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POTENTIAL THEORY FOR QUASILINIEAR ELLIPTIC
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ABSTRACT. We discuss the potential theory associated with the quasilinear
elliptic equation

—div(A(z, Vu)) + B(z,u) = 0.
We study the validity of Bauer convergence property, the Brelot convergence
property. We discuss the validity of the Keller-Osserman property and the
existence of Evans functions.

1. INTRODUCTION

This paper is devoted to a study of the quasilinear elliptic equation
—div (A(z, Vu)) + B(z,u) =0, (1.1)

where A : RY x RY — R? and B : R? xR — R are Carathéodory functions satisfying
the structure conditions given in Assumptions (I), (A1), (A2), (A3), and (M) below.
In particular we are interested in the potential theory, the degeneracy of the sheaf
of continuous solutions and the existence of Evans functions for the equation (1.1).

Equation of the same type as (1.1) were investigated in earlier years in many
interesting papers, [19, 20, 15, 18]. An axiomatic potential theory associated with
the equation div(A(z,Vu)) = 0 was recently introduced and discussed in [10].
These axiomatic setting are illustrated by the study of the p-Laplace equation
Apu = div(|VulP~? Vu) obtained by A(z, £) = |£[P~2¢ for every 2 € R? and € € RY.
We have Ay = A where A, the Laplace operator on R?.

Our paper is organized as follows: In the second section we introduce the ba-
sic notation. In the third section we present the structure conditions needed for
the mappings A and B in order to consider the equation (1.1). We then use the
variational inequality to prove the solvability of the variational Dirichlet problem
related to (1.1). In section 4 we prove a comparison principle for supersolutions and
subsolutions, existence and uniqueness of the Dirichlet problem related to the sheaf
H of continuous solutions of (1.1), as well as the existence of a basis of regular sets
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stable by intersection. In the fifth section we discuss the potential theory associated
with equation (1.1), prove that the harmonic sheaf H of solutions of (1.1) satisfies
the Bauer convergence property, then introduce the presheaves of hyper-harmonic
functions *H and of hypoharmonic functions ,H and prove a comparison principle.
In the sixth section we prove, using the obstacle problem, that *H and ,H are
sheaves. In the seventh section we study the degeneracy of the sheaf H; we are
not able to prove that the sheaf H is non degenerate even if we have the following
Harnack inequality [19, 20, 18, 4]:

For every open domain U in R and every compact subset K of U there exists
two mon-negative constants ¢y and ca such that for every h € HT(U),

suph < cpinfh + co .
K K

Let U be an open subset of R?, d > 1 and « a positive real number, let 0 < € < 1

d

and b be a non-negative function in Ll’;? (R?). For every open U we consider the
set Hq(U) of all functions u € Wﬁ)’f (U)NC(U) which are solutions of the equation
(1.1) with B(z,¢) = b(z)sgn(¢) [¢|¥, then (RY,H,) is a nonlinear Bauer space. In
particular H, is non degenerate on R%. For o < p — 1, the Harnack inequality
and the Brelot convergence property are valid, but in contrast to the linear and
quasilinear theory (see e.g. [10]) (R%, H,) is not elliptic in the sense of Definition
7.1. In the eighth section, we define, as in [5], regular Evans functions u tending to
the infinity (or exploding) at the regular boundary points of U. We assume that A
satisfies the following supplementary derivability and homogeneity conditions:

e For every zo € R? the function F from R? to R? defined by F(r) =
A(x,x — xp) is differentiable and div F' is locally (essentially) bounded.
o A(x,AE) = AAP72 A(x, ) for every A € R and every z, £ € R%.

These conditions are satisfied in the particular case of the p-Laplace operator
with p > 2. We then prove that for every a > p — 1, the Keller-Osserman property
in (R% H,) is valid; i. e., every open ball admits a regular Evans function, which
yields the validity of the Brelot convergence property. Among others, we prove for
a > p— 1 a theorem of the Liouville type in the form H,(RY) = {0}. Finally in
the ninth section , we consider some applications of the previous results to the case
of the p-Laplace operator, where we also prove the uniqueness of the regular Evans
function for star domain and strict positive b and H,, for a > p — 1.

Note that our methods are applicable to broader class of weighted equations (see
[10]). The use of the constant weight = 1 is only for sake of simplicity.

2. NOTATION

We introduce the basic notation which will be observed throughout this paper.
R¢ is the real Euclidean d-space, d > 2. For an open set U of R* and an positive
integer k, C¥(U) is the set of all k times continuously differentiable functions on an
open set U. C®(U) := (>, C¥(U) and C°(U) the set of all functions in C*°(U)
compactly supported by U. For a measurable set X, B(X) denotes the set of all
Borel numerical functions on X and for ¢ > 1, L(X) is the ¢"*—power Lebesgue
space defined on X. Given any set ) of functions )}, ( Y1 resp.) denote the set of
all functions in ) which are bounded (positive resp.). W4(U) is the (1, ¢)-Sobolev
space on U. W,(U) the closure of C°(U) in Wh4(U), relatively to its norm.
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W14 (U) is the dual of Wy (U), ¢ = ql¢ —1)™". wAwv (resp. u Vv ) is the
infinimum (resp. the maximum ) of u and v; u™ =4V 0 and v~ =u A 0.

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

Let 2 be a bounded open subset of R? (d > 1). We will investigate the existence
of solutions u € WP(€2), 1 < p < d, of the variational Dirichlet problem associated
with the quasilinear elliptic equation

—div (A(z, Vu)) + B(z,u) = 0.

In this paper we suppose that the functions A : R x R — R? and B : R x
R — R are given Carathéodory functions and the following structure conditions are
satisfied:

(I) ¢ — B(x,() is increasing and B(z,0) = 0 for every x € R%.
(A1) There exists 0 < € < 1 such that for any u € L>(R%),

B(.ul.) € L7 (RY).

loc

(A2) There exists v > 0 such that for every ¢ € R9,
(A, ) <wig™" .
(A3) There exists 4 > 0 such that for every ¢ € R?,
A, €).£ > "
(M) For all ¢, ¢’ € RY with & # ¢,
[A(z,€) — A(z,£)] - (£ - &) > 0.

We recall that assumptions (A2), (A3) and (M) are satisfied in the framework
of [10] when the admissible weight is w = 1.
Recall that u € WEP(Q) is a solution of (1.1) in Q provided that for all ¢ €

WEP(Q) and B(.,u) € LF._ (),

loc
/ A(x,Vu) - Vodz —I—/ B(z,u)pdz =0. (3.1)
Q Q

A function u € Wﬁ)f(Q) is termed subsolutions (resp. supersolutions) of (1.1) if for

all non-negative functions ¢ € Wy ?(Q) and B(.,u) € I (Q),

loc
/ A(x,Vu) - Vodx +/ B(z,u)pdr <0 (resp. >0).
Q Q

If u is a bounded subsolution (resp. bounded supersolution), then for every k > 0,
u — k (resp. u + k) is also subsolution (resp. supersolution) for (1.1).
For a positive constant M and u € LP(2), we define the truncated function

M ulx)<-M
v (u)(z) =< w@) —M <u(x) <M
M, M <u(x)

(a.e. x € Q). It is clear that the truncation mapping 7, is bounded and continuous
from LP(2) to itself.
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For u € WHP(Q) and B(z,ma(u)) € L{’O*C(Q), we define Ly @ WHP(Q) —
WP (Q) as

(Lo (w), ) = /QA(xvvu)'VQOdl"F/QB(Z‘,TM(u))(Pdl‘, P € WGP(Q)

here (.,.) is the pairing between WL’ (€2) and WHP(Q). It follows from Assump-
tions (A1), (A2), (A3), and the carathéodory conditions that L£j; is well defined.
We consider the variational inequality

(Ly(u)yv—u) =20, YveK,uek, (3.2)
where K is a given closed convex set in W'P(£) such that for given f € WHP(L),
K Cf+WyP (L)

Typical examples of closed convex sets K are as follows: for f € WP (L) and 1, ¢o
: Q — [—00,+00] let the convex set is

Ke = Ky () = {u e WIP(Q) 61 Su< i ae in @ u—f W (@)}
(3.3)

We write IC{;I = ICL’JFOO(Q) and, if f = ¢ € WhP(Q), Ky = IC;. A function u
satisfying (3.2) with M = +o0 and the closed convex sets llep1 is called a solution
to the obstacle problem in ICil. For the notion of obstacle problem, the reader is
referred to monograph [10, p. 60] or [18, Chap. 5]. We observe that any solution
of the obstacle problem in ICi1 () is always a supersolution of the equation (1.1)
in 2. Conversely, a supersolution u is always a solution to the obstacle problem in
K¥(w) for all open w C w C Q. Furthermore a solution u to equation (1.1) in an
open set 2 is a solution to the obstacle problem in K" (w) for all open w C @ C .
Similarly, a solution to the obstacle problem in £* () is a solution to (1.1).

For the uniqueness of a solution to the obstacle problem we have following lemma
[10, Lemma 3.22]:
Lemma 3.1. Suppose that u is a solution to the obstacle problem in IC?;(Q), If
v e WHP(Q) is a supersolution of (1.1) in Q such that u A v € KJ(Q), then a.e.
u < v .
Theorem 3.1. Let ¢y and 1o in L>(L), f € WHP(£) and ICi1 v, 08 above assume

that K{bl,w is non empty. Then for every positive constant M, ||y V [|¥2]
< M < +oo the variational inequality (3.2) has a unique solution. Moreover, if
w € WYP(Q) is a supersolution (resp. subsolution) to the equation (1.1) such that
wAu (resp. wVu) € IC{ZI’W, then u < w (resp. w < u).

Proof. Let Y1l V [|[¥2]loc S M < 4o0. If u, v € Kilﬂ/’é are solutions of (3.2), it
follows from (I) and (M) that

0 > /Q Az, Va) — Az, V)] - V(v — u)de

+/ [B(z, mar(w)) — B(x, 7 (v))] (v — w)dx
Q
= (Lm(u) = Ly(v),v—u) 20,
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then v — u is constant on connected components of 2. This, on the other hand,
since v — u € Wy P(Q), implies that v = u.

To prove the existence we will use [12, Corollary II1.1.8, p. 87]. Since le;l’wZ
is a non empty closed convex subset of WP(€), it is enough to prove that £y is
monotone, coercive and weakly continuous on ICf;hwz. We have

(Lot () = Lag(0)u —v) = /Q Az, Va) = Az, Vo) - V (u = v) da +

—|—/Q [B(z, mar(w)) — B(x, 7ps ()] . (u — v) da

for all v, u € le;th and the structure conditions on A and B yield that Ly, is
monotone and coercive (for the definition of monotone or coercive operator the
reader is referred to [14, 12]).

To show that Ly is weakly continuous on IC{;I)%, let (up)n C ICf;hw? be a se-
quence that converges to u € ICfMDQ. There is a subsequence (up, ), such that
Up, — u and Vu,, — Vu pointwise a.e. in €. Since A and B are Carathéodory
functions, A(.,Vu,,) and B(.,7ar(un,)) converges in measure to A(.,Vu) and
B(x,7ar(u)) respectively [11]. Pick a subsequence, indexed also by ny, such that
A(., Vuy, ) and B(., Tar (un, )) converges pointwise a.e. in 2 to A(., Vu) and B(x, mar(u))
respectively. Because (uy, )n, is bounded in W'P(Q), it follow that (A(., Vun,)),

P d p d
is bounded in (LF (Q)) and that A(., Vu,, ) = A(., Vu) weakly in (LE (Q)) .
We have also B(., 7as (tn,,)) — B(., 7ar(u)) weakly in 7 (Q). Since the weak limits
are independent of the choice of the subsequence, we have for all ¢ € W& P(Q)

(Lar(un); o) = (Lar(u), )

and hence L), is weakly continuous on Kt .
Let now w € W1P(Q) be a supersolution of the equation (1.1) such that u Aw €

le;l,wQ, then u — (u A w) € WyP(2) and we have
0 < / [A(z, Vw) — Az, Vu)] - V (u — (u Aw)) dz +
Q
+ / 1B, ma (w)) — B, mar ()] (u — (u A w)) d
Q
= / [A(z,V (uAw)) — A(z, Vu)] - V (u — (u A w)) dz +
{u>w}
+/ [B(z,mar (u Aw)) — Bz, 7ar(w))] . (u — (u A w)) dz
{u>w}
< 0.
It follow, by (I) and (M) , that V (u— (u Aw)) =0 a.e. in Q and hence u < w
a.e. in €). The same proof is valid if w is a subsolution. (I

As an application of Theorem 3.1, we have the following two theorems.
Theorem 3.2. Let f € WHP(£)N L>=(L) and

K:{uewlvp(n):fgug Il a e, u—fEWé’p(Q)}.
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Then there exists u € K such that
(L(u)yv—u)y =0 forallvek.
Moreover, u is a supersolution of (1.1) in Q.
Proof. For m > 0, by Theorem 3.1 there exists a unique function u,, in
K 1 = {u EWPQ): f<u<|flo+ma e, u—fe W&’p(Q)}
such that
(L1l rm (m), 0 = ) >0

for all v € ,C?Hfl\oo-irm' Since U, — || fllog = Um — f + f = [[flloo < tm — f and

(= f)" = (= |1 fl.0)" we have n = (um — [|f )" € Wy (©) (seee. g. [10,
Lemmal.25] ). Moreover, since u,, —n € IC; I£1
of (1.1), we have

+m and || f]|, is a supersolution

0 < - / A, Vi) - Vda — / (B, 1) — Bz, || f]|o)] nda

= _/ Az, Vuy,) - Vugde +
{um>‘|f”oc}

—/ [B(z,um) — Bz, || fll )] (um — [ fll) dz
{um>I1fllo}
< 0,

then V) = 0 a.e. in Q by (M). Because n € Wy P(Q), n = 0 a.e. in Q. It follows
that u,, < | f||,, a.e in Q. It follows that u,, < |/f| a.e. in Q, and therefore
[ < um < [[fllo +m ae. in Q. Given a non-negative ¢ € CX(Q2) and ¢ > 0

sufficiently small such that wu,, +ecp € IC; £l consequently

+m?
(L(um),¢) 20

which means that u,, is a supersolution of (1.1) in 2. O

Theorem 3.3. Let Q be a bounded open set of RY, f € WHP(Q) N L>=(2). Then
there is a unique function u € WP (Q) with u — f € WyP(Q) such that

/ Az, Vu) - Vedz + / B(z,u)edz =0,
Q Q

whenever ¢ € WyP ().

Proof. For m > 0, by Theorem 3.1, there exists a unique u,, in

Kfm = {u EWP(Q) : |u < |[fll +ma. e u—fe wg”’(sz)} :

such that
(LYl (Um), v = ) =0,

for all v € Kfp,. Since um + ||flloe = tm — f + f + [[fllo = um — f and
(tm = )7 < (um +[Ifllo0) A 0, we have 7 = (upm + || fll0) A0 € WyP(Q) (see
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e. g. [10, Lemmal.25]). Moreover, since 7 + Uy, € K., and — || ]|, is a subsolu-
tion of (1.1), we have

0 < /QA(OS,VUm)'VTldlL’+/Q[B(I,Um)*B(I,*anoo)}??dx
. / A, Vi) - Vi +
{um<=11fllo }
—/ [B(z, um) = Bz, = | flloo)] (wm + [ fll ) dx
{um<—I7ll}
< 07

then Vi = 0 a.e. in Q by (M). Because n € W, ?(Q), n = 0 a.c. in Q. Tt follows
that — || f| < um a.e. in Q. Note that —u,, is also a solution in K_;,, of the
following variational inequality

<£~”f“oo+m(u),v—u> = /Q,Z(x,Vu)-V(v—u)dx
—l—/Qg(m,THfHoo+m(u)) (v—wu)dx >0,

where A(.,€) = —A(,—¢) and B(.,¢) = —B(.,—¢) which satisfy the same as-
sumptions as A and B. It follows that w,, < ||f|. a.e in Q, and therefore
[um| < [|fllo +m a.e. in Q. Given ¢ € C°(Q2) and € > 0 sufficiently small such
that u,, £ep € Ky, consequently

(L(um), ) =0

which means that u,, is a desired function. [l

By regularity theory (e.g. [18, Corollary 4.10]), any bounded solution of (1.1)
can be redefined in a set of measure zero so that it becomes continuous.

Definition 3.1. A relatively compact open set U is called p—regularity if, for
each function f € WP(U) N C(U), the continuous solution u of (1.1) in U with
u— f € WHP(U) satisfies lim, ., u(z) = f(y) for all y € OU.

A relatively compact open set U is called regular, if for every continuous function
f on OU, there exists a unique continuous solution w of (1.1) on U such that
lim,_,, u(z) = f(y) for all y € OU.

If U is p-regular and f € WYP(U) N C(U), then the solution u given by Theo-
rem 3.3 satisfies

lim  wu(z) = f(2)

zelU,z—z

for all z € 9U [18, Corollary 4.18].

4. COMPARISON PRINCIPLE AND DIRICHLET PROBLEM
The following comparison principle is useful for the potential theory associated
with equation (1.1):
Lemma 4.1. Suppose that u is a supersolution and v is a subsolution on €} such
that
limsupv(z) < liminf u(x)

T—Y r—y
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for all y € 0Q and if both sides of the inequality are not simultaneously +oo or
—00, then v < u in Q.

Proof. By the regularity theory (see e.g. [18, Corollary 4.10]), we may assume that
u is lower semicontinuous and v is upper semicontinuous on ). For fixed € > 0,
the set K. = {z € Q:v(x) > u(zr) + ¢} is a compact subset of 2 and therefore
0= (v—u—e)t e WyP(RY). Testing by ¢, we obtain

/ [A(z,V(u+e¢)) — Az, Vv)] - Vodz
{v>u+te}

+/ [B(z,u+¢e)— B(z,v)]ode >0 (4.1)
{v>u+te}
Using Assumptions (I) and (M) we have
/ [A(z,Vu+e¢e) — A(z,Vv)] - V(v —u—¢e)dx =0
{v>u+e}

and again by M we infer that v < u + ¢ on . Letting ¢ — 0 we have v < u on
Q. |

Theorem 4.1. FEvery p-regular set is reqular in the sense of definition 3.1.

Proof. Let Q be a p-regular set in R and f be a continuous function on 9. We
shall prove that there exists a unique continuous solution w of (1.1) on €2 such that
lim, ., u(z) = f(y) for all y € 0Q. The uniqueness is given by Lemma 4.1. By [18,
Theorem 4.11] we have the continuity of u. For the existence, we may suppose that
f € C.(RY) (Tietze’s extension theorem). Let f; be a sequence of functions from
CL(RY) such that |f; — f| < 27% and |fi| + |f] < M on § for the same constant
M and for all i. Let u; € WHP(Q) N C(Q) be the unique solution for the Dirichlet
problem with boundary data f; (Theorem 3.3). Then from Lemma 4.1 we deduce
that |u; —uj] < 279+ 277 and |u;] < M on Q for all i and j. We denote by
u the limit of the sequence (u;);. We will show that u is a local solution of the
equation. For this, we prove that the sequence (Vu;); is locally uniformly bounded
in (LP(Q))%. Let ¢ = —nPu;, n € C*(Q), 0<n<landn=1onw CwC
Since ¢ € WyP(Q), we have

0 = /A(x,Vui)-chdx—F/B(:c,ui)goda:
Q o

= /A(x,Vui).(—anu,-—pump71V17)d:1:—/an(x,ui)uid:c
Q Q

N

*u/ " |Vuil? dx +PV/ PP IVl ug| [Vl de 4+ C(M, [l » 1920),
Q Q
and therefore, using the Young inequality, we obtain

/ n’ | Vu;|? d
Q

5”/1/ v
< 22 [ 0 |Vuil de + p-2- / usl? [Vf? ez + C(M, 1]l , 192
moJa ePu Jo

’
el v

< =2 [ 9l de+ COL ol 19, [ 9] 9)
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p—1

Ifo<e< (C—l) ", then
pai

[ e < PO D0k, )
w p— peP'v

It follows that the sequence (u;); is locally uniformly bounded in W1P(€). Fix
D e G € Q. Since (u;); converges pointwise to u and by [10, Theorem 1.32],
we obtain that « € WYP(D) and (u;); converges weakly, in W1P(D), to u. Let
1 € C°(G) such that 0 < n < 1,n=1in D and testing by ¢ = n(u — u;) for the
solution u;, we have

= / nA(z, Vag) - Vi — u)de
G

= / (u — uy) Az, V) - Vndz + / nB(z,u;)(u — u;)dx
G @

< (/ |u_ui‘pdx)1/p{c+u</ |Vui‘de>pTil}
G G
< C(/ |u—ui|pdx)1/p.
G
Since
0 < /[.A(J;,Vu)—A(x,Vui)]-V(u—ui)da:
D

1/p
< / nA(z,Vu) - V(u — u;)dz + C(/ |u — u;|? dx)
a €]
and the weak convergence of (Vu;); to Vu implies that

lim [ nA(z,Vu)-V(u—u;)dx =0,

we conclude

lim | [A(z,Vu) — Az, V)] - V(u — u;)dz = 0.
11— 00 D
Now [10, Lemma 3.73] implies that A(x, Vu;) converges to A(z, Vu) weakly in
(2'(D))"
Let ¢ € C§°(G). By the continuity in measure of the Carathéodory function
B(z,z) [11] and by using the domination convergence theorem (in measure), we
have

1—00

lim B(J: w; )hdx = / Bz, u)ydr.

Finally we obtain

0

lim {/ Az, Vu;) - V’l/Jdl'-F/ B(%ui)z/}dx}
11— 00 [9) QO
= Az, Vu) - Vipdz +/ B(x,uw)ydz.
Q Q
By an application of [18, Corollay 4.18] for each u; we obtain
lim  u;(z) = fi(2)

zEQ,x—2
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for all z € 0€). From the following estimation, of u on all £,
w— 2 < u<u+27% for all 4
we deduce that for all 4

fi(2) =27 < liminfu(z) < limsupu(z) < fi(z) + 27"

r—2z
z€Q z€Q

Letting ¢ — oo we obtain

lim u(z) = f(2)

r—z

for all z € 92 which finishes the proof. O

Corollary 4.1. There exists a basis V of regqular sets which is stable by intersection
i.e. for everyU andV inV, we have UNV € V.

The proof of this corollary can be found in Theorem 4.1 and [10, Corollary 6.32].

For every open set V and for every f € C(0V) we shall denote by Hy f the
solution of the Dirichlet problem for the equation (1.1) on V with the boundary
data f.

5. NONLINEAR POTENTIAL THEORY ASSOCIATED WITH THE EQUATION (1.1)

For every open set U we shall denote by U(U) the set of all relatively compact
open, regular subset V in U with V C U.

By previous section and in order to obtain an axiomatic nonlinear potential
theory, we shall investigate the harmonic sheaf associated with (1.1) and defined as
follows: For every open subset U of R? (d > 1), we set

HU) = {uell)n WEP(U) : u is a solution of (1.1)}

loc

= {ueC(U):Hyu=u forevery Ve U(U)}.

Element in the set H(U) are called harmonic on U.

We recall (see [4]) that (X,H) satisfies the Bauer convergence property if for
every subset U of X and every monotone sequence (hy,), in H(U), we have h =
lim,, oo hy € H(U) if it is locally bounded.

Proposition 5.1. Let be U an open subset of R:. Then every family F C H(U)
of locally uniformly bounded harmonic functions is equicontinuous.

Proof. Let V.C V. C U and a family F C H(U) of locally uniformly bounded
harmonic functions. Then sup {|u(z)|:z € V and u € F} < oo and by [18], is
equicontinuous on V. [l

Corollary 5.1. We have the Bauer convergence properties and moreover every
locally bounded family of harmonic functions on an open set is relatively compact.

Proof. Let U be an open set and F a locally bounded subfamily of H(U). By
Proposition 5.1, there exist a sequence (u, ), in F which converge to v on U locally
uniformly. Let now V € U(U). For every ¢ > 0, there exists ng € N such that
u—e < u, < u+ e for every n > ng. The comparison principle yields therefore
(Hyu) —e < u, < (Hyu) +¢, thus (Hyu) —e < u < (Hyu) +e. Letting e — 0, we
get u =Hyu. O
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Proposition 5.2. [4] Let V a regular subset of R and let (f,)n and f in C(OV)
such that (fn)n is a monotone sequence converging to f. Then sup,Hy f,, converge
to va

Proof. Let V a regular subset of R? and let (f,), and f in C(OV) such that (f,,)»
is increasing to f. Then, by Lemma 4.1, we have

supHy f, < Hy f

and, by Corollary 5.1 sup, H v f,, € H(V). Moreover, For every n and every z € 0V
we have

fu(z) < ligljgf(s%p Hy fn(z)) < lim SUP(SI;P Hy fu(x)) < f(2)-

T—z

Letting n tend to infinity we obtain that
f(z) = ;i_)mz(sup Hy fn) ().

By Lemma 4.1, this shows that in fact H v f = sup,, Hv f,,. An analogous proof
can be given if (f,), is decreasing.
O

Corollary 5.2. [4] Let V be a regular subset of R and (fy,), and (gn)n to sequences
in C(OV') which are monotone in the same sense such that lim,, f, = lim,, g,. Then
limnHan = hmn HVgn-

Proof. We assume without loss the generality that (f,,) and (g, ) are both increasing.
Obviously, Hy (gn A fim) <H v gy, for every n and m in N, hence sup,, Hy (g A fin) <
sup,, Hy g, for every m. Since the sequence (g, A fi)n is increasing to f,,, the
previous proposition implies that H v f,,, < sup,, Hy¢,. We then have sup, Hy f,, <
sup,, H v ¢,,. Permuting (f,,) and (g,) we obtain the converse inequality. |

Let V be a regular subset of RZ. For every lower bounded and lower semicon-
tinuous function v on 9V we define the set

Hyv =sup{Hy f, : (fn)n in C(OV) and increasing to v} .

For every upper bounded and upper semicontinuous function v on 9V we define

Hyu =inf {Hy f,, : (fn)n in C(OV) and decreasing to u} .

Let be U an open set of R%. A lower semicontinuous and locally lower bounded
function u from U to R is termed hyperharmonic on U if Hyu < uw on V for all V
in U(U). A upper semicontinuous and locally upper bounded function v from U
to R is termed hypoharmonic on U if Hyu > won V for all V in U(U). We will
denote by *H(U) (resp. +H(U)) the set of all hyperharmonic (resp. hypoharmonic)
functions on U.

For u € *H(U), v € ;JH(U) and k > 0 we have u+k € *H(U) and v —k € JH(U).
Indeed, let V € U(U) and a continuous function such that g < v+ k on 9V, then
Hy(9—k) <Hyu < u. Since ( Hyg) —k <Hy (g —k), we therefore get Hyg < u+k
and thus u + k € *H(U).

We have the following comparison principle:
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Lemma 5.1. Suppose that u is hyperharmonic and v is hypoharmonic on an open
set U. If

lim supv(z) < lim infu(z)

Usz—y Usz—y
for all y € OU and if both sides of the previous inequality are not simultaneously
+00 or —oo, then v < u in U.

The proof is the same as in [10, p. 133].

6. SHEAF PROPERTY FOR HYPERHARMONIC AND HYPOHARMONIC FUNCTIONS

For open subsets U of R?, we denote by S(U) (resp. by S(U)) the set of all
supersolutions (resp. subsolutions) of the equation (1.1) on U.

Recall that a map § which to each open subset U of R? assigns a subset §(U)
of B(U) is called sheaf if we have the following two properties:
(Presheaf Property) For every two open subsets U, V of R% such that U C V,
SV)ju € 3(U)
(Localization Property) For any family (U;),c; of open subsets and any numerical
function h on U = J,c; Ui, h € F(U) if hyy, € F(U;) for every i € I.

An easy verification gives that S and S are sheaves. Furthermore, we have the
following results which generalize many earlier [17, 2, 7, 10].

Theorem 6.1. Let U be a non empty open subset in RY and u € *H(U) N By (V).
Then u is a supersolution on U.

Proof. First, we shall prove that for every open O C O C U, there exists an
increasing sequence (u;); in in O of supersolutions such that v = lim;_, o, u; on O.
Let (¢;); be an increasing sequence in C°(U) such that u = sup; ¢; on O. Let u;
be the solution of the obstacle problem in the non empty convex set

K= {v e W(0) i <v < gl + llpisillo, and v = € WP(0)

The existence and the uniqueness are given respectively by Theorem 3.1; moreover
is a supersolution (Theorem3.2). Since ;1 is a supersolution and w; A u;+1 € K,
we have u; < u;11 in O.We have to prove that the sequence (u;); is increasing to u.
Let o be an element of the open subset G; := {z € O : p;(z) < u;(z)} and w be a
domain such that xg € w C w C G;. Since for every ¢ € C°(w) and for sufficiently
small |e] u; £eyp € K,

/ Az, Vu;) - Vibdx + / B(z,u;)dr =0.

Then wu; is a solution of the equation (1.1) on w and by the sheaf property of H,
u; 18 a solution of the equation (1.1) on G;. Now the comparison principle implies
that u; < uw on Gy, hence ¢; < u; < u on O and therefore u = sup, u;. Finally, the
boundedness of the sequence (u;); and the same techniques in the proof of Theorem
4.1 yield that (u;); is locally bounded in W1?(0O) and that u is a supersolution of
the equation (1.1) in O. O

Corollary 6.1. Let U be a non empty open subset in R and u € Wl’p(U)ﬂ *H(U).

loc
Then u is a supersolution on U. Moreover the infinimum of two supersolutions is

also a supersolution.
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Proof. Let u € Wll’p(U)ﬂ *H(U). The Theorem 6.1 implies that u A n is a super-

ocC
solution for all n € N, consequently we have for every positive ¢ € C°(U)

0 < /A(x,V(uAn))-Vgadx+/B(a:,u/\n)godx
U U

= / Az, Vu) - Vodz + / B(z,u An)pdz.
{u<n} U
Letting n — 400 we obtain
0< / Az, Vu) - Vodz —|—/ B(z,u)pdx
U U

for all positive ¢ € C2°(U), thus w is a supersolution. Moreover, if u and v are two
supersolutions then u A v € Wﬁ)’f(U)ﬂ *H(U) so u A v is a supersolution. O

Theorem 6.2. “H is a sheaf.

Proof. Let (U;);er be a family of open subsets of RY, U = J,.; U; and h € *H(U;)
for every ¢ € I. Then by the definition of hyperharmonic function, we have h An €
*H(U;) for every (i,m) € I x N and by Theorem 6.1, h A n is a supersolution on
each U;. Since S is a sheaf, we get h An € S(U) C *H(U). Thus h =sup, h An €
*H(U) and *H is a sheaf. O

Remark 6.1. For every open subset U of R%, let ﬁ(U) denote the set of all
uw e WP (U) N C(U) such that B(z,u) € LF._(U) and

loc
/ Az, Vu) - Vodz —|—/ B(x,u)pdz = 0
U U

for every ¢ € WyP(U), where B(z,¢) = —B(z,—¢). It is easy to see that the
mapping ¢ — B(z, () is increasing and that u € H(U) if and only if —u € H(U).
Furthermore H and ‘H have the same regular sets and for every V € U(U) and
f € C(OV) we have Hy f = —H y(—f). It follows that u € ;H(U) if and only if
—u € *’H(U) and therefore ,H is a sheaf.

7. THE DEGENERACY OF THE SHEAF H

As in the previous section we consider the sheaf H defined by (1.1). Recall that
the Harnack inequality or the Harnack principle is satisfied by H if for every domain
U of R? and every compact subset K in U, there exists two constants ¢; > 0 and
¢ > 0 such that for every h € HT(U),

sup h(z) < ¢ inf h(z) + 2 (HI)
zeK e K

We remark that, if for every A > 0 and h € H*(U) we have Ah € H*(U), then
we can choose c; = 0 and we obtain the classical Harnack inequality.

The Harnack inequality, for quasilinear elliptic equation, is proved in the funda-
mental tools of Serrin [19], see also [20, 13]. For the linear case see [9, 3, 1, §].

In the rest of this section, we assume that B satisfy the following supplementary

condition.
d

(%) There exists b € L7 (R?), 0 < e < 1, such that |B(z,¢)| < b(z)[¢|* for
every z € R and ¢ € R.
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Small powers (0 < o < p— 1). We have the validity of Harnack principle given
by the following proposition.

Proposition 7.1. Let H be the sheaf of the continuous solutions of the equation
(1.1). Assume that the condition (x) is satisfies with 0 < a < p — 1. Then the
Harnack principle is satisfied by H.

The proof of this proposition can be found in [18, p. 178] or [19]

Definition 7.1. The sheaf H is called elliptic if for every regular domain V in R,
x €V and f € CH(dV), Hy f(z) = 0 if and only if f = 0.

In the following example, we have the Harnack inequality but not the ellipticity.
This is in contrast to the linear theory or quasilinear setting of nonlinear potential
theory given by the 4-harmonic functions in [10].

Example 7.1. We assume that B(x,¢) = sgn(¢)[¢|* with 0 < @ < p — 1 and
Az, &) = \§|p_2 € Let u=cr® with B =p(p—1—a)~! and

p—1 P 1
¢=pr TR (p— 1 - )7 [d(p — 1~ ) + ap] 777

With an easy verification, we will find that for every 2o € R¢ and ball B(zg, p),
there exists a solution u (in the form ¢ ||z — zo”) on B(zo, p) such that Apu = u®
with u(zg) = 0 and u(z) > 0 for every & €B(z0, p) \ {zo}. We therefore obtain that
the sheaf H is not elliptic and curiously we have the existence of a basis of regular
set V such that for every V € V), there exist zp € V and f € C(0V) with f > 0 on
0V and Hy f(z9) = 0.

We will prove that the sheaf given in the previous example is non-degenerate in
the following sense:
Definition 7.2. A sheaf H is called non-degenerate on an open U if for every
x € U, there exists a neighborhood V of x and h € H(V) with h(z) # 0.
Proposition 7.2. Assume that the condition (x) is satisfies with 0 < o < p—1
and A(z,X§) = )\\)\|p72 A(z, &) for all z,6 € R? and for all X € R. Then the
sheaf 'H is non degenerate and more we have: for every reqular set V and x € V,
sup, (v h(x) = +00.

Proof. It is sufficient to prove that for every zo € R%, p > 0, n € N and u,, =
Hp(z,p)n We have u,, converges to infinity at any point of B(zo, p). The comparison
principle yields that 0 < u,, < n on B(zg, p). Put u,, = nv,, we then obtain:

/A(ZE, Vu,)Vedr + nl”’/B(ac,nvn)gpdx =0
for every ¢ € C°(B(xo, p)) and for every n € N*. The assumptions on B yields

lim | A(z, Vv,)Vedr = 0;

n—oo
since 0 < v, < 1, we have
|n'"PB(x,nv, )| < n® P b(z) < b(x)

and by [18, Theorem 4.19], v,, are equicontinuous on the closure By, , of the ball B
(z0, p), then by the Ascoli’s theorem, (v,,),, admits a subsequence which is uniformly
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convergent on By, , to a continuous function v on By, ,. Further we can easily verify
that v € WP (B(xo, p)) and

loc

/.A(x, Vu)Vedzr =0
for every ¢ € WyP(B(xo,p)). Since v = 1 on dB(zg,p), v = 1 on Bu,.p- The
relation u,, = nv, yields the desired result. ([

Big Powers (a > p—1). We shall investigate (1.1) in the case a« > p—1. Let H be
the sheaf of the continuous solutions of (1.1). In [18] or [19], we find the following
form of the Harnack inequality.

Theorem 7.1. Assume that the condition (x) is satisfies with a« > p—1. Then For
every non empty open set U in R?, for every constant M > 0 and every compact
K in U, there exists a constant C = C(K, M) > 0 such that for every u € HT(U)
with u < M,

supu < Cinfu.
K K

Corollary 7.1. If the condition (x) is satisfies with o > p — 1, then H is non-
degenerate and elliptic. Moreover, for every domain U in R? and u € HT(U), we
have either u >0 on U oru=0 on U.

Remark 7.1. If a = p — 1, the constant in Theorem 7.1 does not depend on M
and we have the classical form of the Harnack inequality.

We recall that a sheaf H satisfies the Brelot convergence property if for every
domain U in R? and for every monotone sequence (h,,),, C H(U) we have lim,, h,, €
H(U) if it is not identically +oo on U.

Using the same proof as in [4], we have the following proposition.

Proposition 7.3. If the Harnack inequality is satisfied by H, then the convergence
property of Brelot is fulfilled by H.

Remark 7.2. In contrast to the linear case (see [16]) the converse of Proposition
7.81s not true (see [5]) and hence the validity of the convergence property of Brelot
does not imply the validity of the Harnack inequality.

An Application. Let H, be the sheaf of all continuous solution of the equation

—div A(z, Vu) + b(z) sgn(u) |u|* =0

d
where b€ L “(RY),b>0and 0 < e < 1.
Theorem 7.2. a) For each 0 < a < p— 1, (R4 'H,) is a Bauer harmonic space
satisfying the Brelot convergence property, but it is not elliptic in the sense of
Definition 7.1.
b) For each o > p — 1, (R%, H,) is a Bauer harmonic space elliptic in the sense of
Definition 7.1 and the convergence property of Brelot is fulfilled by H,—1.

8. KELLER-OSSERMAN PROPERTY

Let H be the sheaf of continuous solutions related to the equation (1.1).

Definition 8.1. Let U be a relatively compact open subset of RY. A function

u € HT(U) is called regular Evans function for H and U if Ulim u(z) = +oo for
Sx—z

every regular point z in the boundary of U.
For an investigation of regular Evans functions see [5].
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Definition 8.2. We shall say that H satisfies the Keller-Osserman property, de-
noted (KO), if every ball admits a regular Evans function for H.

As in [5, Proposition 1.3], we have the following proposition.

Proposition 8.1. H satisfies the (KO) condition if and only if H' is locally uni-
formly bounded (i.e. for every non empty open set U in R and for every compact
K C U, there exists a constant C > 0 such that sup u < C for every u € H(U)).

Corollary 8.1. If H fulfills the (KO) property, then H satisfies the Brelot conver-
gence property.

Theorem 8.1. Assume that A and B satisfies the following supplementary condi-
tions

i) For every xo € R?, the function F' from R? to R? defined by
F(z) = A(x,z — xo) is differentiable and div F' is locally (essentially)
bounded.
i) A(z,A) =\ |)\|p*2 A(z, &) for every A € R and every z, € € RY.

_d_
iii) [B(z,¢)| = b(x)|¢|]%, a > p—1 where b € LI “(RY), 0 < € < 1, with

loc
essUinfb(x) > 0 for every relatively compact U in RY.

Then the (KO) property is valid by H.

Proof. Let U be the ball with center o € R? and radius R. Put f(z) = R? —
[l — CCO||2 and g = c¢f 7, we obtain the desired property if we find a constant ¢ > 0
such that ¢ is a supersolution of the equation (1.1). We have V f(z) = —2(z — )

and Vg(z) = 2¢8 (f(2))” "™ (z — 20) and then
A, Vg(x)) = (281 (f(2))” PV A,z - a9).
Let ¢ € C2°(U), ¢ = 0 and we set I, = [ A(z,Vg)Vedr + [ B(z,g)pdz, then
I, = —/div Az, Vg)eds + /B(:L’,g)(pdx
=~ [ 26+ 00— Dy D A5 — ) o - 20)

+(2¢B)P L~V div A(z, 2 — ) — Bz, g)} wdz

WV

— [ 208+ D= 2oty CHIP D A, ). (o o)

+(2¢B)P~L = BHDE=Y Qiv A(z, 2 — x0) — c”‘bffo‘ﬁ] pdz

_ _/ [2eP=1=(26)7"1(8 + 1) (p — 1) A(z, & — w0).(x — o)
+cPtma(2B)P7t fdiv A(w, x — m0) — bf’g(p_l_"‘)“’} ey AR et
Putting 3 = p(a — p+ 1)~ we obtain
I, > —/ {2(af5+1 )p_l(af;il)(p — DAz, — x0).(x — z¢)

+(af5+1)p_1f div A(z, © — z0) — ¢ P[P~ e poda.
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It follows from A2 that A(z,z — g).(x — x0) is locally bounded. Hence if we take

p—1
C so thaﬁcf_p_‘_1

_n Az, x — x0).(z — o) | div A(x, z — z0)| \ 157577
S 2at+1)(p—1) A, 0 2 :
o> [sup {200 b(z) +h b(x) }]

><( 2p )ap—;pil,
a—p+1

then I, > 0 holds for every ¢ € C°(U) with ¢ > 0. Thus the function g(z) =
¢(R? — ||& — x0|*)P®=1=®) is a supersolution satisfying limg(x) = 400 for every

zeU

z € JU. By the comparison principle we have H yn < g for every n € N and

therefore, the increasing sequence (Hyn),, of harmonic functions is locally uniformly

bounded on U. The Bauer convergence property implies that u = supHyn € H(U),
n

therefore we have lim infu(x) > n for every z in OU, thus limu(z) = +oo for every

r—z r—z

z in QU and u is a regular Evans function. Since U is an arbitrary ball, we get the
desired property. O

Corollary 8.2. Under the assumptions in Theorem 8.1, for every ball B=B(xg, R)
with center xo and radius R and for every u € H(U),

lu(zo)| < cR7=1-=

where

- 2(a+1)(p—1) |.A(.T, xr — xo)(x — 1‘0)| 2 |d1V A(l‘, Xr — ZL’Q)‘ a7;+1
o= [oup {255 T

" ( 2p )a')—;pil
a—p+1
Proof. From the proof of the previous theorem, if B,, =B (2, R(1 —n~1)), n > 2,
we have

2p
i) < e (R2z0)

for every n > 2 and

oo = [ sup {2 Mt e m )
n (3(2—1))2 |div A(bx(,;; — 20)| H T <af§+1) =L
< [ sup { Hertiooy A2 —bﬂz?-(x — )
+R2|div“4(:(,x = z0)| H i (a_25+1);z++1 |

Then we obtain the inequality
2
u(zy) < cR7 175,
Since —u is a solution of similarly equation, we get

—u(wy) < cR7F 1=
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with the same constant ¢ as before. Then we have the desired inequality. O

‘We now have a Liouville like theorem.

Theorem 8.2. Assume that the conditions in Theorem 8.1 are satisfied and that
liminf (R™*’ M(R)) =0
im inf ( (R))

where

_ — x0).(z — di -
M=y (e As o) plivAlne )}

lz—zoll<R

Then u = 0 is the unique solution of the equation (1.1) on RY.

Proof. Let u be a solution of the equation (1.1) on R?. By the previous corollary,
we have for every zo € R? and every R > 0

{2(a+1)(p—1) |A(x, 2 — x0).(z — 20)|

u(wo)] < [ sup {2 )

lz—zo||[<R

5 |div Az, z — zg)] —2p = % ot
+R o) R (—CH)H) .

Hence u(zg) = 0 and u = 0. O

9. APPLICATIONS

We shall use the previous results for the investigation of the p—-Laplace Ay, p > 2
which is the Laplace operator if p = 2. A, is associated with A(z,§) = |£|pi2 £,
an easy calculation gives div A(z, z — z0) = (d+p — 2) ||z — 20" >, Let, for every
a > 0, H, denote the sheaf of all continuous solution of the equation

—Apu+ b(z) sgn(u) [u|* =0 (9.1)

_d_
where b € L “(R%), b > 0 and 0 < e < 1.

Theorem 9.1. Assume that p > 2. For a > 0, let H, denote the sheaf of all
continuous solution of the equation

~Ayu+ bla) sgu(u) [u]* = 0

_d
where b € L7 < (RY), b>0 and 0 < e < 1. Then

(1) For every a > 0, (R% H,) is a nonlinear Bauer harmonic space with the
Brelot convergence Property.
(2) Hq is elliptic for every o > p — 1.
(3) Ifa > p—1 and infy b > 0 for every relatively compact open U in R?, then
the property (KO) is satisfied by H,.
(4) Ifa >p—1 and , infga b > 0, then Ho(R?) = {0}.
Theorem 9.2. Let U C R? be an bounded open set whose boundary, OU, can

be represented locally as a graph of function with Holder continuous derivatives.
Assume that o > p — 1. Then U admits a regular Fvans function for H.
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Proof. We first prove the existence of a continuous supersolution v on U such that
lim,_,, v(z) = +o0, for every z € OU.

Let f in C2°(U) be a positive function (f # 0) and w € Wy*(U) be the solution
of the problem

/ IVw|P % Vw - Vpda = / fodz, @ e WyP(U)
U U
w=0 ondU

By the regularity theory, w has a Holder continuous gradient, w is continuous
supersolution w > 0in U, lim,_,, w(x) = 0 for every z € 9U and |w|| +||Vw]||, —
0 as || f|l., — 0. Then we set v = w~" and look for 3> 0 and f such that

/ |Vo[P™? Vo - Vda —|—/ b(z)v®edr >0 ¢ > 0,0 € WyP(U).
U U
For every ¢ > 0,€ Wi (U), we have

/ |V|P~2Vu - Vipde = — P71 / w™ BP0 |7y|P=2Vy - Vedr
U U
— ﬁp—l / |vw|p—2vw . v(w—(ﬁJrl)(p—l)(p)dgC
U
S EE D=1 [ e e Tuprds
U

=gt [ W BRI 4 (54 1)(p - DI VuPleds
U
thus

/ IVo|P™2 Vo - Vda
U

+ 51’71/ b s+ (B D)o — 107 (V] pdr = 0.
U

Put 8= ;- and choose f such that wf + (3+1)(p — 1) [Vw|” < b3'~P. Then

p
a=p+
/ |Vo|P ™ Vo - Vda +/ bv*pdz > 0, for every ¢ > 0, € Wy P(U);

U U
therefore, v is a continuous supersolution of (9.1) such that lim,_,, v(z) = 400, for

every z € OU.
Let u,, denote the continuous solution of the problem

/ Vul" ™ Vu - Vipda + / bupdz =0, e W, (U)
v U
u=n€N ondU
By the comparison principle we have 0 < u,, < v for all n and by the convergence

property, the function w = sup,, u, is a regular Evans function for H and U. O

Theorem 9.3. Let a« > p — 1 and let U be a star domain and b continuous and
strictly positive function on R. Assume that the conditions in Theorem 9.1 are
satisfied. If there exists a reqular Evans function u associated with U and H,, then
U 18 unique.

The proof is the same as in [4] and [6] when b = 1.
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