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PREFACE

The motivation for writing this thesis with the emphasis on metric spaces and metrization
of topological spaces arose from the pleasant properties that allow us to relate the abstract
realm of topological spaces to our very familiar concrete environment in which exists the
concept of distance, size, and order between objects.

With the general reader in mind, this paper is written and developed to be self-
contained. Therefore, some of the material included provides a background for the
development of ideas and proofs. This work contains a sequence of theorems dealing
with metrization of topological spaces, which serve to prove Urysohn’s Metrization
Theorem.

In 1924, shortly before his drowning at the age of twenty-six, the Russian
mathematician Paul Urysohn first stated and proved this metrization theorem,
concurrently with Alexandroff. The work of Urysohn and Alexandroff opened a new area
for research in topology that gained the interest of many mathematicians worldwide.

I wish to thank my adviser Dr. Singh for his patience and unconditional support and
encouragement during my writing of this thesis as well as Dr. Gu and Dr. McCabe for
their suggestions and help in preparing my paper. I am grateful to my committee
members and extend my thanks to all the members of the Department of Mathematics at
Southwest Texas State University for inspiring me and imparting their knowledge during

my studies of mathematics.

Monika Bender
November 1999
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ABSTRACT
METRIZATION THEOREMS
Monika Bender, B.S.

Southwest Texas State University
November 1999

SUPERVISING PROFESSOR: Sukhjit Singh

The goal of this study is to prove The Urysohn Metrization Theorem. This paper
represents an introduction to topological spaces with the focus on metric spaces. We
provide a background in set theory and function theory first, then proceed introducing the
distance function and looking at some examples of metric spaces, especially the
Euclidean n-space. The overview of topological spaces in general leads us to product
spaces. Our study of connectedness and separability of topological spaces paves the way
to the separation by continuous functions. In conclusion, the proofs of Urysohn's Lemma
and The Tietze Extension Theorem enable us to prove The Urysohn Metrization

Theorem.



Chapter 1

BACKGROUND

This chapter begins with a table containing the explanations of symbols used through-

out this paper. It furthermore provides a collection of definitions and propositions

selected from topics of set theory and some basics of function theory.

1.1 Table of Symbols

SYMBOL:
Z

R

R2

Rn

(.’E,y) s (.’L‘LCEQ, .

) Tn)

DEFINITION:

set of integers

set of real numbers

Cartesian plane

Fuclidean space of n-dimensions
Hilbert space

origin of n-dimensional Fuclidean space

ordered pair, ordered n-tuple



SYMBOL:
AC

AI

N

{a,}

U,u
n,N

DEFINITION:

complement of set A

set of all limit points of a set A
closure of A

an element of, belongs to

not an element of

summation

product of sets

open interval, segment, subset of the real number line
closed interval, subset of the real number line
set or collection of elements
singleton set

sequence

empty set

not equal to

inequality symbols

there exists

given that

such that

subset of a set

union of sets

intersection of sets



SYMBOL:
f: X—-=Y
f—l

v

fog

I where I CZ™*

DEFINITION:

function from a set X to a set ¥
inverse of a function f

for every

implies

if and only if

conclusion, therefore

function composition

indexing set



1.2 Set Theory

Definition 1 A set is a collection of elements. A is a subset of B, A C B, if every

element of A isin B. A= B if and only if A C B and B C A.

Definition 2 Then the union of sets A and B is a set consisting of all elements x

which belong to at least one of the sets A and B: AUB={z:z € A orz € B}.

Definition 3 Suppose A,B are sets. The intersection of A and B is a set consisting

of all elements x which belong to both A and B: ANB={z:z € A and x € B}.
Definition 4 Suppose A,B are sets. A and B are disjoint if AN B = 0.

Definition 5 Suppose A and B are sets. The set difference B\ A is the set of all

points of B which do not belong to A: B\A={z:xz€ B andz ¢ A}.
Definition 6 The complement of A C X is the set A° = {z:2€ X andz ¢ A}.

Definition 7 A number u is an upper bound for a set A of real numbers provided
that a < u for all a € A. If there is a smallest upper bound ug for A, an upper bound
ug less than all other upper bounds for A, then ug is called the least upper bound
of A, denoted by lubA. A number | is a lower bound for a set A of real numbers
provided that | < a for all a € A. If there is a largest lower bound lg for A, that is, a
lower bound greater than all other lower bounds for A, then ly is called the greatest

lower bound of A, denoted by glbA.

Proposition 8 De Morgan’s Laws: Let X be a set and let {A;}, ; be a family of

subsets of X. Then, <m AQ-)C =y A°  and <U A,-)C = AC.

icl iel el il



1.3 Functions

Definition 9 Let X and Y be two sets. A function f from X to Y is a rule which

assigns to each member z € X a unique member y = f (x) €Y, and f is denoted by

f: X->Y.

Definition 10 The Cartesian plane R? = RxR.

Definition 11 The Cartesian product A x B = {(a,b) : a € A and b € B}. Infi-

nite products are defined in Chapter 4.

Definition 12 Suppose X and Y are sets, AC X and BCY, and f : X — Y.

Then,

1.
2.

3.

4.

f(A)={yeY :y=f(z) for some z € A} is the image of A under f.
f1(B)={z € X: f(z) € B} is the inverse image of B under f.
[ is one-to-one, if for z1, 2y € X and zy # zo, [ (21) # [ (22).

fisontoif f(X)=Y.

Definition 13 Suppose A, is a set, i € I where I is an indexing set. Then,

1.

2.

Uie; A ={z:z € A, foratleast onei € [}.

NesA={z:x€A, Viel}

Proposition 14 Suppose f: X — Y, A, Ay C X, and B;,By C Y. Then,
f(A1UAp) = (A1) U [ (A).

f(Al n Ag) C f (Al) N f (A2)

1.

2.

FH(B1UBy) = f1(B;) U f1(By).

f_l (Bl N Bg) = f_l (Bl) N f_l (B2)



Proposition 15 Let f : X — Y be a function, and let {A,},_, be a family of subsets
of X, and {B;},., be a family of subsets of Y. Then,

Lo f (Uier A) = User £ (4.

2. f(Mher A) € MNier £ (A).-

5. £ (Myes Bi) = Nyes FH(BY)

b 17 (UpesB) =Ues I (B)).

Proposition 16 Let f: X — Y be a function. Let AC X and B CY . Then,
1. ACfHf(4).
2. f(f1(B)) cCB.

3. if f is one-to-one, then f~1(f (4)) = A.

4. if f is onto, then f (f~1(B)) = B.

Proposition 17 If f is one-to-one and onto, then f~! is one-to-one and onto.

Definition 18 Let f: X — Y and g:Y — Z. The composite function go f :

X — 7 is defined by (go f)(z) =g (f (z)) for z € X.

Definition 19 Let a = (a1,a2) € R? and let v be a positive number. The open ball

B (a,r) with center a and radiusr is the set B (a,r) = {x = (z1,75) € R? : d(a,x) <7}

where the distance between a and z is defined by d (a,x) = \/(al — :nl)z + (ag — mz)z.
Definition 20 A set O C R? is open if it is the union of some family of open balls.

Definition 21 A set A C R? is closed if its complement R?\ A is open.



Chapter 2

METRIC SPACES

In this section we define the distance function and the metric space, then focus on
the Fuclidean space showing that the Euclidean Metric is indeed a metric. We also
include the definition for the discrete metric, among other definitions, and a proof
that shows that the conditions of the definition of the metric are safisfied for the

discrete metric.

Definition 22 Let X be a set and d : X X X — R be a function such that for all

z,y,z € X, d(z,y) > 0, and the conditions

1. d(z,y)=0ifand only if z = y.
2. d(z,y) =d(y,x).

3. d(z,2)<d(z,y)+d(y,z)
hold, then d is a metric or distance function on X x X and d (z,y) is the distance

from z to y.

Definition 23 The set (X,d) denotes a metric space.

7



Definition 24 Fuclidean n-space (R",d) or the usual topology for R" is the set

R* = {x = (z1,29,...,%,) :2; ERfor i =1,2,... ,n} with the metric d defined for

each n by

n

d(‘/B’y) = (Z (mz_y‘z)2>7 T = ($17w27x37"';$n)7 Y= (ylay27y3:"'7yn) € R™
=1

Proposition 25 The Fuclidean Metric on R™ is indeed a metric.

PRroOOF:

a = (a1,02, e ,a,,,), b= (bl,bz, “ee ,bn) s d(a,b) = \/(E?:l (ai - bz)2).

1. d(a,b) =0 = (a;—b)’=0 ViceZ' =a=0b VieZ"
a,=b, YieZ" = d(a,b)=0

d(a,)=0 <= a;=0b VieZ'.

2 (@ -b)=(b-a) = /(Th(a—b)) = /(T b~ a)?)

d(a,b) =d(b,a)

3. To show that d(z,2) <d(z,y)+d(y,z) forz,y,z € R, it suffices to study
the three sides of the triangle in R2. Consider a triangle in the plane. Place the
triangle with one of its vertices at the origin and, if needed, rotate the triangle
such that one of its sides coincides with the positive side of the z-axis.

A-b <B
= A-b+b<B+C =A< B+C



¥y
. g b0
(0,0) A : @0 *
Triangle Inequality

Choosing a set of arbitrary three points z,y,2z € R", we can construct a triangle
with each of z, ¥y, 2z as one of the vertices. Three points determine a plane, thus the
triangle resides in a plane R* whose properties correspond to R2. Then, our triangle
with the vertices z,v, z existing in R* is equivalent to the triangle explored in the
above example for R?. By induction then, the triangle inequality holds for R™.
Since d(z,z) <d(z,y)+d(y,z) forz,y,z € R" holds, the Euclidean Metric
is indeed a metric.
The triangle inequality can also be proved using the Minkowski Inequality which can
be derived from the Cauchy-Schwarz inequality. One version of the proof is found on
page 57 [1] and a different version is utilizing La Grange multipliers [11].

0 fz=y
Definition 26 Let X be a set and define d : XxX — R byd(z,y) =

1 ifz#y |

Then d 1s called the "discrete metric.”

Proposition 27 The discrete metricd on X x X as defined above is indeed a metric.

PROOF: Suppose z,y,z € X.



Need to show: 1) d(z,y)=0 Sr=y
2) d(z,y)=d(y,z)
3) d(z,2) <d(z,y) +d(y,2)
1) Suppose d (z,y) = 0 and assume z # y.
TH#Y = d(z,y) =1. But, by hypothesis, d (z,y) = 0.
dz,y) =0 = z=y By way of contraposition.

dz,y) =0 z=y.

2) (%) Suppose z = y.

Il
<
I
3

z=y = d(z,y)=0 and since (z = y)
y=z = d(y,z)=0
= d(z,y)=d(y,z) =0
(1) Suppose T # y.
rhy = d@y) =1 and since (¢ £ ) = (y # 2),
y#z = d(yz)=1
= d(z,y)=d(y,z)=1
d(z,y) = d(y,z) holds.
3) Cases to examine:
(1) z=y==z
(1) zH#y,y#z and z # 2.

(113) z =y, but z # 2.

The case where z = z, but y # 2 is similar and we omit the proof.

(i) z=y=2 =d(=zy)=d(y,2)=d(x,z)=0

= d(z,2) = d(z,y) +d(y,2)

10
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(71) Suppose T #Yy,yF# 2z and T # 2.
T #z =d(zr,z)=1
z#y,andy#z =d(z,y)=1landd(y,2)=1
=>d(z,2) <d(z,y)+d(y,z) =2
(i4) Suppose zr=yand x # 2.
TF#z =d(z,z)=1
z=yandy#z =d(z,y)=0andd(y,2)=1

=d(z,2) =d(z,y) +d(y,2)
d(x,z) <d(z,y)+d(y,z2)

The function d : X x X — R satisfies the definition for a metric. Therefore, the

discrete metric is indeed a metric.

Definition 28 Let (X,d) be a metric space and A C X. A point x € X is a limit
point of A if every open set conlaining x contains a point of A distinct from x. The

derived set A’ is the set of limil points of A.

Definition 29 Let (X, d) be a metric space, AC X and A# 0.. If {d (z,y) : z,y € A}
has an upper bound, then A is called a bounded set and lub{d (z,y) : z,y € A} =
D (A) is called the diameter of A. The diameter of the empty set is zero. If the set

X is bounded, then (X,d) is a bounded metric space.

Definition 30 Let (X,d) be a metric space, A C X be non-empty, and z € X. The

distance d (z, A) from x to A is defined by d (z, A) = glb{d (z,y) : y € A}.

Definition 31 Let (X,d) be a metric space, a € X, and r € R*. The open ball

By (a,r) is the set By (a,r) = {z € X : d(a,z) <r}, with center a and radius .
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The closed ball is the set By[a,7] = {z € X : d (a,z) < r}, with center a and radius

r. When dealing with a single metric, we use the notation B (a,r) and B|a, 7).

Definition 32 Let (X,d) and (Y,d') be metric spaces and f : X — Y a function.
Then f is continuous at a point a € X if for each € > 0 there is a § > 0 such that
ifre X andd(z,a) < 6, thend (f (x),f (a)) <e. A function is continuous if it

18 continuous at each point of its domain.



Chapter 3

TOPOLOGICAL SPACES,

GENERAL

In this chapter we consider topological spaces from a general perspective. Here,
examples of topological spaces with different kinds of topologies are given, definitions

are included, and several proofs are worked out.

Definition 33 Let X be a set and let T be a family of subsets of X satisfying the
following conditions:

1. The set X and the empty set O belong to T.

2. The union of any family of members of T is a member of T.

3. The intersection of any finite family of members of T is a member of T .

Then T is a topology for X and the members of T are open sets. The ordered pair
(X,T) is called a topological space. Often we refer to the topological space (X, T)

simply as “the space X.”

13
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Example 34 A topology induced on a set X by a metric is a metric topology.

A set with the metric topology is a metric space.

Example 35 For a set X, the topology generated by the discrete metric (Def. 26) is
the discrete topology. In the discrete topology, every subset of X is open. Thus,
the discrete topology consists of all open subsets of X, and it is the largest possible

collection of open subsets of X. A set with the discrete topology is a discrete space.
Example 36 The topology Tr = {X, 0} is called the trivial or indiscrete topology.

Example 37 The topology T  consisting of § and all O C X for which X\O is finite

18 called the finite complement topology.

Definition 38 Let (X,T) be a topological space. A basis B for T is a subcollection
of elements of T such that each element of T is a union of elements of B. The
elements of B are called basic open sets, and T is the topology generated by B.

Usually we refer to B as the basis for X.

Proposition 39 Let X be a set on which the discrete metric is defined. The topology

Tx induced by the discrete metric on the set X is the discrete topology.

PROOF:

letz€X. ThenVye Xdy#z,d(zy)=1  Def 26

= B(z,})={z} and B(y,3)= {y} are open balls.

Let UCX,andw, €U fori€l. Then, U=} {n}=U,;B (u,3).

{u;} is an open ball Vi € I = {u,} is an open set Vi € |
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= U C X is open (arbitrary union of open sets is open)
=> X is a union of open sets

= Tx is the discrete topology

The topology induced on a set X by the discrete metric is the discrete topology.

Definition 40 A subset C' of a topological space X is closed provided its complement

X\C is open.

Definition 41 Let (X,7) be a topological space and A C X. A point z € X is a
limit point of A if every open set containing x contains a point of A distinct from

x. The set of limit points A’ is called the derived set of A.

Definition 42 Let A be a subsel of a topological space X. A point z € A is an
interior point of A if there is an open set O containing x and contained in A. The
interior of A is the set of all interior points of A. The closure of A is the set
A=AUA. A pointx € X is a boundary point of A if x belongs to both A and

X\A. The set of boundary points of A is called the boundary of A.

Definition 43 Let A be a subset of a topological space X. A collection O = {U, : a € A}
of subsets of X is an open cover of A if | J{Us},c, contains A. A subcover derived
from an open cover O is a subcollection O’ of O whose union contains A. An open

cover of a space X is a family of open subsets of X whose union is X.

Definition 44 A topological space X s compact if every open cover of X has a

finite subcover. X is countably compact if every countable open cover of X has
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a finite subcover. X is a Lindel6f space if every open cover of X has a countable

subcover.

Lemma 45 If there exists a basis B for a topological space X such that every open

cover of X by elements of B has a finite subcover, then X is compact

PROOF:

Let X be a space and B be a basis for X such that every open cover by elements of
B has a finite subcover.

Let O be an open cover of X composed of elements of B, z € X.

Then there is an open set O, € O that contains .

=3dB,eB >rx€ B, C O, (basis)

= the collection {B; : € X} is an open cover of X which by hypothesis has a finite
subcollection {B;,}- , for i € Z*. Then, {By,},_, is a finite subcover that covers X.
The corresponding collection {O,, }7_, is a finite subcover of O that covers X.

X is a compact space.

Definition 46 A subset A of a space X is dense in X if for each pointp € X, p
is a limit point of A. Thus, A is dense in X if A= X. If X has a countable dense

subset, then X s a separable space.

Example 47 R is a separable space since the set of rational numbers Q is a countable

dense subset of R.

Theorem 48 A family B of subsets of a set X is a basis for some topology for X if

and only if both of the following conditions hold:
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1. Upp B =X.

2. VBl,B2€B and.fveBlﬂBg, EIBE eB EIEBE C (BlmBz).

Definition 49 Let (X,7) be a space, a € X. A local basis at a is a subcollection
B, of T such that
1. a belongs to each member of B,

2. for each open set () containing a, there is a member r of B, such that r € Q.

Definition 50 A space X is first countable provided that there is a countable local
basis at each point of X. The space X is second countable provided the topology of

X has a countable basis.

Definition 51 Let B and B’ be bases for topologies T and T’ for a set X. Then B

and B’ are equivalent bases provided that the topologies T and T’ are identical.

Definition 52 Let (X,7) be a space. A subcollection S of T is a subbasis for T if

the family B of all finite intersections of members of S is a basis for T.

Definition 53 A function f : (X,7) — (Y, T) is continuous means that for each

open set V in'Y, f~1(V) is an open set in X.

Proposition 54 Suppose (X,Tx) and (Y,Ty) are topological spaces and Tx is the

discrete topology. Then any function f : X — Y is continuous.

PROOF:

Let f be a function from X to Y and O € 7y be an open set. Note that O C f (X).
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fisafunction = f71(0) exists and f!(0) € Tx
Tx is discrete = f71(0) C X is open
H0)eTx YVOeTy = f:X —Y is continuous.

If 7x is the discrete topology, then any function f : X — Y is continuous.

Definition 55 Let f : X — Y be a function on the indicated spaces. Then f is an

open function if for each open set O C X, f(O) is open in'Y.The function f is a

closed function if for each closed set C C X, f(C) is closed in Y.

Proposition 56 Let f: X — Y be a continuous funclion between the spaces (X, Tx)

and (Y, Ty). Then f~1(F) is a closed subset of X for every closed subset F' of Y.

PROOF:
Tet F C Y be closed. Then Y\F is open and ! (Y\F) C X is open since f is
continuous.
To complete the proof, it suffices to show: 1 (Y\F) = X\ (f " (F)).
() Let z € f~1(Y\F).

=z¢ fH(F) =ze[X\fT(F)] =[TI\F) X\ ().
(b) Let z € f~1(F).

=z fTY\F) =ze X\ ()

= [HF) X\ = (X)) C (T ).

By the results of (a) and (b): f~' (Y\F) = X\ (f ! (F)).

= X\ (f~! (F)) is open, and

Y (Y\F)isopen = X\f'(Y\F) is closed, and
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X\fTY(Y\F)=f1(F) = f1(F)CX is aclosed set.

F7Y(F) is a closed subset of X for every closed subset I of Y.

Definition 57 Topological spaces X andY are topologically equivalent or home-
omorphic if there is a one-to-one and onto function f : X — 'Y such that each of f

and f~1 is continuous. The function [ is called a homeomorphism.

Definition 58 If space X is homeomorphic to a subspace A of Y, then X is said to
be embedded in Y and the homeomorphism f: X — ACY is an embedding of X

nY.

Definition 59 A topological space (X,T) is metrizable if and only if there exists a
metric d for X such that the metric topology generated by d is identical to the original

topology T .

Definition 60 A topological space X is a Hausdorff space if for each pair a,b of

distinct points of X there exist disjoint open sets U andV such thata € U andb e V.

Theorem 61 Let (X,d) be a metric space and x,y € X such that x # y. Then,
there exist two open sets UV C X inT suchthatz e U,y €V, andUNV = 0.

Thus, every metric space is Hausdorff.

PROOF:
TH#y = d(z,y) > 0. Define ¢ < 3d (z,y).
dB(z,e) C X, and 3B (y,¢) C X, and B (z,¢) N B (y,¢) = 0.

Suppose the intersection is not empty. Assume 2z € B (z,¢) N B (y,¢). Then,
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d(z,z) <eandd(z,y) <e
d(z,y) <d(z,2)+d(z,y) <e+e<2(3d(z,9) =d(z,v)
But, d (z,y) £ d(z,y); contradiction, means the assumption was false.
Call U = B(z,e) and V = B(y,¢).
U is an open set containing z,
V' is an open set containing y, and
Uunv=40.

Any metric space (X, 7)) is Hausdorff.

Proposition 62 The indiscrete topology on a set with more than one element is not

metrizable.

PROOF:

For simplicity, we prove the statement holds for a set of two elements. Let X={a, b}.
The indiscrete topology on X is the set {X,0} = {{a,b},0}.

For any metric on X, d (a,b) = > 0, and

B(b,£)={a} and B(b%)={b} areopen sets which are members of the metric
topology on X.

But, {a} ¢ {X,0} and {b} ¢ {X,0}, and thus the metric topology generated by
d is not identical with the original indiscrete topology.

The indiscrete topology on a set with more than one element is not metrizable.

Definition 63 A topological space X is disconnected or separated if it is the union
of two disjoint, non-empty open sets. Such a pair A, B of subsets of X is called a

separation of X. A space X is connected if it is not disconnected.



Chapter 4

PRODUCT SPACES

Chapter Four is dedicated to product spaces. Connectedness and separability of
topological spaces and the properties of products of topological spaces are introduced

and surveyed.

Definition 64 Let (X1,71),(X2,T),...,(Xn, Tn) be a non-empty collection of topo-
logical spaces, and let X denote the Cartesian product

X=[[X.=XixXo X - X Xp={z1,29,..., 202, € X;,1=1,2,...n}.

Let B be a family of all subsets of X of the form O =[]0, =0y X Oy X +++ x O,
where each set O, is an open set in the topology T; for X;. Then B is a basis for
a topology Tx for X. This topology is called the product topology, and the set
(X, Tx) is a product space. The spaces Xy, X, ..., X, are the coordinate spaces
or factor spaces of X. Since each point x € X is of the form z = (x1,%a,...,Zn),
x, € X,, 1 < i< n, there exists a function p; : X — X; where 1 < i < n, defined by

p; (Z1,Za,. .., &) = x,. This function p; is called the ith projection map.

21
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Theorem 65 The continuous image of a connected set is connected.

Lemma 66 The projection map p, : X — X, from a product space to the factor

spaces 18 conlinuous.

PROOF: The following is a summary of the proof given in [1].
Define p, : X — X, where X = X3 X Xy x -+ x X,,. Let O, C X, be open.
P (0) = (Xi X XgX - Xii1 X O; X+ x X)) C X
p; 1 (0,) is a finite product of open sets = p;* (O,) is an open set
= p, 1s continuous.

The projection map from a product space to the factor spaces is continuous.
Theorem 67 The product of two Hausdor(f spaces is a Hausdorff space.

PROOF: Suppose each of X and Y is a Hausdorff space.

Let (a,b), (c,d) € X XY 3 (a,b) # (c,d).

(a,b) # (¢,d) = a#c¢, or b# d. Assume a # c (argument is similar for b # d).
X Hausdorfl =3U,VCX3a€U,ceV,UNV =0

(a.b) eU XY, (c,d)eV XY, (UxY)N(VxY)=40.

The product of two Hausdorft spaces is a Hausdorft space.

y Uxy 'xY
[ ]
. e
(,b)
LT I’ .X.

Product of Hausdorfl Spaces
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Theorem 68 The product X XY is connected if and only if each of X andY is a

connected space.

PROOF:

—Let each of X and Y be connected, a € X and be Y.

Define Z: X XY — subspace of X XY as follows.

Zapy =X x{b}U{a} xY ={(p,¢):p€ X andg=bor p=a and g€ Y}
Each of X and Y connected = eachof X x {b} and

{a} XY is connected byThm.65.

{alxy

b 'x{b}

Product of Connected Spaces

U Z@ay = U (X x{b}) U ({a} x Y)
= {a},{b} € Z,pVa€ X andVbeY.
= X XY is connected.
— Suppose X x Y is connected.
Define py: X xY — X, py : XXY =Y, by (z,3) = z forz € X and (z,y) 25 y
foryeY.
The projection maps from a product space to the coordinate spaces are continuous

by Lemma 66.
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= each of X and Y is connected by Thin.65
X XY is connected < each of X and Y is connected.
Inductively, the product of a finite number of connected spaces is connected if and

only if each of the factor spaces is itself connected.

Theorem 69 Let X andY be separable spaces. Then the product X XY is separable.

PROOF: Let A C X be countable and dense, B C Y be countable and dense.
Let ) be and open subset of X XY where Q = U x V for U C X is open and
V C Y is open.
X separable => dJa€elU>3ac ACX
Y separable = dbeV3be BCY
PikaceU3a€ ACX and beV3beBCY.
= 3(a,b) eUXV>3(a,b) e AXBCXxY
= AXx Bisdensein X XY
each of A and B is countable = A X B C X XY is countable.

.. X XY is a separable space by Def.46.

Theorem 70 (1) The product of a finite number of first countable spaces is first
countable.

2) The product of a finite number of second countable spaces is second countable.
p

PROOF: It suffices to prove that the theorem holds for n = 2.
(1) Let A, B be first countable spaces, and (a,b) e Ax B =a€ A, be B.

Let W C A X B be open € (a,b) € W.



25

= Jopensets U CAand VC B 3(UxV)CWandacU,beV.

A first countable = 3 a countable basis A at a, where A is the collection of open sets
{0;},2, where a € O, C U for some i € Z7,

B first countable => 3 a countable basis B at b, where B is the collection of open sets
{Pj}jil where b € P, C V for some j € Z*,

= (a,b) e (O, x P) Cc(UxV)CW

A,B countable = A x B countable => A x B is a countable local basis at (a, b).

A x B is a first countable space.

(2) Let each of X and Y be a second countable space.

X second countable = 3 countable basis {U;};°, for X

Y second countable = 3 countable basis {V;}>° for Y.

Define B = {U ViU e{U)2,, Ve {v;}j‘;l}.

Since each of {U,},2, and {V;}’Z, is countable, B is countable.

To show that B is a basis for X X Y, use Thm. 48:

(a) U2, U x U2, V=X xY

(b) Let (U, x V;), (U, x V) € B, and (a,b) € (U, x V;) N (U, X V)

(U; x V,) N (U, x V) is an open set, and

(U, x V)N (U, x V) = (U, NT,) x (V, N V).

(U,NU,) is an open set containing a = 3U, C (U,NU,) 3 U, € {U,}.2, and a € U,
(V; N'V) is an open set containing b= 3V, C(V;NV;) 32V, € {V;}72, and b€ W

= (a,b) € Uy xV3), (Uax W) C(U,xV,)N(U,xV;), and (U, xV;) €B

7

= B is a basis for a topology of X XY
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= B is a countable basis for X x Y

X XY is a second countable space.

Theorem 71 The product of a finite number of compact spaces is compact.

PROOF: Suppose each of X, Y is a compact space.
Let B={UxV:U CX,V CY, and each of U,V is open} be a basis for X x Y and
B be an open cover for X x Y where
{U.}2, is an open cover for X, and {V;}7, is an open cover for Y
X compact =3 a finite subcover {U,}} ; that covers X
Y compact = 3 a finite subcover {V;}"", that covers Y’
= {Ui xV,: U, € {Up},, and V; € {V,}, fori,j € Z+} is a finite subcover of B
that covers X x Y. By Lemma 45, X X Y is compact.
Ifeach of X and Y is a compact space, then X XY is a compact space. Inductively,

the product of a finite number of compact spaces is compact.



Chapter 5

SPACES OF PARTICULAR

TYPES

In this chapter, topological spaces will be studied and categorized according to the
properties that arbitrary pairs of subsets of a topological space have in relation to
each other. In particular, these are the properties determining whether a pair of
subsets can be enclosed in a pair of disjoint open subsets of a space. These properties

are called separation properties.

Definition 72 To—space A space X is a Ty-space if for each pair a,b € X, there
exists an open set U C X such thata € U, but b ¢ U.

T,—space A space X is a Ti-space if for each pair a,b € X, there exist open sets
UV CX suchthata €U butb¢ U, andbe V buta ¢ V.

Ty—space, Hausdorff space A space X is a Ty-space if for each pair a,b € X,
there exist open sets U,V C X suchthata €U, b€V, andUNV = 0.

27
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Ts—space, regular space is a T-space X such that for each closed set C C X and
each point a ¢ C, there exist open sets U,V C X such that a € U, C C V, and
uvnv=40.

T,—space, normal space ts a T1-space X with the property that for each pair of
closed sets A,B C X, AN B = { there exist open sets U,V C X such that A C U,

BcCcV,andUNV =40.

Theorem 73 A Ty space X s regular if and only if for each a € X and for each

open set U containing a, there exists an open set W containing a such that W C U.

PROOF:
— Suppose X is regular. Let a € X and U C X such that a € U.
= X\U is closed and a ¢ X\U
X regular = 3 W,V C X are open and disjoint 3 a € W and (X\U) C V
V open = X\V is closed
W C(X\V) and X\Vcosed =W C(X\V)
WcCcWcc(X\V)cX\(X\U)=U
=>WcU
— Supppose Va € X and V open set U containing a, 3W open > a € W and W C U.
Let a € X and C C X be a closed set 3 a ¢ C.
C closed = X\C open
Define U = X\C
= @ € U and, by hypothesis, 3W open >a € W and W C U.

= X\W is open and C C (X\W)
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WCW and WN(X\W)=0 =Wn(X\W)=0
a€W,CC (X\W),and Wn (X\W)=0 = X is regular.
.. X regular & Va € X and V open set U containing a, 3W open set containing a

and W C U.

Theorem 74 A T space X is reqular if and only if for each a € X and each C € X
closed, with a ¢ C, there exist open sets UV C X such that a € U, C C V, and

Uunv =4.

PROOF:
— Suppose X is regular.
Let a € X, C C X be closed, and a ¢ C.
C closed = X\C open
a¢C =aecX\C
= 3W open 3a€ W, W C (X\C), and 3U open 3a € U, U C W by Thm.73
UCcWcWc(X\C) =CcX\W where X\W is open
Define V = X\W. #V:X\—W
WN(X\W) =0 and TCW =TUnX\Wcwn (X\W)=0
=0UNV=40
~— Suppose for each a € X and closed set C C X, a ¢ C, Jopen sets U,V C X >
acU,CCV,andUNV = 0.
By definition, X is regular, and X is normal.
X isregular & Va € X and YO C X closed, 3 a ¢ C, there exist open sets

UVCcXsacU, CCV,andUNV = 0.
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Theorem 75 A Ty space X is normal if and only if Vclosed A C X and open U

containing A, there exists an open set W containing A such that W C U.

PROOF: — Suppose X is normal. Let A C X be closed and U be an open set
containing A.
U open = X\U closed
X normal = 3W,V open 5 ACW, (X\U)CV,and WNV =0
(X\U)cV = (X\V)CcU
ACWCWcC(X\V)CU=3IWopen, ACW,>W CU.
— Let each of A, B C X be closed and AN B = {.
Let U C X beopen 3 ACU and W; be an open set 3 AC W, C W, C U.
U open = X\U closed
W, closed = X \Wl open
WicU = X\UcX\W,
WinX\Wy=0and W, CW;, = W NX\W, =0
Let V = X\W,. So, V is open and B C V.
3W20penSBCW2CW—2_CV
WonNX\Wy =0and Wo C Wy, = WoanX\Wo =10
WinV=0and WoCcV = WNW,=0
WinWy,=0 and AC Wy and BC W, = X is normal by definition.
. X normal < YA C X closed and YU open 3 A C U, 3W open and A C W

>WclU.



31

Theorem 76 A T space X is normal if and only if V pair A, B of disjoint closed

sets in X, there exist open sets UV such that ACU and BCV,UNV =9.

PROOF:
— Suppose X is normal.
Let A,B C X be closed and disjoint.
X normal = Jdopen SW CX 2ACS,BCW,SNW =190
= Jopen US ACU and U C S by Thm.75
= Jopen V3B CVandV CW by Thm.75
SNW=0,UcS,andVCW
=UNnV=40.
— Suppose A, B C X are closed, the sets U,V C X are open
SACU,BCV,andUNV = 0.
Thus, ACUCU,and BCVCV,andUNV =0 =UnNV-=40
= X is normal.
X isnormal < VA Bclosedin X 3 ANB =0, 3U,V open

SACU,BCcV,UNV =4.

Theorem 77 FEvery regular Lindeldf space is normal. The proof of this theorem is

given on page 238 in [1].



Chapter 6

SEPARATION BY

CONTINUOUS FUNCTIONS

In this chapter, one method of constructing the set of dyadic numbers is given, along
with the proof of its denseness in the real number system. Furthermore, the instru-
mental tools for the proof of The Urysohn’s Metrization Theorem—Urysohn’s Lemma

and The Tietze Extension Theorem—are proved here.

Definition 78 Suppose f : X — R is a continuous function on a space X and
AB C X. Then [ separates A and B if there exist a,b € R, a # b, such that

f(A) =aand f(B)=5.

Definition 79 A function that separates a singleton set {x} from a set B separates

the point x from the set B.

Definition 80 A function that separates the singletons {x} and {y} separates the

points x and y.

32
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Definition 81 A dyadic number is a rational number 3¢, m,k € 7Z, in its reduced

form.

Example 82 The following is a method of constructing the set of dyadic numbers

Dy contained in the unit interval [0, 1].

First, divide [0, 1] into two subintervals of equal length. The midpoint {1} is the first
member of Dy. Next, divide each of the two resulting intervals into two subintervals
of equal length. The set of midpoints obtained in this step {2—12, 2%} is a subset of Dy.
Continue this process of halving the intervals obtained in each step; union each set
of midpoints of the intervals from the preceeding step with the set of dyadic numbers

obtained in the preceeding steps as illustrated below.

Step Sets formed

L {3}

2 {3}u{s %)

3 {Huf{sztuis s

}
RIS INIER B RO LAEN S B8 -8 -8

R EATRC N I AVEE NN SR = U N

After k iterations, k € Z*, the interval [0,1] will be divided into 2* subintervals of

length - whose endpoints are dyadic numbers and are members of Dy C [0, 1].

Note: Moving along the real number line and repeating the above procedure for
any interval of the form [n,n + 1], n € Z will produce the set of dyadic numbers

D, C [n,n+1]. Thus, the set of all dyadic numbers is D = (J D;.

nef
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Lemma 83 The set of dyadic numbers is dense in R.

PROOF:

Define D C R to be the set of dyadic numbers.

Let x € R and € > 0.

D is dense if there exists a point a € D 3 a € (x — &,z + ¢).

The length of the resulting intervals with dyadic endpoints in the construction of the
set of dyadic numbers after k-iterations is 5, k € Z* (Example82).

IC]-EIQO #=0 =3a,b]C(z—e,x+¢c) withabeD

z € R and € > 0 were arbitrary =Vz € Rande>0,3da €D >z € [a,b].

The set of dyadic numbers is a dense subset of RR.

Lemma 84 Given a space X, D C R dense such thatVt € D 3 open U, C X >
1) if t; < o, then ﬁtl c U, and
2) UweplUs = X,

then f: X — R defined by f (z) =glb{t € D :z € U}, z € X, is continuous.

PROOF: We proceed by following the outline of proof in [1].

It suffices to show:
(1) f is well defined, and (2) f~'[I] is open VI = (a,b) C R.
(1) ze X =zelUforsometeD

DCRY = f(z)=glb{teD:zclU} #0 R*is bounded below

= f(z) is unique GLB is unique

f is well defined.
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(2) Define I; = (—o0,b) and I = (a,00) such that a < b. Then I; NI, = (a,b) CR.
To prove f~1[(a,b)] C X is open V (a,b) C R, we will first show that
(a) f'[l1] isopen and (b) f~![ly] is open by showing that X\f ! [I] is closed.
(@) [Th]={reX:[f(z)<b}
f(z)<b = 2 € U, for some t € D
= flU] Ch
=[]l ={zeX: f(z) <b} =U,p{li:t <b}
U, open Vt € D = Usep {Us : t < b} open
71 [L] is open in X.
(b) frLl={zeX:f(z)>a} = X\f'[L]={zxeX:f(z)<a}
WTS: X\f'[L]={z€X:f(z)<a}=\ep{U::t>a}

re{zeX:f(z)<a} =f(z)=glb{teD:z€U;}<a

D dense = f(z)<a<t
flz)y<t =>zczelUVt>a
UtCﬁt :>w€Ut‘v’t>a

=12 NepiUe:t>a}
={zreX:f(z)<a} C(Lep{Us:t>a}
2E€Nep {Utit>a} =zeclUyVt>a,teD
Suppose z € U, since U, C U,
= f(z)=glb{teD:zclU} <t Vi>a
a<t = f(z)<a
>re{reX: f(z)<a}=X\f1[[)

= e (U t>a} C X\f D)
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X\ L) C Men {Ut it > a}

Meep {Ue:t >a} € X\f L]

= X\ D) = Nyep {Te:t>al

U,closedVte D = (ien {Ut it > a} closed
= X\ [ 1[[s] closed

= f~1[L] C X open
Each of f™'[I1] C X and f'[Io) C X open = f~1[L]N f~![l5] open

STHAIN L] = fH 10 ] Prop.14
= f_l [(—OO, b) N (a‘: OO)]

= /7" [(a,b)] open
f'(a,b)] C X isopen ¥V (a,b) CR, a <b.

WTS: f71[O] open when O C R, O open.

0= UJEJ I, where I, is an open interval

Fio) =5 [UjEJ .rj} = U,, /7" [I,] open Prop.14
since f~![I,] was proved to be open.

f is a continuous function.
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Lemma 8  Urysohn’s Lemma

Suppose X is a Ti-space. The following statements are equivalent.

(a) X is normal.

(b) ¥ pair A, BC X, ANB =0, A, B closed, 3 f : X — [0, 1] continuous

> f(A) = {0} and f (B) = {1}.

PROOF: The following is based on the proof given in [1].
(b)=(a) Suppose each of A,B C X is closed, ANB =@, and f : X — [0,1] is
continuous > f (A) = {0} and f (B) = {1}.
= 3JU,Vopen, disjoint in [0,1] 50€ Uand 1 €V
f continuous = f~1(U), fT1(V)openin X, fH(I)Nf1(V)=0
>AcC fY(U)and BC f~H(V)
X is normal.
(a)=>(b) Suppose X is normal.

Let D C [0,1] contain dyadic numbers, A, B C X be closed and AN B = §.
B closed = X\Bopenand A C X\B

X normal, A C X\B = IV:DA> W% C X\B Thm.75
ACWiand Wy CX\B = IW1DA>W;CWiand Thm75

s DWW 3Ws C X\B

1
2

Continue the indicated process. Define Wy = X fort =1 € D.
By Lemma 83, the set of dyadic numbers D C [0,1] is dense.
VtEDHWtCX St <y =>Wt1CWt2 and UteDWt:X'

Define f: X — [0,1] by f(z) =glb{t € D : 2 e W}}
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As shown in Lemma &4, f is continuous.

ACW,vteD = f(x)=0VzeA = f(4)={0}

BcW,et=1 = f(yy=1YyeB = f(B)={1}
Ja continuous function f: X — [0,1] 3 f(A) = {0} and f(B) = {1}.

The conclusion of the Urysohn’s Lemma is a true statement.
From this point on, we will refer to functions that satisfy the conditions stated in

Urysohn’s Lemma simply as Urysohn’s functions.

Lemma 86 Suppose A C B C X, A s closed in B, and B is closed in X.

Then, A is closed in X.

PROOF:

WTS: The closure of Ain X, A= A.

A C A by definition, we will show that A = AU A’ C A.

t suffices to show that A’ C A.

Let a € A'.

acA = a€B = a€B since Bisclosed and B = B,
Either a € A or a ¢ A.

Assume a ¢ A. This will lead to a contradiction.

Define O= B\ A.

Aclosed = Oopen anda € O.

ONA=0,but a€ A/ = Aisnot closed in B contradicts the hypothesis
= ACA = A=A

A is closed in X.
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Theorem 87  The Tietze Extension Theorem
If a space X is normal, the set A C X is closed, and if the function f: A — R is

continuous, then f has a continuous extension F : X — R.

PROOF: The following is an elaboration on the proof in [1]:

Suppose X is a normal space, A C X is closed, and f: A — R is continuous.

First, we indicate a breakdown of the proof by steps using diagrams to illustrate the
mapping of the given closed set A C X under f and the procedure leading to the
definition of the extension /' : X — R whose existence and continuity we are to prove.
I. Define a homeomorphism ¢ : R — (—1,1), and f* = ¢ o f. An open interval
(a,b) C R, a < b, is homeomorphic to the set R since there is a homeomorphism

¢: R — (a,b).
A J R ¢ (-1,1)

]

=P - f
II. Show: 3F*: X — [-1,1] 3 fora € A, F*(a) = f*(a) and F* is continuous.
A S > (-1,1) P . wr
F*
P4

III. Show: 3F : X — [-1,1] 2 fora € A, F (a) = f*(a) and F is continuous.

A I > (-1,1) — P R
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In summary, an element a € A is mapped as follows:

ar » 1) »do fla) > [fla)] =fla)=Fla)

I. Suppose ¢ : R — (—1,1) is a homeomorphism, define f*(a) = ¢[f(a)], and
initially assume that f*[A] C [~1,1].

Let Ay={z€A: f'(z)<—3}and By={z € A: f*(z) > 1}.

A; and B, are closed subsets of A since f is continuous, and

Ar= -1 -4)) and Bi= g [[31]).

Ay, By are closed in A, and since A is closed in X, then A;, By are closed in X (L.86).

Ai,BiC X closed, AiNBy=0 = Jfi: X — [—%,%} continuous

> fi(4) = {—%}’ fi(B1) = {%} L.85
Observe that Vz € A, |f* (z) — fi (z)] < %

Define f!: A — [—%, %1 by f!(z) = f*(z) — fi1(z), z € A. Then f! is continuous.

Construct a sequence of continuous functions {f,},°, as follows.

There exist: Ve e A

fiiX = [=3,3] > fil]={—3 AlBl={3}  |h@|<3

foi X = [-2,2] > folAs) = {2 hlB]={3}  |h@I<]

X = [-55]  2hAl={-5% LBl ={%} @ <5

fir X = [=5 &) > faldd] = {5 flBl={s} @ <g
[

fi: X =[-8 >fi4l={-5 fsBsl={2} |fs(z) <L

X = [F5552] sl = {5} ABI={%} 1h@I<5
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33 =@ Ak
fPra— =581 @) =@ [h@+hE)
PrA— g5 @) =11+ @)+ f]
8.8 f@=r@-h@+ R+ - ()
(a5 a5 [P@)=1(2) = [[i(@) + fa (@) + fa+ fa () + f5 ()]

A= [RE] @=L hE

Vo e A lf (@) - éfn(:v) <(2)" and VzeX|fu(a) <% =1(2)"
and since Py 2~ exists, and

el L@ <5 = RRE@ISEE -1 > S L) it
PEACIESWIACTIENESESWACES!

Put F*@):ifn(m) = F(z)e[-1,1]

Next, we show that F'* is continuous.
lete >0,z € X.

Let O CR be open 3> (F* (z) — &, F* (z) +¢) C O.

o0

Pik NeN> Y (3)"<4.
n=N+1
meN|f @) <% <(3)" = 3 h@l<j
n=N+1
frn continuous Vn € N = AU, CX,z€U,;>

yFrandy €U, = |fu(x) — fu (W) < 3%
Choose y € Uy, y # x. Then,



F@-rol - [Sh@-En)
DRI WWACE
< [Sn@-ro)+] 5 nwl
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S fa)

n=N-+1

A (y))

n=N-+1

UsCXopen,z€Uz,yelU, = F*(y)ec(F*(z)—¢ F*(z)+e)CO

= F*[U]COand U, C (F*)'[0]

F™* is continuous.

III.  Assume f*[A] C [-1,1] and Jy € A > |F* (y)| = {1}.

At this point ¢~ o F*(y) is undefined. To provide a solution for this discontinuity,

we apply Lemma 85 once more.

Define B = {z € X : |[F*(z)| = {1}}

F*continuous, {—1},{1} closed = B closed

A,BC X closed, ANB = = dg: X —10,1] 3

0 forzeB
g(z) =
1 forze A
Each of g and F* continuous = g - F* continuous.

zeB = g(z) - F*(2)=0-F*(z)=0
zeA = g@) - F*(x)=1-F(z)=F*(2) € (-1,1)

= g-F*[X]c(-L,1)and ¢ 'ofg- F*]C X

Define F: X R by F(z) =¢ g (z)- F*(z)], z € X.

(inv. image)

Lemma 85
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acA = F(a) =¢ '[g(a)-F*(a)]  since F* is continuous
=¢ ' [L-F*(a)]
=¢ ' [F* (a)]
=¢ " [f*(a)]
= [ (a)

F(a)=f(a) = F:X —Risa continuous extension of f.

The function f: A — R has a continuous extension F': X — R.

Theorem 88 The product of a countable collection of metric spaces is metrizable. The

proof of this theorem can be found in[l1].



Theorem 89 The Urysohn Metrization Theorem.

Every second countable regular space is metrizable.

PROOF: The following is an elaboration of the proof in [1].

Suppose X is second countable and regular.

Let z € X.
X regular = X is a T-space by definition
X second countable = X is Lindelsf

X regular and Lindelsf = X is normal.

Let B = {B,},_, be a countable basis for X.

Let i,j € N and consider the collection of ordered pairs (i,j) 3 B; C B;.

Note, B; N (X\B;) =0

(&)

By Lemma 85, there exists a Urysohn function f: X — [0,1] 3
£ [B] = {0} and F[(X\B}] = {1},
Let {fa},_, be the collection of functions such that V(i, j),B,- C B;.

Since B is countable, {f,} ", is countable.

Define F': X — H by F (z) = (fl( ) T) fs( ) "',f"ém),---) where

n=1

H = {IEX cx = (21,%2,%3,...,Zn,...) forz, ERVREN > Z(In)2<oo

b

44
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o) 2 0
For each n, 0 < f, <1, thus ) <f"nm ) <y 4

n=1

0 O 2
Since Y J exists (p-series with p > 1), 3° f"T(z)) is bounded by the convergent

n=1 n=1

00 00 2
series Y =5, and thus ) (f = ) converges (term-by-term comparison).
n=1 n=1

Then, F': X — H is well defined, and F' (z) € HVz € X.

s F(X) CH and F is well defined.

To complete the proof, we will show that

(1) F' is one-to-one,

(2) F is continuous,

(3) the restricted map F': X — F'(X) is open, and
(4) the function F!: F'(X) — X is continuous.
Clearly, F is onto its image F' (X).

From these properties it will follow that X is homeomorphic to F'(X) C H.

(1) X regular = X is a Ty-space by definition
= X is a Ty-space
= dB;€e B>z € B,,but y ¢ B,
= dB,€ B>z € B,and B, C B; Thm.73
= 3f, € {fa},, corresponding to (4, j) such that
fo[B:] ={0} and f,[X\B,)= {1} and thus
fu(z)=0 while fu(y)=1

since z € B;, and y ¢ B, but y € X\B,.
Because F (z) and F (y) differ in their n-th coordinate, then F'(z) # F' (y).

Thus, z#£y = F(z)#F(y)

.. The function F': X — F (X) is one-to-one.



(2) F is continuous if and only if for every open UC H, F~! (U) C X is open.

Let z € X, > 0, and B(F (z),¢€) be an open ball in H. Choose Ne N 3

o0 o0
2 . .
> n—12 < 5. Such a number N exists since ) # converges.
n=N-+1 n=1
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Since f,, is continuous Yn € N and continuous for 1 < n < N, there exists a collection

of open sets O1,04,0s,...,0,,On, such that for any y € O,, and y # =z,

[fn(@) ~ fa(y)] < o5 forl<n<N.
xeoﬂvn:l:ZJ‘o’:"';N = $€ﬂ5:10n=0

Since O is the intersection of finitely many open sets, O is open in X.

Next, we show that O C F~1[B(F (z),¢)] C X by first showing that

F[O] C B(F (x),¢).

Let y € O. Recall,

Fla)=(fi(e), 22,20, 20 ) and P (y) = (1 (y), 242, 50,

3 2 7 3
Then,
1
0o 212
F@)- P = |5 [Besef]
n=1
1
— JZV: fngm)_fﬂ(yl 2 + i fn(@)—fn(y 2(2
n=1 " n—N+1 " .
N _ 2 00 9 2
S E |fﬂ T anﬂ Y _|_ E ’Elf|
n=1 n:N+11
N 9 2
< S a@ =@ +5
n=1 , 1
2
< N(sz) +§
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|F(z)-F(y)l<e = F(y)eB[F(z),]
= F[O]CB(F(z),s) CH F[O] is open
= OCF'[B(F(x),s)cX Prop.16
= F '[B(F(z),s)] C X isopen U of open sets
F': X — F(X)CH is continuous.
(3) The function F' : X — F(X) is an open function if for each open set UC X,
F (U) is open in F (X).
Let U C X be open and z € U.
X regular = dB;,B;€B a-Z'GBiC-EiCBjC[]
= Ifa€{falres 3 fu[Bi] =0, fu[X\B]=1

T € B, (X\U)C (X\B;) = fo(x)=0 and f,(X\U)=1.
Let y € X such that F (y) € B (F(z),1) N F(X).

Then, d(F(z),.F(y)<i = f.ly)#1=>y¢X\U =yeU
= B(F(z), ) )nF(X)c F(D)
= F(U) is a union of open sets
= F(U) is an open set

UC X open = F(U)C F(X) isopen.

XU

|
|
|
|
l
l
|

F:X — F(X) is an open function.
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(4) To show that F is a homeomorphism, we show that F~! is a continuous function.

Let OC X be an open set.

F open function = F(0)C F(X) is open

F onto = F(FY(F(0))=F(0) byProp.16
= F(F'(F(0))) is open

F onetoone = F1(F(0)=0 by Prop.16
= F-1(F(0)) isopenin X

= F! is continuous.
. F:X — F(X)CH is a homeomorphism by Definition 57.

By Definition 58, F' is an embedding.
Observe: F'(X) is metrizable since it is a subspace of the metric space H.
But, X is topologically equivalent to F'(X) (Def.57) implies that X is metrizable.

As an example, the metric on X can be derived from the metric on F' (X) as follows.

F:X —Y = F(X) where Y is metrizable, defined by dx (a,b) =dy (F (a), F (b)).

The Urysohn Metrization Theorem: Every second countable reqular space is

metrizable 1s a true statement.
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