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THE METHOD OF UPPER AND LOWER SOLUTIONS FOR
SECOND-ORDER NON-HOMOGENEOUS TWO-POINT
BOUNDARY-VALUE PROBLEM

MEI JIA, XIPING LIU

ABSTRACT. This paper studies the existence and uniqueness of solutions for a
type of second-order two-point boundary-value problem depending on the first-
order derivative through a non-linear term. By constructing a special cone and
using the upper and lower solutions method, we obtain the sufficient conditions
of the existence and uniqueness of solutions, and a monotone iterative sequence
solving the boundary-value problem. An error estimate formula is also given
under the condition of a unique solution.

1. INTRODUCTION

In this paper, we study the existence and uniqueness of solutions to the second-
order non-homogeneous two-point boundary-value problem

2" (t) + f(t,z(t),2'(t)) =0, te€(0,1),
2(0)=a, =z(1)=0b,

where f € C([0,1] x R%,R), and a, b € R.

It is well known that the upper and lower solutions method is an important tool
in studying boundary-value problem of ordinary differential equation. Recently,
there are numerous results of the problem by means of the method (see the refer-
ences in this article). We notice that most of these papers study the existence and
uniqueness of solutions of the boundary-value problem with nonlinear term f(¢, u).
The nonlinear term f, however, usually satisfies Nagumo condition when the f de-
pends on the first order derivative (see for example [II [3, 5] [6]), which weakens the
role of the first order derivative term.

In this paper, the nonlinear term f depends on the first order derivative and does
not need to satisfy the Nagumo condition. By constructing a special cone and using
the upper and lower solutions method, we obtain the sufficient conditions of the
existence and uniqueness of solutions, as well as the monotone iterative sequence
which is used to solve the boundary-value problem. The error estimate formula is
also given under the condition of unique solution. And the method we adopt is new
and so are the conclusions we obtain.

(1.1)
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2. PRELIMINARIES

Throughout this paper, we assume that N satisfies the hypothesis

(H1) 0< N < 3.
To investigate the boundary-value problem (1.1]), we consider the boundary-value
problem

—2"(t) — N%xz(t) = h(t), te€(0,1),

2.1
(0) =0, 2(1)=0, 2
where h € C0,1].
Lemma 2.1. The Green’s function of the boundary-value problem
—z"(t) — N%z(t) =0, te(0,1),
#(6) — Na(t) 0.1 .
2'(0)=0, =x(1)=0,
18
1 — <t<s<
Glt,s) = 1 cos(Nt) S{n(N(l s)), 0<t<s<l1, (2.3)
NcosN |cos(Ns)sin(N(1—t)), 0<s<t<

Proof. We look for a Green’s function of the form
Git,s) = Acos(Nt) 4+ Bsin(Nt), 0<t<s<1,
" | Ccos(Nt) + Dsin(Nt), 0<s<t<1.

By the definition and properties of the Green’s function and the boundary condi-
tions, it is easy to obtain that

sin(N(1 — s))

A= , B=0,
N cos N
sin N cos(N's) —cos(Ns)
C=————+*> D=——+—~-,
NcosN '’ N
Hence, the Green’s function is as stated in the Lemma. O

It is easy to show that the following lemma holds by means of calculations.
Lemma 2.2. If (H1) holds. Then: (1)
oG(t,s) 1 {sin(Nt) sin(N(1—s)), 0<t<s<lI,

gt cosN |cos(Ns)cos(N(1—1t)), 0<s<t<I,

G(t,s) >0 and % <0 for all t,s € [0,1]; (2)
1
Nt) — N
/ G(t,s)ds = % for allt € [0,1],
—cos N
tren[g}i/ Gt s)ds = NQCOSN

(3)

! OG(t, s) sin(N't)
/0 (— ot )dS_NcosN for allt €10,1],

1 .
0G(t, s) sin N
_ ds —
tggﬁ]A ( ot ) 5 N cos N
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Lemma 2.3. Suppose h € C[0,1], @ and b € R , then the unique solution of the
boundary-value problem

—2"(t) - N x(tj = h(t), ie (0,1), 2.0
2(0)=a, z(1)=0b,
x(t) = zo(t) + /0 G(t,s)h(s)ds
where
xo(t) [N cos(Nt) —asin(N(1 —t))] (2.5)

~ NcosN
Proof. Note that the equation —z” (t) — N2x(t) = 0, has solutions of the form
2(t) = ¢1 cos(Nt) + co sin(Nt).

Using the boundary condition in (2.4), we obtain that the unique solution of the
boundary-value problem

m

(0,1),

sl

—2"(t) — N%z(t) =0, t
2(0)=a, z(1)=

[bN cos(Nt) —asin(N(1 —t))]

t) =

zo(?) N cos N
Since G(t, s) is the Green’s function of the boundary-value problem (2.2). Then
the unique solution of the boundary-value problem ([2.4) is

x(t) = xo(t) + /0 G(t,s)h(s)ds
(I

From the hypothesis (H1) and the definition of x((t), it is easy to see that the
following lemma holds.

Lemma 2.4. Ifb> 0, a =0 and (H1) hold, then zo(t) > 0 for all t € [0, 1], where
xo(t) is defined by (2.5)).

In the following, we establish a comparison principle.
Lemma 2.5. Suppose that x € C?[0,1] satisfies
—2'"(t) — N%z(t) >0, te(0,1),
2'(0)=0, x(1)>0.
Then x(t) > 0 for all t € [0,1].

Proof. Let
h(t) = —2"(t) — N%z(t), @a=0, xz(1)=0.
Then h(t) > 0 for all t € [0,1] and b > 0. Consider the boundary-value problem
—u”(t) — N?u(t) = h(t), t€(0,1),

u'(0) =0, wu(l)=>, (26)
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By Lemma [2.3] this boundary-value problem has the unique solution

1
u(t) = zo(t) + /0 G(t,s)h(s)ds

Since zo(t) > 0 by Lemma and G(t,s) > 0 by Lemma for all ¢, s € [0,1],
we have u(t) > 0 for all t € [0,1]. It follows from the definition of h that x is a
solution of the boundary-value problem . Hence, u = x which gives z(t) > 0
for all ¢ € [0, 1]. O

Lemma 2.6 ([4, Lemma 1.1.2]). Let E be partially ordered Banach space, {x,} C E
is monotone sequence and relatively compact set, then {x,} is convergent.

Lemma 2.7 ([4, Lemma 1.1.2]). Let E be partially ordering Banach space, X, < yn,
(n=1,2,3...), if &p — &%, Yy — y*, we have x* <X y*.

Here the symbol < denotes the partially order in the Banach space F.
Definition. A function ¢y € C?([0,1]) is said to be a lower solution of boundary-

value problem , if
= (t) < f(t,90(t), ¢o(1)),
¢o(0) =a, o(1) <b.
A function o € C?([0,1]) is said to be an upper solution of the boundary-value
problem , if
=1 (t) = f(t,%0(t), ¥ (1)),
¥6(0) = a, o(1) >b.

3. EXISTENCE OF SOLUTIONS OF THE BOUNDARY-VALUE PROBLEM

Let E = C'[0,1] with ||z]| = max{|7|so, |2'|cc }, Where || = m[ax] |z(t)]. Let
tel0,1

P={reE:z(t)>0foralltel0,1],z is decreasing and z'(0) < 0}.
Then P is a cone in F and F is a partially ordered Banach space.

Obviously, for any < y € E if only and if y — z € P, namely, z(t) < y(t)
for all t € [0,1], ¥ — 2’ is monotone decreasing and y'(0) — 2’(0) < 0. Then
y'(t) — 2/ (t) < y'(0) — 2’ (0) <0 for all ¢ € [0, 1]. Therefore

r=2yeE = z(t) <y(t) and y'(t) — 2'(t) <0 for all ¢ € [0, 1]. (3.1)

For any o < 8 € E, denote Dy = [o, 5] = {x € E: a <z <X 8}. Tt is easy to see
that Dg is a bounded set.

Theorem 3.1. Suppose (H1) holds, and there exist a upper solution 1o and a lower
solution o of boundary-value problem (1.1)) such that g < 1o and [ satisfies:
(H2) f(t7u251]) - f(t7ulvv) > N2(u2 - U1) fO’f’ all t € [07 1}} ¢6(t) <v < @6@)
and o (t) < ur < ug < o(t);
(H3) f(t,u,v2) — f(t,u,v1) <0 for all t € [0,1], wo(t) < u < o(t) and Pi(t) <
v < ve < ().
Then the boundary-value problem (1.1) has a minimal solution ©* and a mazimal
solution ¥* on the ordered interval [po,1o]. Moreover, the iterative sequences

Pn(t) =fo(t)+/0 G(t,5)(f(5,0n-1(5), ¢ -1(5) = N?@n-1(s)) ds,
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W@=%@+Acw@< (5, n1(5), Vo1 (5)) — N2 _1(s)) ds

converge uniformly on [0,1] to ©* and ¢¥* respectively. Here

To(t) =
Zo(t) N cos N
Proof. 1t is easy to see that = @y = g is the solution of the boundary-value

problem (L.1)) if @9 = 1. Next we consider ¢y # 9. Denote D = [pg,1o]. For
any h € D, we consider the boundary-value problem

—a'(t) — N?x(t) = f(t,h(t), k' (t)) — N*h(t),
2'(0)=a, =z(1)=h.

By Lemma [2.3] the unique solution of the above boundary-value problem is

—l—/o G(t,s)(f(s,h(s),h'(s)) — N?h(s))ds := (Qh)(t) (3.3)

[bN cos(Nt) — asin(N(1 —t))].
(3.2)

where
1

To(t) = N cos N

It is clear that x is a solution of boundary-value problem if and only if z is a
fixed point of Q.

Let F: D — C([0,1]), (Fh)(t) = f(t,h(t),h'(t)) — N2h(t). Then F is a contin-
uous and bounded operator.

Define T : C([0,1]) — C([0,1]), (Th)(t) = ZTo(t +f0 s) ds. It is obvious
that T is a linear completely continuous operator.

Denote Q@ =T o F, so Q : D — C(]0,1]) is continuous and relatively compact,
Q(D) is a relatively compact set.
(1) We prove @ is an increasing operator. For any hi, ha € D and h; =< hg, by
(3.1), we have

po(t) < hu(t) < ha(t) < vo(t) and 4g(t) < hy(t) < hi(t) < wp(t)
for all t € [0,1]. By (H2) and (H3),
[f(t, ha(t), hy(t)) — N2ho(t)] = [f(t, P (8), By (8)) = N2ha(2)]
= [f(t, ha(t), hy(t)) — F(t, ha(8), B (£)))] = N?(ha(t) — ha(t))
= (t), b [+ [f(t ha(t), ho(t) — f(t, ha(t), Ry (1)))]

[bN cos(Nt) — asin(N(1 —t))]

f )

F(t ha(8), by (8)) = S (2, ha(2), ha(2)))
— N?(ha(t) — (1)

> N?(ha(t) — ha(t)) = N*(ha(t) — ha(t)) 2 0
Therefore, (Qh1)(t) < (Qh2)(t) by Lemma 1) for all ¢t € [0,1]. Also for all
t €10,1],

(Qh2) (1) — (QM1)"(2) = —[N*(Qha)(t) + F(t, ha(8), B3 (1)) — N*ha(1)]

+ [N} (Qha)(8) + f(t, 7 (1), By (1)) — N?ha(t)]
= N?[(Qh1)(t) — (Qh2)(t)] — [f(t, ha(t), hy(t)) — Nha(t)]
+ Lt ha (1), R (1)) — N2ha ()]

<0
Hence, (Qh2)'(t) — (Qh1)'(t) is monotonically decreasing for all ¢ € [0, 1].

+
+
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Obviously, (Qhz2)(0) — (Qh1)'(0) =a —a = 0. So (Qhs) — (Qh1) € P, namely
Qh1 = Qhy. We get Q : D — C*([0,1]) is an increasing operator.

(2) We prove Quo = o, wo = Qgo. Denote 11 = Qibg, since )y is the upper
solution of the boundary-value problem (|1.1)). Then

=1 (t) = f(t,%0(t), ¥ (),
¥o(0) =a, o(1) > b
Let ¥ = 1y — 11, the definition of @ yields
— 4" (t) = N*y(t)
= —(o(t) — ¥1(t))" — N*(¢o(t) — 91 (t))

=(-¢ () N2 (t)) = (=9 (t) — N2 (1))
> (f( ( )s o (t)) = N24o(t)) = (f(t,40(t), 5(1)) — N*¢o(t)) = 0
for all ¢ € [0,
¥'(0) = ¢(0) —41(0) =a—a =0,
P(1) = Po(1) =1 (1) 2 b—b=0.

By Lemma[2.5] we have 1(t) > 0 on [0, 1]. That is (Qu0)(t) < v (t) for all ¢ € [0,1].
Moreover

0 (t) — (Qvo)" (1)
—f(t, Yo(t), 5 (1) + [N?(Qubo) (t) + f(E, 10 (t), ¥ (t)) — Neo(t)]
= N?[(Qubo)(t) = 1ho(t)] <0

for all t € [0,1]. Hence, {(t) — (Q)’(¢) is monotone decreasing for all ¢ € [0, 1].
Obviously, 1§ (0)—(Qo)' (0) = a—a = 0. Therefore, we get Q1pg =< 1bg. Similarly,

we can prove that ¢g X Qpo. So po = 1 = 91 = 7o.

(3) We prove the existence of the minimal solution and the maximal solution of

boundary-value problem . We can repeat step (2) and construct an iterative

sequence

Un = Q1 =To(t) +/0 G(t,8)(f(5,9n-1(), 951 (5) = N*tn_1(s)) ds,

= Qpn_r = Folt) + / G(t,3)(F (5, on_1(5), &1 (5)) — N2 _1(5)) ds

0
forn =1,2,.... We obtain

00X p1 Zpa XS D 2P X X by 2P Xy

By {¢n}, {¥n} C Q(D) and Lemma [2.6| we can show that there exist ¢*, ¢¥* € D
such that ¥, — ¥*, ¢, — ¢* (n — 00). By the continuity of @), we have p* = Qp*
and ¥* = QY™ as n — oco. So ¢* and Y* are the fixed points of Q.

In the following, we prove that ¢*, 1)* are the minimal solution and the maximal
solution of boundary-value problem , respectively.

Assume z € D = [pg, 1] is a fixed point of @, then pg <X z < 9. As Q is an
increasing operator, we get Qo = @z =X Quyp, that is o1 < z < ¢1. In a similar
way we have Qu1 X @z = Qvq, that is po < 2z =< 3. Repeat it, and we have
on 323, forn=3,4,....
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By Lemma [2.7, we can obtain ¢* < z < ¢*. Namely, ¢*, ¢)* are the minimal
fixed point and the maximal point of ), respectively. Therefore, ¢*, 1)* are the
minimal solution and maximal solution of boundary-value problem in the
ordered interval [pg, 1], respectively. O

4. UNIQUENESS OF SOLUTIONS OF THE BOUNDARY-VALUE PROBLEM
It is easy to show that the following lemma holds.
Lemma 4.1. If (H1) holds, then sin N > 1=5=X
Theorem 4.2. Suppose that the hypotheses of Theorem[3.1] hold, and
(H4) There exists a constant My with 0 < My < N cot N, such that
fltu,v1) — f(t,u,v9) < My(vy — 1)

for allt € 10,1], o(t) < u < o(t) and y(t) < v1 < wva < pp(t);
(H5) There exists a constant My with N2 < My < N?+ N cot N — My, such that

ft,ug,v) — f(t,ur,v) < Ma(uz —uq)

for allt € 0,1], ¥(t) <v < gog(t) and po(t) < ugp < ug < Yo(t).
Then the boundary-value problem (1.1)) has a unique solution x* on [pg, o] and for
any o € [po, o), iterative sequence

T /Gts (8,2p_1(5),2)_1(s)) — N?x,_1(s))ds, n=1,2,...

converge uniformly to x* on [0,1], and its error estimate formula is

My + My —
_ — =1,2,....
N cot N ) ||1z[}0 SDOH n y 4y

Proof. Let ¢, and 1, be defined as in Theorem According to (H4), (H5),
Lemma [2:2] and the assumptions of Theorem [4.2] we have

0 < wn( ) - n(t)
= (QYn-1)(t) — (Qen-1)(t)

/Gts (52 tnr(8),01()) — N1 (s)) ds

Jon — ol < 2(

- / Gt 5)(F (5 Pn1(), a1 ()) — N1 (s)) ds

/ Gt 5) [£(5, %n1(5), ¥y_1(5)) — F(5,0n-1(5), &1 (5))
(@n 1( ) wn 1( ))] ds
- / Gt )[(f (52 s (5), 61 (8)) — F(5:thn1(5), p_1(5)))
)

+ (f(8,9n-1(8), Pr-1(5)) = f(8,Pn-1(5), ¥p_1(5)))
+ NQ((Pnfl(S) —n-1(s))] ds

S/O G(t, 8)[Mi(e,-1(s)) = ¥ 1(5)) + Ma(¥n-1(s)) = pn-1(5))

+ N2<90n71(8) - "/’n71<5>] ds
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= /0 G(t, 8)[Mi1(21,1(5)) = U5 1(8) + (M2 = N?)(¢hn-1(s)) — ¢n-1(s))] ds

1
< (M + My — N?) / Gt )1 — Pn_r ds
0

1 —cosN
< (My+ My — N2)||1/)n71 - ¢n—1‘|m .
Similarly

0 < @, (t) — Uy (t)

- (Q@n—l)/(t) - (an—l)/(t)

- _/ %(f(&wnfl(s)ﬂ/];,l(s)) — N2%4,_1(s))ds
0

1 s
+A aGéi’ )(f(sa Cpn—l(s)a Qoln—l(s)) - Nz@n—l(s)) dS

_ / (_6Gg;S>)[f(s,¢n_1<s>,¢;_l<s>>_f<s,%_1<s>,so;_1<s>>

+ N*(pn-1(s) = ¥n-1(s))] ds

1
IdG(t, s
<+ 2= ) [ (= DY — s
0 t
sin N
< (My+ My — N*)||$hp—1 — o .
_( 1+ 2 )Hwn 1 Pn 1||NCOSN
By Lemma [4.1]
sihnN 1—cosN 9
_ < _ _
i = pull < max { = S LM+ Ma = N2) s = 0]
1
=—— (M + My — NH)||tpn_1 — @n_
Voot v M1+ Mz Ntbn-1 = on-l
Using the inequality repeatedly, we have
M1+M27N2 n
n - n S Y -
ln = enll < (F i) o = ol
Noting that 0 < %ﬁm < 1, we have

| — on|| — 0, asn — oc.

Since ¥, — ¥*, ¢, — ©*, there exists the unique z* € ﬁ [©n, ¥n] such that
UYn — 2*, @, — x*, (n — 00). So by Lemma[2.7] "

on 2% <, z*eD.
The monotonicity of @ implies

Pnt1 = Qpn 2 Q1" X Qn = Yny1.
Let n — oo we can show that z* < Qz* < z*. So x* = Qz*. Consequently, x*
is the unique solution of boundary-value problem ([1.1). For any z¢ € [¢0, %o], we
have
M, + My — N?

) o — ool

[2n —2*|| < flwn —@nll+llon =2 < 2[[¢n —enll < 2(
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where
Zn (1) = To( / G(t,s)(f(s,xn_1(8), 2l _1(8)) — N2z, _1(s))ds, n=1,2,...
for all t € [0,1]. O

5. ILLUSTRATION

In this section, we give an example about the theoretical results. Let a = 0,
b=1,N=1, f(t,u,v) =14+ (1+ %tz)u— %v. Then f € C([0,1] x R2,R), a, b € R
and N satisfies the hypothesis (H1). Consider the boundary-value problem

"(t) + 1+ (1+ th)x(t) 3" (t) =0, te(0,1)

) (5.1)
2(0)=0, z(1)=
Let @o(t) = f G(t,s)ds, vo(t) = 4f0 (t,s)ds + 1 for all t € [0,1], where
1 stsin(1 — 0<t<s<1
Git,s) = cos bl.n( s), 0<t<s<l, (5.2)
cosl |cosssin(l—t), 0<s<t<l1.

So 1) (t) = 4¢f(t) and ¥ (t) = 4¢f(t) for all ¢ € [0,1]. By Lemma [2.2] we have

maX/Gts ——1~08508
t€[0,1] sl
1
OG(t
max / (- ﬁ) ds =tan1 =~ 1.5574,
tef0,1] Jo ot

and ¢f(t) <0 for all t € [0,1]. By Lemma[2.1] Lemma [2.2] and Lemma [2.3] we can
obtain

—0p(t) =@o(t) +1 <1+ (1+ éﬁ)(po(t) - écpé(t) = f(t,po(t), (), te€(0,1)
06(0)=0, @o(l)=0<1
and
1

1
—hg(t) = Yo(t) +3> 1+ (1 + gtz)lfio(t) - g%(t) = f(t,¢o(t),¥0(t), te€(0,1)
Po(0) =0, o(1) =1
Hence, ¢g, ¥ are the lower solution and the upper solution of the boundary-value

problem (j5.1]), respectively, and o < 1.
Let M, = %, My = % Then 0 < M; < cotl and 1 < My < 1+ cotl — M;.

Therefore, the boundary-value problem (5.1) satisfies the conditions of Theorem
Then the boundary-value problem (5.1)) has the unique solution z* on [pg, ¥0]
and for any xg € [po, ¥o), iterative sequence

1
onlt) =70() + [ Gt (5,01 (5), 1 (5)) ~ 2aca () ds. =12
0
converge uniformly to z* on [0, 1], and its error estimate formula is

) 1Yo —woll, n=1,2,....
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