to be homogeneous
and isotropic, with a constant diffusion coefficient Dy > 0.

The semilinear boundary condition on S¢ in problem (1.1) describes the chemical
reactions which take place locally at the interface between the reactive fluid and the
grains. From strictly chemical point of view, this situation represents, equivalently,
the effective reaction on the walls of the chemical reactor between the fluid filling
Q¢ and a chemical reactant located in the rigid solid grains.

The function ¢ in (1.1) is assumed to be given. Two model situations will
be considered; the case in which g is a monotone smooth function satisfying the
condition ¢g(0) = 0 and the case of a maximal monotone graph with g(0) = 0, i.e.
the case in which g is the subdifferential of a convex lower semicontinuous function
G. These two general situations are well illustrated by the following important
practical examples

(a) g(v) = ¥4, @, 8 > 0 (Langmuir kinetics)

(b) g(v) = |[v[P~ v, 0 < p < 1 (Freundlich kinetics).
The exponent p is called the order of the reaction. In some applications the limit
case (p = 0) is of great relevance (see Remark. It is worth remarking that if we
assume f > 0, one can prove (see, e.g. [I8]) that u® > 0 in Q\ Q¢ and u® > 0 in Q°,
although u® is not uniformly positive, except in the case in which g is a monotone
smooth function satisfying the condition ¢g(0) = 0, as, for instance, in example (a).

The existence and uniqueness of a weak solution of (1.1) can be settled by using
the classical theory of semilinear monotone problems (see, for instance, [§], [16]

and [22]). As a result, we know that there exists a unique weak solution u® €
Ve H?(9F), where

VeE={ve HY(Q) :v=0on 0N}
Moreover, if in the second model situation, which is in fact the most general case
we treat here, with Q0° we associate the following nonempty convex subset of V:
Ke={veV::G(v)|,. € LY(S9)}, (1.2)
then u® is also known to be characterized as being the unique solution of the
following variational problem:
Find v* € K*® such that

Dy . Du*D(v® — u®)dx — o f(® —uf)dr + a(p®,G(v°) — G(u)) >0 (1.3)

for all v € K¢, where p° is the linear form on W, () defined by

(15, ) =6/ pdo Yo € Wy (Q).
Sa

From a geometrical point of view, we shall just consider periodic structures ob-
tained by removing periodically from 2, with period €Y (where Y is a given hyper-
rectangle in R*), an elementary reactive obstacle T" which has been appropriated
rescaled and which is strictly included in Y, ie. T C Y.

As usual in homogenization, we shall be interested in obtaining a suitable de-
scription of the asymptotic behavior, as € tends to zero, of the solution u® in such
domains. We will wonder, for example, whether the solution u® converges to a limit
u as € — 0. And if this limit exists, can it be characterized?
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In the second model situation (in absence of any additional regularity on g), the
solution u®, properly extended to the whole of 2, converges to the unique solution
of the variational inequality: u € H}(€),

—u)axr v—ujar —a |8T‘ v) — u X
J R e I ACORIC OIS

for all v € H ().
Here, @ = ((gi;)) is the classical homogenized matrix, whose entries are

1 an
aij = Dr (05 + dy) 1.5
I T YNT] Jyvr O (15)
in terms of the functions x;, ¢ = 1,...,n, solutions of the so-called cell problems
—Ax; =0 inY\T,

O(xi + v

M =0 on BT’ (16)
v

xi is Y-periodic.

We remark that if g is smooth, then g is the classical derivative of G.

The chemical situation behind the second nonlinear problem that we will treat
in this paper is slightly different from the previous one; it also involves a chemical
reactor containing reactive grains, but we assume that now there is an internal
reaction inside the grains, instead just on their boundaries. In fact, it is therefore
a transmission problem with an unknown flux on the boundary of each grain.

To simplify matters, we shall just focus on the case of a function g which is
continuous, monotone increasing and such that g(0) = 0; examples (a) and (b) are
both covered by this class of functions g’s and, of course, both are still our main
practical examples.

A simplified setting of this kind of models is as follows:

—DsAu® = f in QF,
—D,Av® +ag(v?) =0, inQ\ Q=
ou® ov®

_p.,2= _p 2 e 1.7
Df 8V DP ay on S 9 ( )
u® =v° on S,
u® =0 on 99,

where D), is a second diffusion coefficient characterizing the granular material filling
the reactive obstacles. As in the previous case, the classical semilinear theory
guarantees the well-posedness of this problem.

When we define 6° as

oy Jut(z) xeQf,
g(x)_{ve(x) r€Q\ Qe

and we introduce
) Dyld inY \T
| D,Id inT,
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then our main result of convergence for this model shows that 6° converges weakly
in H}(Q) to the unique solution of the homogenized problem

” 0%u T
_ 0. = in Q
Z @ij dx,01; +a|Y\T|9(U) foinQ,

Q=1 (1.8)
u=0 on JN.
Here, A° = ((a;)) is the homogenized matrix, whose entries are
1 X
0 _— - AR 1.9
2% |Y‘ /Y (am + a;k 8yk) Y, ( )
in terms of the functions x;, 7 =1,...,n, solutions of the so-called cell problems
—div(AD(y; + x;)) =0 inY,
( (y] X])) (1.10)

X; is Y-periodic.

Note that the two reactive flows studied in this paper, namely (1.1) and (1.7),
lead to completely different effective behavior. The macroscopic problem (1.4)
arises from the homogenization of a boundary-value problem in the exterior of
some periodically distributed obstacles and the zero-order term occurring in (1.4)
has its origin in this particular structure of the model. The influence of the chemical
reactions taking place on the boundaries of the reactive obstacles is reflected in the
appearance of this zero-order extra-term. On the other hand, the second model
is again a boundary-value problem, but this time in the whole domain 2, with
discontinuous coefficients. Its macroscopic behavior (see (1.8)) also involves a zero-
order term, but of a completely different nature; it is originated in the chemical
reactions occurring inside the grains.

The approach we used is the so-called energy method introduced by Tartar [25],
[26] for studying homogenization problems. It consists of constructing suitable test
functions that are used in our variational problems. However, it is worth mentioning
that the I'-convergence of integral functionals involving oscillating obstacles could
be a successful alternative. Extensive references on this topic can be found in the
monographs of Dal Maso [15] and of Braides and Defranceschi [7]. For example,
our main result in Chapter 2 (cf. Theorem can also be interpreted as a I'-
convergence-type result for the functionals

1

v in DvDuvdz + a{p®, G(v)) — fodx + Ike(v)
Qe Qe

(where Ik- is the indicator function of the set K¢, i.e. Ik- is equal to zero if v

belongs to K¢ and 400 otherwise) to the limit functional

1/ |oT| / /
vi— — [ QDvDvdx + a G)dx — | fudzx,
2 Jo v Jo SO g

which is the energy functional associated to (1.3).

Also, let us mention that another possible way to get the limit problem (1.8)
could be to use the two-scale convergence technique, coupled with periodic modu-
lation, as in [6].

Regarding our second problem, i.e. chemical reactive flows through periodic ar-
ray of cells, a related work was completed by Hornung et al. [21I] using nonlinearities
which are essentially different from the ones we consider in the present paper. The
proof of these authors is also different, since it is mainly based on the technique




EJDE-2004/40 HOMOGENIZATION IN CHEMICAL REACTIVE FLOWS 5

of two-scale convergence, which, as already mentioned, proves to be a successful
alternative for this kind of problems. However, we have decided to use the energy
method, coupled with monotonicity methods and results from the theory of semi-
linear problems, because it offered us the possibility to cover the nonlinear cases of
practical importance mentioned above.

The structure of our paper is as follows: first, let us mention that we shall just
focus on the case n > 3, which will be treated explicitly. The case n = 2 is much
more simpler and we shall omit to treat it. In Section 2 we start by analyzing the
first nonlinear problem, namely (1.1). We begin with the case of a monotone smooth
function g and we prove the convergence result using the energy method. Next, we
treat the case of a maximal monotone graph, by writing our microscopic problem
in the form of a variational inequality. The case of a reactive flow penetrating a
periodical structure of grains is addressed in Section 3.

Finally, notice that throughout the paper, by C' we shall denote a generic fixed
strictly positive constant, whose value can change from line to line.

2. CHEMICAL REACTIONS ON THE WALLS OF A CHEMICAL REACTOR

In this section, we will be concerned with the stationary reactive flow of a fluid
confined in the exterior of some periodically distributed obstacles, reacting on the
boundaries of the obstacles. We will treat separately the situation in which the
nonlinear function ¢ in (1.1) is a monotone smooth function satisfying the condition
¢(0) = 0 and the situation in which g is a maximal monotone graph with g(0) = 0.

Let €2 be a smooth bounded connected open subset of R™ (n > 3) and let YV
=1[0,11[x ...[0,1,,[ be the representative cell in R”. Denote by T an open subset of
Y with smooth boundary OT such that T C Y. We shall refer to T as being the
elementary obstacle.

Let € be a real parameter taking values in a sequence of positive numbers con-
verging to zero. For each ¢ and for any integer vector k € Z", set T} the translated
image of €T by the vector kl = (k1ly, ..., knls) :

T, =ekl+T).

The set T} represents the obstacles in R™. Also, let us denote by 1T the set of all
the obstacles contained in €2, i.e.

1° = {75 : Tic ke 2"}

Set
0F =Q\Te.
Hence, ¢ is a periodical domain with periodically distributed obstacles of size
of the same order as the period. Remark that the obstacles do not intersect the
boundary 9f2. Let
5S¢ =U{aTy; | T c ke 2™}
So
00 = 9N U S°.
We shall also use the following notation: |w| is the Lebesgue measure of any mea-
surable subset w of R™, y,, is the characteristic function of the set w, Y* =Y \ T,
and
Y7

p= IR (2.1)
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Moreover, for an arbitrary function ¢ € L?(2F), we shall denote by ¢ its extension
by zero inside the obstacles:

~ 1 in QF,

5|

0 inQ\Qe.

Also, for any open subset D C R™ and any function g € L*(D), we set

Mp(g) = ﬁ/ngx. (2.2)

In the sequel we reserve the symbol # to denote periodicity properties.

2.1. Setting of the problem. As already mentioned, we are interested in studying
the behavior of the solution, in such a periodical domain, of the problem

—DfAu = f in Q°,

6 €
—Dy auy = aeg(u®) on S, (2.3)
u® =0 on 0.

Here, v is the exterior unit normal to Q°, a > 0, f € L?(Q) and g is assumed to be
given. Two model situations will be considered; the case in which ¢ is a monotone
smooth function satisfying the condition ¢g(0) = 0 and the case of a maximal mono-
tone graph with g(0) = 0, i.e. the case in which g is the subdifferential of a convex
lower semicontinuous function G. These two general situations are well illustrated
by the following important practical examples:

av
(a) g(v) = 1+ Bo
(b) g(v) = |v|P71v, 0 < p < 1 (Freundlich kinetics).

The exponent p is called the order of the reaction. It is worth remarking that if we

assume f > 0, one can prove (see, e.g. [I8]) that u® > 0in Q\ Q¢ and u® > 0 in Q°,

although u® is not uniformly positive except in the case in which g is a monotone

smooth function satisfying the condition ¢g(0) = 0, as, for instance, in example a).

Moreover, since u represents a concentration, it could be natural to assume that

f <1, and again one can prove that, in this case, u < 1. Without loss of generality,
in what follows we shall assume that Dy = 1.

, a, 3 > 0 (Langmuir kinetics)

2.2. First model situation: g smooth. Let g be a continuously differentiable
function, monotonously non-decreasing and such that g(v) = 0 if and only if v = 0.
We shall suppose that there exist a positive constant C' and an exponent ¢, with
0 < g <n/(n—2),such that

g
| <C(1 7). 2.4
122] < O+ fof) (24)
Let us introduce the functional space
Ve ={ve H'(Q%) :v=00n 00},
with [[v||ye = ||Vv|r2(s). The weak formulation of problem (2.3) (written for

Dy =1)is:

Find u® € V*® such that

Vuf - Vodr + ae/ g(u)pdo = fodr Yo e VE. (2.5)
Qe

€

Qe
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By classical existence results (see [§]), there exists a unique weak solution u® €
Ve N H%(QF) of problem (2.3).

The solution u® of problem (2.3) being defined only on ¢, we need to extend it
to the whole of  to be able to state the convergence result. In order to do that,
let us recall the following well-known extension result (see [10]).

Lemma 2.1. There exists a linear continuous extension operator
Pe e L(L2(9F); L*()) N L(VE; Hy ()
and a positive constant C, independent of €, such that for any v € V&,
[Pv][z2(0) < CllvllL2 (00,
VP r2(0) < OVl L2(0s) -
An immediate consequence of the previous lemma is the following Poincaré’s
inequality in V©.

Lemma 2.2. There exists a positive constant C, independent of €, such that for
any v € V&,
[vllL2(0e) < CIIVU[lL2(0:) -

The main result of this section is as follows.

Theorem 2.3. One can construct an extension Pfu® of the solution u® of the
variational problem (2.5) such that P°u® — wu weakly in H}(Q), where u is the
unique solution of

< 9? oT
—Z C | |g(u):f in Q,

qij a5
o= Owidxy Y (2.6)
u=0 on0f.
Here, Q = ((gij)) is the classical homogenized matriz, whose entries are
1 an
i = 51,, + — 2.7
J J |Y*| v ayi ( )
in terms of the functions x;, i = 1,...,n, solutions of the so-called cell problems
—Ayx; =0 inY",
ov

Xi s Y -periodic.
The constant matrix Q is symmetric and positive-definite.

Proof. We divide the proof into four steps.

First step. Let u® € V¢ be the solution of the variational problem (2.5) and let Pu®
be the extension of u¢ inside the obstacles given by Lemma [2.I] Taking ¢ = u® as
a test function in (2.5), using Schwartz and Poincaré’s inequalities, we easily get

[P us || g3y < C.

Consequently, by passing to a subsequence, still denoted by Pu®, we can assume
that there exists u € HE () such that

Peuf —u  weakly in H3(Q). (2.9)

It remains to identify the limit equation satisfied by wu.
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Second step. In order to get the limit equation satisfied by u we have to pass to the
limit in (2.5). For getting the limit of the second term in the left hand side of (2.5),
let us introduce, for any h € LSI(GT)7 1 < 5" < o0, the linear form u;, on WOI’S(Q)
defined by

Wins) =< [ h(E)pds Vi € Wi (@),
with 1/s+1/s’ = 1. It is proved in [9] that
i, =, strongly in (W (). (2.10)
where (un, ) = pn [, edz, with
1

Y1 Jor
In the particular case in which h € L*°(9T) or even when h is constant, we have

fn = h(y)do.

us, — pp, strongly in W—1%°(Q).

In what follows, we shall denote by u® the above introduced measure in the partic-
ular case in which h = 1. Notice that in this case u; becomes p; = |0T|/|Y|. Let
us prove now that for any ¢ € D(Q) and for any v° — v weakly in HJ(Q2), we get

©g(v°) — pg(v)  weakly in W %(Q), (2.11)
where
_ 2n
T =2 +n

To prove (2.11), let us first note that
sup [|[Vg(v®)|| pa(n) < oo (2.12)
Indeed, from the growth condition (2.4) imposed to g, we get

v
q < €197} | 22 |q
/|6$Z dz C’/(1+|v| )7
<o+ ( / o T dy ) / Vo [P da)
Q Q

where we took v and 0 such that g6 = 2, 1/y+1/6 = 1 and qgy = 2n/(n — 2).

Note that from here we get § = q(nfﬁ. Also, since 0 < ¢ < n/(n — 2), we have

q > 1. Now, since

sup [0 2, ) < 0

we get immediately (2.12). Hence, to get (2.11), it remains only to prove that
g(v®) — g(v) strongly in LI(€). (2.13)
But this is just a consequence of the following well-known result (see [15] and [22]).

Theorem 2.4. Let G : Q x R — R be a Carathéodory function, i.e.

(a) For every v the function G(-,v) is measurable with respect to x € ).
(b) For every (a.e.) x € Q, the function G(x,-) is continuous with respect to v.

Moreover, if we assume that there exists a positive constant C' such that
|Gz, 0) < C(1+[o|"*),

withr > 1 and t < oo, then the map v € L"(Q) — G(z,v(x)) € LY(Q) is continuous
in the strong topologies.
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Indeed, since
lg(v)] < C(1+ [u|**1),
applying the above theorem for G(x,v) = g(v), t =g and r = (2n/(n — 2)) —
with 7/ > 0 such that ¢+ 1 < 7/t and using the compact injection H*(Q) < L"(£2)
we easily get (2.13).
Finally, from (2.10) (with h = 1) and (2.11) written for v* = P<u®, we conclude

(i, pg(Peut)) — 1911 / pg(u)dz Vg € D(Q) (2.14)

and this ends this step of the proof. N
Third step. Let £° be the gradient of u in QF and let us denote by £ its extension
with zero to the whole of €2, i.e.

o & in QF,
10 inQ)\ Q.

Obviously, £¢ is bounded in (L2(2))" and hence there exists & € (L2())" such
that B

€ — ¢ weakly in (L*(Q))". (2.15)
Let us see now which is the equation satisfied by £. Take ¢ € D(Q2). From (2.5) we
get,

/Qéé -Vdz + aa/a g(u)pdo = /QXstcpdx. (2.16)

Now, we can pass to the limit, with € — 0, in all the terms of (2.16). For the first
one, we have

lim [ & - Vds = / € Vdz. (2.17)
e—=0 Jo Q
For the second term, using (2.14), we get
Eliir%)as/s g(uf)pdo = a |Y| / w)pd. (2.18)

It is not difficult to pass to the limit in the right-hand side of (2.16). Since

Y*
xoe f — | |f weakly in L*(Q),

Y]
we obtain
lim/ xa= fedr = / fodx. 2.19
3 i (219
Putting together (2.17)—(2 19) we have
Y-
& -Vedr + a / f(pdx VYo € D(Q).
/ |Y| Y
Hence & verifies
|oT| Y=, .
—divE+a—g(u) = f in Q. (2.20)
Y] Y]

It remains now to identify &.
Fourth step. In order to identify &, we shall make use of the solutions of the cell-
problems (2.8). For any fixed i = 1,...,n, let us define

D, (z )75(X1( )+yi) Ve Qs (2.21)
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where y = /e. By periodicity
P®;. —x; weakly in H'(Q). (2.22)

Let n{ be the gradient of ®;. in 2°. Denote by ﬁ;s the extension by zero of 7} inside
the obstacles. From (2.21), for the j-component of 1§ we get

(n5), = (‘%) = (g; (1)) + disxy-

and hence

(nf)j - m( v DY; dy + Y |5ij) = quj weakly in L?(1). (2.23)

On the other hand, it is not difficult to see that n; satisfies
—divn; =0 in QF,
n;-v=0 onS°.

| *

(2.24)

Now, let ¢ € D(Q2). Multiplying the first equation in (2.24) by ¢u® and integrating
by parts over Q¢ we get

/ n; - Vousdr + / n; - Vutodr = 0.
Qe Qe
So

Q =

On the other hand, taking ¢®,. as a test function in (2.5) we obtain

/ (Vu® - Vp)®;.dx —|—/ (Vu® - VO, )pdx + as/ g(u®)p®;cdo = fo®,dx
€ € Qe

which, using the definitions of 5% and 17~f, gives
£ - VP ®;.dx + Vu® - nfede + as/ g(u®)pP;cdo = / Fxa:oP*®;.dx.
Q Qs se Q
Now, using (2.25), we get

/é-VQDP‘S(DZ-Edm—/ %-V@Paq)igdoc—l—as/
Q Q

€

9(4 ) picdo = / FxorpP ®,.dz.
Q

Let us pass to the limit in (2.26). Firstly, using (2.15) and (2.22), we have (220
ehi’% Qéé -VoP®,.dx = /Qf -Vrdz. (2.27)
On the other hand, (2.9) and (2.23) imply that
lim/ ﬁ;ﬁ -VoPutdr = Y] / q; - Vudz, (2.28)
¢=0Ja Yl Jo

where ¢; is the vector having the j-component equal to g;;.

Because the boundary of T is smooth, of class C?, P®;. € W1>(Q) and
Ped,;. — z; strongly in L>°(2). Then, since g(Pu®)P®,;. — g(u)x; strongly in
Li(Q) and g(Pfuf)P*®,. is bounded in W19(), we have g(P*u®)P*®,;. — g(u)x;
weakly in W19(Q2). So

lim aa/ g(ua)cpq)iedo:aﬁ/j;'/ g(u)pz;dx. (2.29)
. Q

e—0
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Finally, for the limit of the right-hand side of (2.26), since xq:f — % f weakly
in L?(Q), using again (2.22) we have

Y*
lim/ fxa:pP ®;.dx = | ‘/fgpxidx. (2.30)
=0 /o Yl Ja
Hence we get
v ¥
&-Vor,; q;-Vu d:v—i—a— T;d fpxide. (2.31)
/, Y1 Jo v 1 Jo (

Using Green’s formula and equation (2.20), we have

gi - Vupdzr =0 in Q.
Y| /Q

The above equality holds true for any ¢ € D(€2). This implies that

Y|
Y]

Writing (2.30) by components, differentiating with respect to z;, summing after i
and using (2.19), we conclude that

Yo~ Pu Y
g =diveé =
V1 2, “anon, ~

—&-Vz; + ¢ -Vu=0 in Q. (2.32)

L1oT1
N7 g(u),

which implies that u satisfies

_igl(hjm +a |Y*| glu)=f inQ.

Since u € HY(Q) (i.e. u = 0 on 9Q) and u is uniquely determined, the whole
sequence Pfu® converges to u and Theorem is proved. (I

Remark 2.5. As already mentioned, it is worth remarking that if we assume
f > 0, the function g in example a) is indeed a particular example of our first
model situation. Moreover, the growth condition (2.4) for g holds with ¢ = 0,
hence we get § = 2 and convergence (2.11) holds in H}(2). Since g is Lipschitz
continuous, one can prove (see J.I. Diaz [I§]) that the solution of the homogenized
problem is also strictly positive on 2. This will not be the case when g is not
necessarily regular.

2.3. Second model situation: The case of a monotone graph. In this sub-
section we shall treat the case in which the function g appearing in (1.1) is a
single-valued maximal monotone graph in R x R, satisfying the condition g(0) = 0.
Also, if we denote by D(g) the domain of g, i.e. D(g) ={£ € R: g(&) # 0}, then
we suppose that D(g) = R. Moreover, we assume that g is continuous and there
exist C' > 0 and an exponent ¢, with 0 < g < n/(n — 2), such that

lg(v)] < C(L+ [v]9). (2.33)

Note that the second important practical example (b) mentioned in the Intro-
duction is a particular example of such a single-valued maximal monotone graph.

We know that in this case there exists a lower semicontinuous convex function
G from R to | — o0, 0], G proper, i.e. G #Z +0o such that g is the Subdifferential
of G, g = G (G is an indefinite ”integral“ of g). Let G(v fo
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Define the convex set
K¢ ={veV®:G(v)|s- € L'(5%)}. (2.34)

For a given function f € L?(Q) the weak solution of the problem (2.3) is also the
unique solution of the variational inequality:

Find u® € K¢ such that

DufD(v® — uf)dx — ff —u®)dzr + a(p®, G(v°) — G(uF)) >0 (2.35)
QE QE

for all v* € K*=.
First, let us notice that there exists a unique weak solution u® € V¢ N H2(QF) of
the above variational inequality (see [§]). Also, notice that it is well-known that
the solution u® of the variational inequality (2.35) is also the unique solution of the
minimization problem:

u® € K¢,
€ g\ __ €
JE(uf) = vlenlgEJ (v),

where )
JE(v) = 5/ |Dv|?dz + a(u®, G(v)) — fvd:r.

Introduce the following functional defined on H} (9

JOv /QDvadm—&—a‘Y ‘/G —/fvdcc.
Q

The main result of this subsection is as follows.

Theorem 2.6. One can construct an extension Puf of the solution u® of the
variational inequality (2.85) such that P*u® — u weakly in HE(Q), where u is the
unique solution of the minimization problem: Find u € H}(Q) such that

JO(u) = ve}%ﬂm J(v). (2.36)

Moreover, G(u) € L'(Q). Here, Q = ((gij)) is the classical homogenized matriz,
whose entries were defined by (2.7)-(2.8).

Note that u also satisfies

= 0?u |07 ,
_Z qijm +a |Y*| g(u) = f inQ,

u=0 on Jf).

ij=1

Proof of Theorem[2.6. Let u® be the solution of the variational inequality (2.35).
We shall use the same extension P°u® as in the previous case (given by Lemma
. It is not difficult to see that P°u® is bounded in H}(Q). So by extracting a
subsequence, one has

Puf —u  weakly in Hj(Q). (2.37)
Let ¢ € D(Q2). By classical regularity results y; € L. Using the boundedness of
x: and ¢, there exists M > 0 such that

0
1 e < M.
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Let

zf:w+gkgiunx§. (2.38)

Then v* € K¢ which will allow us to take it as a test function in (2.35). Moreover,
v — ¢ strongly in L?(Q). Let us compute Dv®:

Dv* —D<P+Za 2)Dxi(= )+52D%($)X1‘(§)-

So
c ¢
Dv . ()(eZ+DxZ +s§ D )

where e;, 1 <i < n, are the elements of the canomcal basis in R™.
Using v° as a test function in (2.35), we can write

Duf Dvedz > f(v® —uf)dx + Duf Dufdx — a{u®, G(v°) — G(u%)).
Qe Qe Qe

In fact, we have

/ DP*u*(Dve)dx > f(v® —uf)dx + DufDufdx — a{u®, G(v°) — G(u%)).
Qe Qe
(2.39)
Denote )
pQe; = W/ (Dx; + e;)dy, (2.40)
Y| Jy-

where p = [Y*|/]Y]. Neglecting the term €}, D%(m)xi(f) which actually tends
strongly to zero, we can pass immediately to the limit in the left-hand side of (2.39).
Hence

/ DP*uf Dvedx — / pQDuDpdz. (2.41)
Q Q

It is not difficult to pass to the limit in the first term of the right-hand side of
(2.39). Indeed, since v° — ¢ strongly in L?(), we get

Ve — (vF — PFuf)dr — — w)dz. :
[0t =)o = [ P = Puyae— [ folo-wde. (242)

For the third term of the right-hand side of (2.39), assuming the growth condition
(2.33) for the single-valued maximal monotone graph g and reasoning exactly like
in the previous subsection, we get

G(Puf) — G(u) weakly in WyI()

|3T|/
G(Pewe) G(u
(ns, G( v

and then

In a similar manner, we obtain

o7
0,606 = 7 [ Gt
and hence we get
alu®, G(v°) — G(P*u®)) — a@ (G(cp) — G(u))dx. (2.43)

Y]
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So, it remains to pass to the limit only in the second term of the right-hand side of
(2.39). For doing this, we can write down the subdifferential inequality

Duf Dufdx > Dw*Dw®dx +2 [ Dw®(Du® — Dw®)dx, (2.44)
Qe Qe Qe

for any w® € HJ(Q2). Reasoning as before and choosing

e 9%\
w —<p+zi:6ami (@i (2),

where @ enjoys similar properties as the corresponding ¢, the right-hand side of
the inequality (2.44) passes to the limit and one has

liminf [ Du®Du®dx > / pQDpDgdr + 2/ pQDg(Du — Dp)dz,
Q

=0 Jo- Q
for any » € D(Q). But since u € Hi(Q), taking $ — u strongly in Hg(Q), we
conclude

lim i(I)lf Duf Dudx > / pQDuDudz. (2.45)
=0 Joe Q
Putting together (2.41)-(2.43) and (2.45), we get
or
/ pQDuDydx > / fple —u)dz Jr/ pQDuDudz — CLu (G(y) — G(u))dz,
Q Q Q Y1 Jao

for any € D(2) and hence by density for any v € H}(Q).
So, finally, we obtain
0T |

/QQDUD(v—u)dacZ/Qf(v—u)dx—a‘Y*‘ A

which gives exactly the limit problem (2.36). This completes the proof of Theorem
2.6l O

(G(p) — G(u))dz,

Remark 2.7. The choice of the test function (2.38) gives, in fact, a first-corrector
term for the weak convergence of P°u® to u.

Remark 2.8. We can treat in a similar manner the case of a multi-valued max-
imal monotone graph, which includes various semilinear classical boundary-value
problems, such as Dirichlet or Neumann problems, Robin boundary conditions,
Signorini’s unilateral conditions, climatization problems (see, for instance, [8], [9],
[13] and [14]). We could also include here the case of the so-called zeroth-order
reactions, in which, formally, ¢ is given by the discontinuous function g(v) = 0,
if v <0andg(v) =1if v > 0 (see, for instance, [3]). The correct mathematical
treatment needs the problem to be reformulated by using the maximal monotone
graph of R associated to the Heaviside function 3(v) = {0} if v < 0, 5(0) = [0, 1]
and B(v) = 1 if v > 0. The existence and uniqueness of a solution can be found,
for instance, in Brézis [8] and Diaz [16]. The solution is obtained by passing to
the limit in a sequence of problems associated to a monotone sequence of Lipschitz
functions approximating  and the results of this section remain true. Notice that
now the homogenized problem becomes

- 0u |oT| )
_ Z qij@xiaxj +a|Y*|ﬁ(u) >f inQ,

u=0 on oN.

i,j=1
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A curious fact is that this type of problems arises in very different contexts (see,
for instance, [27]).

Remark 2.9. Under the assumptions of this section, g does not need to be Lipschitz
continuous (as, for instance, in the second example or in the multivalued example
of the previous remark) and so the solution of the homogenized problem may give
rise to a “dead zone” (where u(z) = 0) when a suitable balance between the “size”
of some norm of f and the “size” of the greatest ball included in €2 holds (see Diaz
[18]).

Remark 2.10. The case of a spherically symmetric isolated particle under singular
reaction kinetics was considered by Vega and Lindn [28].

3. CHEMICAL REACTIVE FLOW THROUGH GRAINS

As already mentioned in Introduction, the chemical situation behind the second
nonlinear problem we will treat here involves a chemical reactor with the grains
constituted by solid catalyst particles. We assume that now the chemical reactions
take place inside the grains, instead just on their boundaries. In fact, the prob-
lem corresponds to a transmission problem between the solutions of two separated
equations. A simplified version of this kind of models can be formulated as follows:

—DsAu® = f in QF,
—D,Av® 4+ ag(v®) =0, inIIf,
o _ ) ot

-D =D S€ 3.1
" ou Py, M (3:-1)
u® =v° on S
u® =0 on 0N

Here, I1¢ = Q\Q¢, v is the exterior unit normal to Q¢, a, Dy, D,, > 0, f € L*(Q2) and
g is a continuous function, monotonously non-decreasing and such that g(v) = 0 if
and only if v = 0. Moreover, we shall suppose that there exist a positive constant
C and an exponent ¢, with 0 < ¢ < n/(n — 2), such that

l9(v)| < O+ [o]7™).

Note that examples a) and b) are both covered by this class of functions ¢’'s and,
of course, both are still our main practical examples.
Let us consider again the functional space

Ve ={ve H'(Q%) :v=00n 00}
and introduce the space
H® = {w® = (u°,v°) : u® € V=, 0° € H'(II°),u® = von S°},
with the norm
lwellFre = 1V (122 0e) + V05122 11e)-
The variational formulation of problem (3.1) is as follows:
Find w® € H¢ such that

Dy o Vu® - Vdz + D, . Vo - Vidx 4+ a / ) g(v¥)pdr = o fedr  (3.2)

for all (p, ) € K*
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Under the above structural hypotheses and the conditions fulfilled by H*¢, it is well-
known by classical existence and uniqueness results (see [§] and [22]) that (3.2) is
a well-posed problem.
Let us note that we can write the above microscopic model in the equivalent
weak form:
Dy Vu® - Veodr + D, Vo® - Vodr + a/ g(v°)pdx
Qs I1e

€

= fodr Yo e HY(Q),p=0 on 09,
Qs ) (3.3)

€

D, Vo - Vipdx + a/ g(v)bdr =0 Vo € Hy(II°),
HE

u® =v° on S°.

0% (2) = {ue(x) x € §F,

Also, note that if we let

vi(z) zellf,
then (3.3) is a weak form of
—DAG* =F in Q,
0° =0 on 99,
where
D = xq-Dy + (1 — xa:)Dp,

F=x,f-1=x,.)ag.

By classical existence results there is a unique solution ¢ € H} () and, by restric-

tion, we obtain u® and v® as required.
Let us introduce the matrix

| Dyld in Y\T
- | DyId inT.
The main result of this section is as follows:

Theorem 3.1. One can construct an extension Pfu® of the solution u® of the
variational problem (5.2) such that P°u® — wu weakly in H}(Q), where u is the
unique solution of

- 0? T
—Za% Y + ||g(u):f in Q,

a
oy YOm0z Y (3.4)
u=0 on 0.
Here, A° = ((a?j)) is the homogenized matriz, whose entries are
1 / ox;
0 J
Q5 = 577 aij + a5~ )dy, 3.5
5= gy 89
in terms of the functions x;, i = 1,...,n, solutions of the so-called cell problems

—div(AD(y; + x;)) =0 inY,

3.6
X; 18 Y -periodic. (3.6)

The constant matriz A is symmetric and positive-definite.
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3.1. A priori estimates. Apart from the results given by Lemma 2.1 and Lemma
2-2] we recall the following well-known result (see, for instance, [20] and [23]).

Lemma 3.2. There exists a positive constant C, independent of €, such that for
allve Ve,

[0l Z2sey < Ce™ 0llEa (e + el VUllZaos)) - (3.7)

Also, in the same spirit of [T1], lemma 6.1], we can prove immediately the following
result.

Lemma 3.3. There exists a positive constant C, independent of €, such that for
every v € H(IIF),

lollZ2ey < Cellvlizase) + € IVolTeme)) - (3.8)

To describe the effective behavior of u® and v¢, as € — 0, we need to prove some
a priori estimates for them.

Proposition 3.4. Let u® and v° be the solutions of the problem (3.1). There exists
a positive constant C, independent of €, such that

1P u | o) < C, (3.9

[l 22y < C, (3.10

Vw2 (eyx L2(mey < C, (3.11

| Pu® — v®|| p2(mey < Ce. (3.12

Proof. Let us take (u®,v%) as a test function in (3.2). Using the properties of f and

g, Holder and Poincaré’s inequalities, the first three estimates come immediately.
In order to get the fourth one, we shall make use of Lemma [3.3

[1Peu = 0% 2 ey < Cellu® = v%[1F2(s2) + 2V (PTu® = 0%) [ F2(r1ey)
2
< 052(||VPEU€||L2(Q) + ||VUE||L2(H5))
2
< 052(||VUEHL2(QE) + ||VUEHL2(HE)) < 052,
which completes the proof. O

Corollary 3.5. If u® and v® are the solutions of (3.1), then, passing to a subse-
quence, still denoted by e, there exist u € H}(Q) and v € L?(Q2) such that

Peu —u  weakly in H}(Q), (3.13)
ve — v weakly in L*() (3.14)

and 7]
V= 1—u. (3.15)

Y

Proof. The convergence results (3.13)-(3.14) are direct consequences of the esti-
mates (3.9)-(3.10). To prove (3.15), let ¢ € L*(Q2). We have

/ vEpdr = / v pdr = / (v® — P*u®)dx +/ Pufpdr Yy € L*(Q).
Q € € =
From Proposition 3.4 we get

|| (° = P*uf)pda| < [[v° = PTuf||2ae) [l L2 (o) — O
HE
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Hence, using (3.13) and the fact that ype — |T'|/|Y| weakly in L?(2), we have

~ T
;i_r)% Qvggadsc = Eli_r)%/QXHePsuggadx = ||Y||/Qu<pdx,
which gives exactly (3.15). O
Finally, let us note that there exists a positive constant C, independent of ¢,
such that
/ 0°|?dx < C  and / |VO°|2dx < C.
Q Q

Hence, there exists § € H}(Q) such that 65 — 6 weakly in Hg(£2) and it is not
difficult to see that 6§ = u. This proves, in fact, the following statement.

Corollary 3.6. Let 0° be defined by
. us(z) =€ Q"
0°(z) =19 . .
vi(x) xells.

Then there exists 0 € Hg(Q) such that 05 — 6 weakly in H}(Q), where 0 is the
unique solution of

N Loy ¢ s
2 “axzaz sy =1 in

1,j=1

0=0 ondR,

and A° is given by (3.5)-(5.6), i.e. 8 = u, due to the well-posedness of problem
(3-4)-
3.2. Proof of Theorem [3.1] Set
£ = (&1,8) = (DyVu, D, Vo).
From (3.11) it follows that there exists a positive constant C' such that
1€l z2(ey < C and &5 p2mey < O

If we denote by ~ the zero extension to the whole of {1 of functions defined on
Q¢ or II¢, we see that 51 and 52 are bounded in (L?(2))" and hence there exist
&1,& € (L?(Q))™ such that

€ —¢& weakly in (L3(Q))", i=1,2. (3.16)

Let us see now which equation is satisfied by & and &. Let ¢ € D(§2). Taking
(1=, ¢m=) as a test function in (3.2) we get

& vodss [ & Vodrva [ gods= [ xorfodn  @11)

Now, we can pass to the limit, with € — 0, in all the terms of (3.17). For the first
two, we have

lim [ & Vods = / & - Vodx (3.18)
e—0 Q Q

and
lim/ §§~V¢d:p:/§2-v¢dx. (3.19)
e—0 Q Q
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In order to pass to the limit in the third term, let us notice that, exactly like in
Section 2.2, using Theorem we can easily prove that for any ¢ € D(Q) and for
any 2° — z weakly in H}(Q), we get

#g(2°) — ¢g(z) strongly in LI(Q).

In particular, we have
#g9(6°) — ¢g() strongly in LI(Q). (3.20)
Now, let us write a [i;. g(v°)¢do in the following form
a/ g(v¥)pdo = a/ g(0%)pdo = a/ g(0%)pdo — a/ g(0%)pdo. (3.21)
€ >4 Q €
Obviously
1ima/ 9(0%)pdo = a/ g(0)pdx = a/ g(u)pde. (3.22)
=0 Jo Q Q

On the other hand, we know that xo- — |Y*|/|Y| weakly in any L7 (Q2) with o > 1.
In particular, defining ¢* such that

1 1
-+ — =1,
7 q
we see that ¢* > 1 and, consequently,
Y* :
Xae — ||Y|| weakly in L9 (£2). (3.23)
Hence, from (3.20)-(3.23), we obtain
T
lima/ g(v®)pdo = a| | (u)¢dm. (3.24)
2 e iq

It is not difficult to pass to the limit in the rlght—hand side of (3.17). Since

Y*
xoe f — | |f weakly in L*(Q),

Y]
we obtain ¥
. Y
gl_%/gxgafgbdx: V] /Qf(;ﬁdx (3.25)
Putting together (3.18), (3.19), (3.24) and (3.25), we have
T Y
/51 v¢dx+/§2 Vods +aizr | g(wds = |Y| /f¢dx Vo € D).
Hence
—divie, +£2)+a||}7;|| (u) = ||’;||f in Q. (3.26)

It remains now to identify & + £;. Introducing the auxiliary periodic problem
(3.6) and following the same classical procedure like in the last step of the proof of
Theorem [2.3] one easily gets

&+ & = AV (3.27)

Since u € H}(Q) (i.e. u = 0 on 9Q) and u is uniquely determined, the whole
sequence Pfu® converges to u and Theorem is proved.
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Remark 3.7. In (3.1) we took the ratio of our diffusion coefficients to be of order
one just for a better comparison between the two situations we intended to deal
with: the case in which the chemical reactions take place on the boundary of the
grains and the case in which the chemical reactions occur inside them. However,
a much more interesting problem would arise if we consider different orders for
the diffusion in the ”obstacles” and in the “pores”. More precisely, if one takes
the ratio of the diffusion coefficients to be of order €2, then the limit model will
be the so-called double-porosity model. This scaling preserves the physics of the
flow inside the grains, as € — 0. The less permeable part of our medium (the
grains) contributes in the limit as a nonlinear memory term. In fact, the effective
limit model includes two equations, one in T" and another one in €2, the last one
containing an extra-term which reflects the remaining influence of the grains (see,
for instance, [2], [5], [6], [12], [20]).

Remark 3.8. As in Section 2, g does not need to be Lipschitz continuous (as it is
the case, for instance, of the second example or the multivalued example of Remark
and so, again, the solution of the homogenized problem may give rise to a “dead
zone” (where u(xz) = 0) (see Diaz [18]). As a matter of fact, some “dead zone” may
be formed, this time, at the level of the microscopic problems, since the equation
satisfied by function v® leads to such type of behaviors when g is not Lipschitz
continuous and a suitable balance between the data and the spatial domain is
satisfied (see Dfaz [18]). It is quite surprising that the macroscopic balance on
the data and domain necessary for the formation of “macroscopic dead zone” may
take place by passing to the limit in the microscopic system independently if the
microscopic condition for the formation of the “microscopic dead zone” holds or
not.
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