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REGULARITY OF THE INTERFACE FOR THE POROUS
MEDIUM EQUATION

YOUNGSANG KO

ABSTRACT. We establish the interface equation and prove the C*° regular-
ity of the interface for the porous medium equation whose solution is radial
symmetry.

1. INTRODUCTION
We consider the Cauchy problem of the form
uy = A(u™) in S =RY x (0, 00), (1.1)
u(z,0) =ug on RY. (1.2)

Here we suppose that m > 1, and ug is a nonzero bounded nonnegative function
with compact support.

It is well known that (1.1) describes the evolution in time of various diffusion
processes, in particular the flow of a gas through a porous medium. Here u stands
for the density, while v = %um_l represents the pressure of the gas. Then v
satisfies

v; = (m — 1)vAv + |Vu|?. (1.3)

If the solution is radial symmetry, then v satisfies

m
vy = (m — L)ove, + ?vvr + vf, (1.4)

where 7 = \/Zil\; z? and m = (m — 1)(N — 1). Since we are concerning about the
regularity of the interface we may assume r > ¢y for some positive number ¢y. In
this paper we will show that, if the solution is radial symmetry then the interface
of (1.4) can be represented by a C*° function after a large time.

In the one-dimensional case Aronson and Vézuez [5] and independently Hollig
and Kreiss [10] showed that the interfaces are smooth after the waiting time. An-
genent [1] showed that the interfaces are real analytic after the waiting time. For
the dimensions > 2, Daskalopoulos and Hamilton [8] showed that for ¢ € (0,T), for
some T > 0, the interface can be described as a C'* surface if the initial data wug
satisfies some assumptions. On the other hand, Caffarelli, Vazquez and Wolanski
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[6] showed that after a large time the interface can be described as a Lipschitz
surface if the ug satisfies some non-degeneracy conditions. Caffarelli and Wolanski
[7] improved this result by showing that the interface can be described as a C*®
surface under the same non-degeneracy conditions on the initial data. But many
people believe that even after a large time, the interface can be described as a
smooth surface.

In this paper, assuming the solution to (1.1) is radial symmetry and the ini-
tial data ug satisfies the same non-degeneracy conditions as in [7], we obtain the
following result :

Theorem 1.1. Ifv is a solution to (1.4), thenv is a C* function near the interface
where v > 0 and the interface is a C*° function for t > T, for some T > 0.

This paper is divided into three parts : In Part I, we obtain the interface equation.
In Part IT we obtain the upper and lower bound of v, by constructing a barrier

function. In Part III, we obtain the upper and lower bound of (%)j v =0l by
constructing another barrier function. In showing our results, we adapt the methods
used in [5].

2. PRELIMINARIES

In this section, we introduce some basic results which are necessary in showing
the uniform boundedness of the derivatives of the pressure v. First, since we are
interested in the radial symmetry solution, let

Plu] = {(r,t) | u(r,t) > 0,7 > ¢ > 0}

for some €y > 0, be the positivity set. Then by [6], we can express the interface as
a nondecreasing and Lipschitz continuous r = {(t) = sup{r > eo | u(r,t) > 0} and
r = ((t) on [T, 00), for some T > 0. In showing the interface is a C'*° function, we
need the following :

Theorem 2.1. Assume that ug > 0 on I = (2€p,a) and ug = 0 on [a,00). Let
vo = 2rug "t € CY(I). Then

TEIC%) vr(r,t) = v (C(t),1)

exists for allt > 0 and

’

o (¢, {¢' () + et )} =0

for almost all t > 0.
In proving Theorem 2.1, we need

Lemma 2.2. Assume that vg has bounded derivatives of all orders, and that there
exist positive constants p, M such that

uw<wo(r) <M on le,o0).

Then the Cauchy problem (1.4) has a unique classical solution v in S = [eg, 00) X
[0,00) such that
p<o(rt) <M onS

and v € C*™(9).
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Proof. To show the existence of v, we need to have an a priori lower bound for v.
To this end, let ¢ = ¢(s) denote a C*°(R!) function such that ¢(s) = s for s > p,
©(s) = p/2 for s < 0, and ¢ increases from p/2 to p as s increases from 0 to p.
Now consider

vy = (m — 1)p(v)v, + %vvr + 92 in [e,00) x (0,00), (2.1)

v(x,0) = vo(z) on [eg, 00).

Then it is easily verified that equation (2.1) satisfies all the hypotheses of Theorem
5.2 in [11]( pp. 564-565). Let 7 € (0,00) and § € (0,1) be arbitrary, and let
R; = [eg,00) x [0,7]. Then there exists a unique solution v of equation (2.1) such
that [v] < M in R, and v € H>**#146/2(R_).In [11], the solution of (2.1) is obtained
as the limit as n — oo of the solutions v™ of the sequence of the first boundary
value problems

vy = (m — 1)p(v)v, + mvvr +v? in [eo 4+ 1/n,n] x (0,7),
T

v(r,0) =wvo(r) in [eo + %,n],

v(n,t) =vo(n) in [0,7].

Then by the method used in proving Theorem 2 in [2], we have v = lim,, o, V"
belongs to C*°(S) and p < v < M. O

Now let us prove Theorem 2.1. Let ¢ > 0 and assume r < r € I; = [2€0, ¢(2)).
By mean value theorem,

op(r' t) = vp(r,t) + (r — 7 Yo (7, £)

for some 7 € (r, 7). Since |Vv| = |v,| < L [6], by the following famous result
N-—-1 1
Av = vy, > ———
v e Y (m—1+4+2/N)t

established in [4], together with the assumption that r > €y, the lower bound for
v, is obtained. Hence

UT(T,7t) > vT(T7 t) - OL(T’/ - T)?
for some positive constant a. Also, since v, is bounded above,
sup |v.(r, )] < C.
It

Therefore the inferior and superior limits of v,.(r,t) exist and are finite when r —
¢(t). It follows that

liminf v, (1, ) > v, (r,t) — a{¢(t) — r}
r'—=((t)
for all » € I, and

lim inf v, (r/ ,t) > limsup v, (7‘/ ,1).
' —=((t) r—C(t)

Therefore

) E‘Z}t) v (1) = vr(C(2), )

exists.
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Next, let ¢ be a C(S) function which has compact support in R! for each fixed
t > 0. Suppose further that v, € C(S) and that 1) possesses a weak derivative
with respect to ¢t in S. Define

~ ) () fort >0
v(rt) = {w(r, 0) for¢t<0.

Then it is shown [3] that Ve C(R?), 1 has compact support as a function of r for
each fixed ¢, ¥, € C(R?), and v is weakly differentiable with respect to ¢ in RZ.
Moreover, v; coincides with v; for ¢ > 0. Let

o) = [ alr = 6.t = r)ite rycar,

where ky(r,t) denotes an averaging kernel with support in (—1,1) x (=1 1) for
each integer n > 1. Then v, satisfies

ta
Y (1, t2)v(r, t2)dr + / {(m—-1+ g)vvrwm« + (m — 2)v22,, — Vbt } dr dt
R t1 R

= Y (r, t1)v(r, t1)dr.
R1
(2.2)
Recall that v and its weak derivative v, are bounded in S. On the other hand, it
is shown in [3] that ¢, — ¥ and ¥,, — %, uniformly on any compact subsets of
R?, while 1,,; — ¢ strongly in L}, (R?). Therefore (2.2) also holds for the limit of

the sequence v, that is, for any set function which satisfies the conditions listed
at the beginning of this paragraph. Now define a function

. _ —_r2 <
K(r) = C-exp{—1/(1—-7r%)} for|r| <1
0 for |r| > 1,

where C is chosen so that
K(r)dr=1,
Rl

and set k,(r) = nK(nr) for each integer n > 1. Then k,(r) is an even averaging
kernel and k,,((t) — r) belongs to C(S) and has compact support in R? for each
t > 0. Also %kn(((t) —r) € C(8). Since  is Lipschitz continuous, ¢ exists almost
everywhere and is bounded above. Moreover ( is weakly differentiable and its weak
derivative can be represented by ¢'. It follows that kn(¢(t) — r) is also weakly
differentiable with respect to ¢ in S with weak derivative given by ¢ (£)k/,(¢(t) —r)
which belongs to L1(R! x (t1,t3) for any 0 < t; < t3 < oo. Thus k,,({(t) —r) is an
admissible test function in (2.2). In particular, if we set ¥y, (r,t) = k,(¢(t) — r) in
(2.2), we have

ko (C(t2) — P)o(r, £2)dr + /t ’ /R K (¢ = Po(r D{—(m — 1o, — '} dr dt

R1

to t2 m
+(m—2) / / knv2 dr dt — / — vk, (C—7)drdt
t1 R t1 R? r

= /}R1 kn(C(t1) — r)v(r, t1)dr.
(2.3)
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For fixed ¢, v(r,t) is a continuous function of r in R! and v(r,t) =0 for r € R\ ;.
Hence for any ¢t > 0

Jim [k (C(0) = 7ol e = v(C(0), 1) = 0.

Similarly, since |v,| is bounded above, we have
to

lim Tukan(g —r)dr =0.

n—oo t R T
Since v,.(r,t) — v, (¢(t),t) as r — (— and v.(r,t) = 0 on R! \ I;, we have
¢
(¢ — )02 (r, t)dr = / kn(C — r)02(r, t)dr.
C_

1
n

R1
Since k,, is even, we have
1
lim [k (C(t) =)ol (r,t)de = Sv7((,t)
n—oo R 2

for each ¢t > 0. Moreover, since |v,| < L,

/ kn(¢C— r)vf(r, t)dr
Rl

Thus by the Lebesgue’s dominated convergence theorem,

< L2

to 1 ta
lim b (C(8) — 1)02(r, £)dadt — - / V2(C, ) dt.
n—oo th R1 2 t1
Next define
—ou(r,t)
C—r

for r < ((t)
)

w(rt) = 4 o, (C(t),8) for r = C(¢
0 for r > ((t).

Note that for fixed ¢, w is continuous on [ep, ((t)] and |w(z,t)] < C. Then the
second integral on the left in (2.3) can be written in the form

I, = /t1 /Rl (¢ — )kl (¢ — r)w(r, t){(m — 1)v, + '} drdt.

It is easily verified that the function —rk;(r) is also an even averaging kernel. Thus
for each t,

lim [ (¢ =)k, (¢ = r)wf(m = o, +('}dr = —%vr(m){(m — Doy + ('}

n—oo Jp1

and

< (m—1)L* + L € LY (ty,to).

[ (€= k¢ = rywlm = 1o, +¢yar

It follows that

to
lim I, = —%/ v(¢ ) {(m — 1)v, + ¢'}dt.

n—0o0 tl
Hence if we let n — oo in (2.3), we obtain
1

= / 0 (G D(C () + (¢, )t = 0
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for any 0 < t; < to < 0o. Therefore

e (&€ (8) + 0r(G1) = 0

for almost all ¢ > 0. O

3. UPPER AND LOWER BOUNDS FOR v,

Let v = v(z, t) be the pressure corresponding to a solution u = u(z, t) of equation
(1.1). If w is radial symmetry then v = v(r,t) satisfies (1.4) in the positivity set
Plu] = {(r,t) | u(r,t) > 0,7 > €}. Assume that vo(r) has compact support
containing [2€g, a] for some a > 0 and satisfies the non-degeneracy condition (1.4)
of the Theorem 1 in [7]. Let ¢ = (19, %o) be a point on the interface r = ((¢) so that
ro = ((to), v(r,t9) = 0 for all r > ((to), and v(r,tp) > 0 for all 0 < r < {(tg). Since
the lower bound for v, is obtained already, we need to show v, is bounded above.
In showing this we adopt the methods used in [5].

Now let T' > 0 be the positive constant established in [6]. Assume ¢y > T so
that the interface is moving at q. Then from Theorem 2.1, we have

¢ (to) = —v,(¢,t) =a >0, (3.1)
and on the moving interface we have
v = v (3.2)
As in [5], we use the notation
R = Rsp(to) ={(r,t) € R* [ ((t) =6 <7 < ((t), to —n <t <to+7}.

Lemma 3.1. Let g be a point on the interface and assume (3.1) holds. Then there
exist positive constants C', § and n depending only on N, €y, m, q¢ and u such that

|vpr| < C in Rsp/o-

Proof. It is well known that v¢, v, and vv,, are continuous in a closed neighborhood
in P[u] of any point on the interface if ¢ > T, and that

(ory) (s 1) = % (v = Zow —07) = 0.as Plu] > (r,2) = (¢(2),)

for any t > T'. Choose now an € > 0 such that
(a—(8m—=3)e)(a—¢€) >4(m+1)e > 0. (3.3)

Then there exist & < § = d(e) > 0 and n = nm(e) € (0,tp — T') such that
R5ﬂ7 C P[u],

—a—€e<v < —a+te, (3.4)
and
VU < € (3.5)
in Rs,,. In view of (3.4) we have
(a—e)(C(t)—7r) <v(r,t) < (a+€)(¢(t)—r) in Rs, (3.6)
and
a—e<((t)<a+e in[ty,ts)] (3.7)

where t; = tg — n and to = tg + 7. We set
() = G+ b(t —t), (3.8)
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where (1 = ((t1) and b = a + 2¢. Clearly ((t) < ¢*(¢) in (t1, t2].
On Plu], p = v, satisfies

m
L(p) = Pt — (m - 1)vpr7’ - (2mv7’ + 7”) Dr
2m 3m 2m
2 2y _
—(m + 1)p + (7‘_20 - _vr> p—= 7__3(01)7" - 7"’[),,) =0

where m = (m — 1)(N — 1). As in [5] we construct a barrier function for p of the
form
o B
(i) T’ t = + ?

R AN O

where a and (§ are positive constants and will be decided later.

(3.9)

L(p) = ﬁ{—c/—2(m—l)cir—2mw—%v}

p o v n
+W{—C —2(m—1)C*_r—2mvT—7v}

2m 3 2m )

—(m+ )8 + (Sgv — Tun)p — =5 (vo, —0?)

>W{—C —2(m—1)

Qir - 2mu, — %v—2(m+1)a}
+L{—C*/ —2(m—1) Y (m+1)ﬂ}
(G G |
since v, < 0. jFrom the choice of ¢ and the estimates (3.4), (3.6), (3.7) and the
definition (3.8) of ¢* we conclude that

m
—2mu, — — — 2

L(¢) > ﬁ{a — (8m — 5)e — 4(m + 1)a}
L a — m — € — m
T T)Q{ (8m — 3)e — 4(m + 1)B}.
Now set
8= % (3.10)

and note that (3.3) implies that 8 > 0. Then L(¢) > 0 in Rs,, for all a € (0, o],
where ag = {a — (8m — 5)e}/4(m + 1).

Let us compare p and ¢ on the parabolic boundary of Rs,. In view of (3.5) and
(3.6) we have

Uy < in R(;,,],

(a—e)(¢—r)

so that, in particular,

vTT(((t) - 5) t) < in [tlv t2]‘

_°
(a—€)d
By the mean value theorem and (3.7) it follows that for some 7 € (¢1,%2)
CO+0-C) = S+ (a+29)(t—tr) = (Nt~ tr)
< 5+ 3e(t —t1) < 6+ Ben.

Now set
1 = min{n (¢), d(e)/6€}.
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Since € satisfies (3.3) and 3 is given by (3.10) it follows that

€

(a—€)d

o0z D> > 0 (C4+6,8) on [t o).

Moreover,

I6] €
r,t1) > >
e @G
Let T = {(r,t) € R? : r =((t),t <t < ta}. Then I is a compact subset of R?.
Now fix o € (0, ). For each point s € I" there is an open ball B, centered at s
such that

> Vpr(r,t1)  on [(1 —6,(1)-

(Vv )(ryt) < ala —e) in Bs N Plul,

In view of (3.6) we have

o(r,t) > QL > vpp(r,t)  in Bg N Plu).
—r
Since I' is compact, finite number of these balls can cover I' and hence there is a
v =v(a) € (0,6) such that

¢(r,t) > p(r,t) in R, ,.
Thus for every a € (0, ), ¢ is a barrier for p in Rs,. Hence by the comparison

principle we conclude

o B
t) <
S T e =,
where (3 is given by (3.10) and « € (0, o) is arbitrary. Now let o | 0 to obtain

B 26 .
A
T e

in Rs y,
Vpp(ryt) <

4. BOUND FOR (%)jv

J
10 = (5) W<

for each j > 2, then Theorem 1.1 follows. First by a direct computation for j > 3,
v satisfy the following equation

As in [5], if we can show

—Gj(rt), (4.1)

where F(r,t) and G,(r,t) are functions of r,v and derivatives of v of order < j
only. Then our result is

Lo = vt(j) — (m —1)vvl) — (2 + j(m — 1))v,0) — E1)1)7(]) — Fj(r,t)o®
T

Proposition 4.1. Let ¢ = (rg,to) be a point on the interface for which (3.1) holds.
For each integer j > 2 there exist constants Cj, 6 and n depending only on N, €o,

m, j, q and u such that
9 J
(E) v S CJ m R5,T//2~ (42)
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The proof proceeds as in [5] by induction on j. Suppose that ¢ is a point on
the interface for which (3.1) holds. Fix ¢ € (0,a) and take do = do(€) > 0 and
1o = no(e) € (0,tg — T) such that Ry = Rsyy,(to) C Plu] and (3.4) holds. Thus
we also have (3.6) and (3.7) in Ro. Assume that there are constants Cj, € R for
k=2,3,...,7—1 such that

W® | <C, onRy fork=2,...,5—1. (4.3)

Observe that, by Lemma 3.1, the estimate (4.3) holds for k¥ = 2. As in [5] by
rescaling and using interior estimates we obtain the following estimate near (.

Lemma 4.2. There are constants K € R*, § € (0,80) and n € (0,m0), depending
only on q, m and the Cy, for k € [2,j — 1] with j > 3, such that

|,U(J)(r7 t)] < O —r n Rsy,.
Proof. Set 95
0= min{?o, 2sm0},
9
n="o 48’
and define

A A _
R(F,f)z{(r,t)ERz : |r—F|<§,t—4—<t<t}
S

for (7,t) € Rs,,, where s = a + ¢ and X\ = ((t) — 7. Then (7,t) € Rs, implies that
Rs; C Ro. Also observe that for each (7,%) € Rs,, R(7,t) lies to the left of the
line r = {(t) + s(t — t). Now set r = A{ + 7 and ¢ = A7 +¢. Then the function

VO (g, 1) =00+ T + 1) = U (r,8)
satisfies the equation

VI ={m =13V 4 @+ (G = 1m0, VI

G-1) | M=)
— —1Dv, — 4.4
(m =1, VI + (4.4
FAEF -1 (r,t) = (24 (G = 1D)(m = D))o ) VI 4 AG;1 (1)
in the region
1 1
B = R? : <= —— <
{ener lg<g -4 <rsof.
and |[VU=D| < C;j_; in B. In view of (3.6) and (3.7) we have
(a_ E)C(t) -r < ”U(?",t) é (a+€)<(t) -r

AT A A
and \
(1) < 6B < Cl0) + 5(F— 1) < C(1) + 5.
Therefore
A A A A 3
1O —g T =) -r=(l)-T+5 =+
which implies
a—e 3(a+e€)
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that is, equation (4.4) is uniformly parabolic in B. Moreover, it follows from (3.4)
and (4.3) that VU~1) satisfies all of the hypotheses of the Theorem 5.3.1 of [11].
Thus we conclude that there is a constant K = K(a,m,C4,...,Cj—1) > 0 such
that
9 .
—vU=50,0)| < K
‘8§ ( ? ) —_ )
that is
UV (7, )] < K/
Since (7,t) € Rs,, is arbitrary, this proves the lemma. Il
We now turn to the barrier construction. If v € (0,d) we will use the notation

Ry, =R} (to) ={(rt) eR* : ((t) =0 <r < —,to—n <t <to+n}
Then we have

Lemma 4.3. Let Rs, ,, be the region constructed in the proof of Lemma 3.1. For

j>3and(rt)€ Ry , . let

@ n I6]
() —r—v/3 () —r
where (* is given by (3.8), and a and 3 are positive constants. There exist § € (0,d1)
and n € (0,m) depending only on a, m, C1,...,C;_1 such that

Li¢;) 20 in R,

gﬁj (T’, t) =

for all v € (0,9).

Proof. Choose € such that
a
0 . 4.5
€S 3@+ 2j(m-1) (45)
There exist d2 € (0,01) and € (0,7:) such that (3.4), (3.6) and (3.7) hold in Ry, ,,.
Fix v € (0,d2). For (r,t) € R, , we have

hy - e [ _2m=Do oy, T
()¢ —r /3 - CT B ]
ﬂ _ *1_2(m—1)v_ .m_ ’U—@U
T B M e LR (GRS D
* (C*—T)2
SFi(r (¢ =) = S Gy )].

(From (3.6) and by the fact that (* —r > ¢ — r — v/3 we have

v v y _ §
c ST st et
Thus it follows from (3.4), (3.7) and (4.3) that
) )
W{aﬂ —(3+2j(m —1))e - & (Fj + EQG]) }
B

+m{a/2 — (44 2j(m —1))e — & (Fj + %Gj) }

Lj(¢;)
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Since € satisfies (4.5) we can choose § = d(¢,m,Ca,... ,C;_1) > 0 so small that
Lj(¢;) > 0in Ry, . O

Lemma 4.4. (Barrier Transformation). Let & and n be as in Lemma 4.3 with the
additional restriction that

0
< —, 4.6
< & (4.6)
where € satisfies (4.5). Suppose that for some nonnegative constants o and (
0D (r,t) < @4 b in Rsp, (4.7)

t)—r C@)—r

Then v9) also satisfies

@ —-r @ -r
Proof. By Lemma 4.3, for any « € (0,9) the function
2a/3 B+2a/3
(rb' T, t) = +
A O R A e
satisfies L;(¢;) > 0 in R}m. On the other hand, on the parabolic boundary of R}m

we have ¢; > v, In fact, for t =¢; and ¢ — 6 <r < ¢ —, with {; = C(t1), we
have

n R(s,n. (4.8)

o 20/3  B+2/3 _ 4o/3
¢3(T’t1)7C1—T—7/3+ G—r >C1_T+C1_r

while for r = ( — ¢ and t; <t <ty we have, in view of (4.6),

> v(j)(r,tl),

o 20/3 B 2a/3
¢j(C=d,t) = 5_7/3+§*+5—§ 0 + 6en
2a/3 N B " o/3 > v (¢ = 5,1).

- 0 (*4+0-¢ 0
Finally, for r = ( — 7, t; <t < {2 we have
2a/3 B+2a/3 _ « Jé] :
6i(C— 1) = + > 24 >0 (- t).
i ) Y=9/3 CHv=¢ Ty CHr—¢ ( )
By the comparison principle we have
¢ > v¥) in R:{m

for any v € (0,6), and (4.8) follows by letting ~ | 0. O

Now we are ready to prove our main proposition.

Completion of proof of Proposition 4.1. By Lemma 4.2, we have an esti-
mate for v of the form (4.7) with o = K and 3 = 0. Iterating this estimate by
the Barrier Transformation Lemma we obtain the sequence of estimates

On + *ﬂn
TR
with a, = (2/3)"K and B, = {(2+...4 (3)"} K. Thus if we let n — oo we obtain
an upper bound for v(9) of the form

v(j)(r, t) <

2K
¢

09 (r,t) < in Rs.,. (4.9)
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As in the proof of Lemma 3.1, this implies that v(¥) is bounded above inRs /0.

Since the equation (4.1) for v9) is linear, a similar lower bound can be obtained
in the same way and the induction step is complete. Therefore as we mentioned in
the beginning of this section, Theorem 1.1 is proved.
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