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GLOBAL ROBUST DISSIPATIVITY OF
INTEGRO-DIFFERENTIAL SYSTEMS MODELLING NEURAL
NETWORKS WITH TIME DELAY

BAOTONG CUI, XUYANG LOU

ABSTRACT. In this paper, the global robust dissipativity of integro-differential
systems modeling neural networks with time delay is studied. Several sufficient
conditions are derived to ensure the global robust dissipativity of the neural
networks proposed by using proper Lyapunov functionals and some analytic
techniques. The results are shown to improve the previous global dissipativity
results derived in the literature. Some examples are given to illustrate the
correctness of our results.

1. INTRODUCTION

Stability of neural networks with delays has been a popular problem in this
decade because the stability properties of equilibrium points of neural systems play
an important role in some practical problems, such as optimization solvers, as-
sociative memories, image compression, speed detection of moving objects, pro-
cessing of moving images, and pattern classification. Therefore, the stability of
neural networks with or without delay has received much attention in the literature
[2, B, [, 5 @, 10, 1T, 4] 15]. As pointed out in [T} [6l 8], the global dissipativity
is also an important concept in dynamical neural networks. The concept of global
dissipativity in dynamical systems is a more general concept and it has found ap-
plications in the areas such as stability theory, chaos and synchronization theory,
system norm estimation, and robust control [8]. The global dissipativity of several
classes of neural networks were discussed, and some sufficient conditions for the
global dissipativity of neural networks with constant delays are derived in [§]. The
authors of [I] analyzed the global dissipation of continuous-time dynamical neural
networks with time delay. However, parameter fluctuation in neural network imple-
mentation on very large scale integration (VLSI) chips is unavoidable. To the best
of our knowledge, there does not seem to be much (if any) study on global robust
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dissipativity of delayed integro-differential systems modelling neural networks with
uncertainties.

Motivated by above discussion, in this paper, we will study the global robust
dissipativity of delayed integro-differential systems modelling neural networks with
uncertainties and derive some criteria for the delayed neural network with uncer-
tainties via Lyapunov functionals and analysis techniques.

The organization of this paper is as follows. In Section 2, problem formulation
and preliminaries are given. In Section 3, some new results are given to ascertain
the global robust dissipativity of the delayed neural networks based on Lyapunov
method and we give concluding remarks of results. Section 4 gives some examples
to illustrate the effectiveness of our results. A conclusion is drawn in Section 5.

2. PROBLEM FORMULATIONS AND PRELIMINARIES

Consider the model of continuous-time neural networks described by the follow-
ing integro-differential systems

W) i)+ 3 gy, (0) + Dbyt = 7)
. o = (2.1)
+ Z;Cij [00 Kij(t — S)fJ(ZZ?](S))dS +u;, t=1,2,...,n
d”;ff) = —Da(t) + Af(x(1)) + Bf(x(t — 7))
(2.2)

+C/_ K(t—s)f(x(s))ds + u,

where n denotes the number of the neurons in the network, x;(¢) is the state of
the ith neuron at time t, f(z(t)) = [fi(21(t)), f2(z2(t)), ..., fo(zn(t))]T denote the
activation functions of the j-th neuron at time ¢, D = diag(dy,ds,...,d,) > 0 is
a positive diagonal matrix, A = (a;j)nxn; B = (bij)nxn and C = (¢;;)nxn are the
feedback matrix and the delayed feedback matrix, respectively, 7 is the transmission
delay, u = (u1,us,...,u,)T € R" be a constant external input vector.

In our analysis, we will employ the following two classes of activation functions:

(1) The general set of monotone nondecreasing activation functions is defined as

G={f(@)|D" fi(x;) >0, i=1,2,...,n}.
(2) The set of Lipschitz-continuous activation functions is defined as

fi(zi) — fi(y:)
— Y

e

£={f@)0< <Li Li>0,)

for all z;,y; € Ryx; #yi, 1 =1,2,...,n.
K() = (Kij(:))nxn, t,J = 1,2,...,n are the delay kernels which are assumed to
satisfy the following conditions simultaneously:
(i) Kij : [0, 00) — [0, 00);
(ii) K,; are bounded and continuous on [0, c0);
(it) [ Koy (s)ds = 1
(iv) there exists a positive number € such that [ K;;(s)e®*ds < oo.
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Some examples of functions that meet the above conditions can be found in [12].
Clearly, if one assume that ¢;; =0 (4,5 = 1,2,...,n), the system (2.1)) reduces
to the dynamical neural networks model
dxi (t) - 2
o = G+ D aifilai () + Y b fila(t—7) +ui,  (2.3)
j=1

j=1

whose global dissipativity was investigated in [IJ.
The initial conditions associated with the system (2.1]) are

zz(s):¢z(5)7 7T§5S07 i:1a23"'an7 (24)

where ¢;(-) is bounded and continuous on [—7, 0].

In electronic implementation of neural networks, the values of the constant and
weight coefficients depend on the resistance and capacitance values which are sub-
ject to uncertainties. This may lead some deviations in the values of d;, a;;, b;; and
c¢;j. Hence, it is important to ensure the global robust dissipativity of the designed
network against such parameter deviations. Since these deviations are bounded
in practice, the quantities d;, a;j,b;; and c;; may be intervalized as follows: for
i=1,2,...n,

D;:=[D,D] =D =diag(d;) : D<D <D, ie,¢c <c¢<¢,
Ar:=[A, Al = A= (aij)nxn: A< A <A, ie., a;; <ay < ay,
By :[E,E]:B:(bij)an:ESBSE, ie., by < bij < bij,
Cr:=[C,Cl=C=(Cij)nxn:C<C<C, ie, ¢ij < cij < Tij

Definition 2.1. The neural network defined by or is said to be a dissi-
pative system, if there exists a compact set S C R", such that Vzy € R™, 3T > 0,
when t > to + T, x(t,to,z0) C S, where x(t,t0,xo) denotes the solution of
from initial state zg and initial time ty. In this case, S is called a globally attractive
set. A set S is called positive invariant if Vzy € S implies (¢, tg, x9) C S for t > tg.

Definition 2.2. The neural network defined by (2.1) or (2.2)) is globally robust
dissipative if the system is globally dissipative for all D € Dy, A € A;, B € By,
CeCy.

Definition 2.3 ([18]). A vector v = [v1,...,v,]T > 0, if and only if every v; >

0,7=1,...,n.

Definition 2.4. If R — R is a continuous function, then the upper right derivative
+

DTJ;(’S) of f(t) is defined as

(2.5)

3. GLOBAL ROBUST DISSIPATIVITY

In this section, we present the following results:

Theorem 3.1. Let f(-) € G, f(0) =0 and fi(z;) — oo as |x;| — oo. the neural
network defined by (2.1) is a globally robust dissipative system and the set S; =
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{z z:(t)| < |ugl/d;yi = 1,2,...,n} is a positive invariant and globally attractive

set, if there exist positive constants p; >0, ¢ =1,2,...,n such that
n
pi(—=@i — by —¢j;) — Z pjlaj; +bj; +cj;) >0, (3.1)
j=1.5#i
where i =1,...,n, aj; = max(|gji\,6ji), b = max(|b |, bﬂ), = max(\gji|,6ji).

Proof. Let us use the positive and radially unbounded Lyapunov functional

szﬂ% H—Z b1J|fJ (2;(s))|ds
230 [ R [ ntesac)as).

Calculating the upper right derivative DV of the Lyapunov functional V along
the solution of (2.1), we have that

DTV (x(t))

(3.2)

S*Z{pidilfﬂi(t)\*Pi(aiierZ)Ifi(xi(t))l* > pillag + i) (x5(0))]

j—lﬁﬁfi

—pzz\cm [ K= i) |ds—pzzm | ol

+pz-gc;;- / K33 ()13 (a5 — ))\ds — il }

IN

_Z{Pzd |zi (1) — pilai + bf; + ;)| fi(zi(t))]
=1
© 3 mua by + IO il

|u1 | Z{pz —Qij — —C; )

IN
|

-
3
=
?

j=1 j;éz‘
<=3 pud ()] - —'d}') <0,
i=1 =i

when z; € R™\ Sy; i.e., z€S;. Which implies that for all ¢ € Sy holds z(¢, tg, zg) C
S1, t > tg. For x€S1, there exists T' > 0 such that

z(t tg,x0) € Sy, Vt>to+T,

meaning that the neural network defined by ([2.1)) is a dissipative system and the
set S7 is a positive invariant set and globally attractive set. (I
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Remark 3.2. As we can see, if vary the parameters p; > 0, (i = 1,2,...,n)
properly, one can obtain a series of corollaries. Specially, If choose p; = 1, the
following corollary can be derived.

Corollary 3.3. Let f(-) € G, f(0) =0 and fi(z;) — oo as |z;| — oo. the neural
network defined by is a globally robust dissipative system and the set S1 =
{z||z;(t)] < |wi|/d;yi = 1,2,...,n} is a positive invariant and globally attractive
set, if the following condition holds

n

—@;; — by —¢j; — Z (aj; +bj; +¢cj;) >0, (3.3)
J=1,j#i
where i =1,...,n, aj; = max(|gji\,6ji), b = max(|b |, bﬂ , Chi = max(\gji|,6ji).

Theorem 3.4. Let f(-) € G, f(0) = 0 and fi(z;) — oo as |x;| — oo. If the
following condition holds

Y —T * * * *
A+ A + ([[B*llsc + [1B*[l1 + IC"[[oc + IC*[[1)I <0, (3-4)

where B* = (b};)nxn, C* = (¢};)nxn, then, the neural network defined by (2.2) is a
robust dissipative system and the set So = {z||z;(t)| < |wi|/d;,i =1,2,...,n} is a
positive invariant and globally attractive set.

Proof. Consider radially unbounded Lyapunov functional

V() :22/0“(” ds—i—ZZ/ ))ds

£33 [ Huo( [ @)

Calculating the upper right derivative DTV of the Lyapunov functional V along
the solution of , we have that

D+V = —QZd fz $Z +2zzazjfz z f](zj( ))

=1 j=1
+2zzbmfz xl .fj x](th +22f1 xl
=1 j=1 =1
£23° S e fi / Koyt = 5)fy (s ())ds
= 1] 1
+ZZb SRt ZZZ) SR (it — 7))
=1 j=1 1=1 j=1
+Zzﬂ/ K72 (1) — 2t — 9)lds
i= 1] 1
< QZd\fz i (t))] | (t +QZZ%J‘1 i(t)) f;(x;(t))
=1 j=1

+2zz‘bl]||f1 (@i @)I[f5(z;(t = 7)) +2Z‘f1 z;(1)) sl

=1 j=1 i=1
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+2ZZ\%|/ K ()| Filra ()1 st — )]s

+Zzbzfz 1’1 Zzbzfz $zt_7)
D) 000 Kis(s) 72 i(0) = 2aalt — 5)))ds.
Since
21 i (DI~ 7)) < SRl + £t~ 7)), 5)

) / K i) (6 — 5))lds

/ Kij(s)f7 (zi(t))ds +/ K;j(s )f (x;(t —s))ds.
Substitute and (| into the inequality above these two, we obtain

(3.6)

DYV (x ())

2 A OO+ 23w O) )
i=1 i=1j=1

+> D bifia +2Z\f1 () uil
i=1 j=1

DI / K (5) £ (1)) ds
i=1 j=1
i_lj_l i=1 j=1

< QZCHJC@ z;i(t))||i(t |+22|fz xi(t))]|uil
457 (@(0) (A+ AT+ (1B + 1B + 107 + 1€ 10T S a(0)

< 22d|fz xz Hxl |+22|fz 1’1 HU1|<O

when z; € R” \ So. This implies that the set Sy is a positive invariant and globally
attractive set. O

Theorem 3.5. Let f(-) € L, f(0) = 0 and fi(z;) — oo as |z;| — oo. If the
following condition holds

A+A" +BB +(1+|C e +lIC*[1)I <0, (3.7)

where B* = (bji)nXm C* = (c;i)nxn, then, the neural network defined by (2.2) is a
robust dissipative system and the set

Sy = {a|| fi(z:i(t))| < Lilu;|/di, i =1,2,...,n}

is a positive invariant and globally attractive set.
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Proof. Let us use the following positive definite and radially unbounded Lyapunov
functional

*22/ derZ f2 (zi(s))ds
53 IH QU ( ffws»df) ds

i=1 j=1 t—s

Calculating the upper right derivative DTV of the Lyapunov functional V along
the solution of (2.1), we have that

D*V(x :72del it +222aufz wi(1)) 15 (w5 (¢))
i=1 j=1
—1—2226”]2 (i () fi(z;(t — 7)) +2ZfZ (z(t
i=1 j=1 i=1
23S eyt / Kt = ) f3(5(5))ds
=1 j=1

+ fo(ffi(t)) - Z Fi (@it — 7))

F 0N [ R - Rt 9

=1 j=1

_2Zif22 +2Z‘fz xz ||uz
x fh(x ())(A+AT)f($(t))+2fT( (t —7)B" f(x(t)

+2ZZ w/ Kij(s)| fi(zi ()| (zi(t — s))|ds

i=1 j=1

@O @) — Tl - )l - 7))
SN [ R - fato - s)las.

It is easy to see that
— [Tt =) f(a(t = 7))+ 2fT (@(t — 7)) BT f(a(1))
= —[f(z(t — 7)) = BT f(z(@)]"[f(x(t — 7)) = BT fx(t)] + [T (x(t)) BB f(x(t)),
from which it follows that
— (@t =) fa(t =)+ 2f " (a(t = 1) BT f(2(t)) < fT(x(t) BB f(a(1)).

Also we have

> / K (9| w01 (a5 (¢ — 5))lds
0
< / Kij(s d5+/ sz xj t - 5))d
0
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Using the above inequality in (3.8) results in:

DYV (a(t)) < 22 SO +2Z\fm )i

+fT( (¢ ))(A+AT+BBT+I)f( (1))

z/ Ky ()£ (wa()) ds
Hz%ﬂ +2Z\f11’z )l

+ [T @)[A+A" + BB + (1 +|C" oo + [C*1) 1] f(w(2))

—22 fiff(xz +2Z | fila () [us] <0,
i=1

-
)

+
+

when z; € R™\ S5. This implies that the set S3 is a positive invariant and globally
attractive set. O

Theorem 3.6. Let f(-) € L, f(0) =0 and fi(x;) — o0 as |z;| — oo. If the matriz
Q given by
Q=PA-L'D)+(A-L'D)'P+PBB"P+(1+|PC*||o+|[PC*|1)I (3.9)

is negative definite, then the neural network defined by (2.2)) is a robust dissipative
system and the set

Piti o Ditly N2 .
Sy =12 [filzi(t)) + < ,i1=1,2....n
4 { [f( z( )) )\M(Q)] ()\JVI(Q)) }
is a positive invariant and globally attractive set, where L = diag(Ly, Lo, ..., Ly),

P = diag(p1,p2, .- .,0n) and Ay (Q) is the mazimum eigenvalue of the matriz Q.

Proof. Let us use the following positive definite and radially unbounded Lyapunov
functional

n x;(t) n t
x(t)) = 2Zpi/ fi(s)ds + Z ) f?(mi(s))ds
3 G [ Eas / 2 (€))de ) ds.

i=1 j=1

Calculating the upper right derivative DV of the Lyapunov functional V along
the solution of @, it follows

D+V = _QZpld f2 331 +222pzazjfz 2 f](xj( ))

=1 j=1

+2zzpz zgfz z fj(‘rj( ))+2szfl($z(t))u

=1 j=1 i=1
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+2zzpzcz]fz xz / KZ] f] 33]( ))dS

11]1

+ Zfﬂzi(t» - Zf,?(xi(t — )
Y e / i(1) = F2(wilt — 5))] ds

=1 j=1

< _QZpiiff(xi(t)) + QZpifi(l‘z‘(t))

+ [T (@(0)(PA+ ATP) f(a(t)) + 2f T (a(t — 7)) BT P f(x(1))

£23°% e / s (a5 (¢ - 5))lds

=1 j=1

AT @) Falt) — Tl — ) f (el — 7))
£33 e, / ()2 (aa() — fR(ai(t — s)]ds. (3.10)

i=1 j=1
‘We have

= [Tt =) f(a(t = 7)) + 2f" (a(t — 7)) BT Pf(x(t))
= — [f(a(t— 7)) = BTPf(x(t))]" [f(x(t — 7)) — BTPf(x(t))]
+ fT(«(t)) PBBT Pf(x(t)),

from which it follows that

— [Tt =) f(alt =) +2f (@t — )BT Pf(a(t)) < f7(x()PBBT Pf(x(t)).

Also we have

2 [ KA Ot - 9l
/ Kij(s)f2 (zi(t))ds +/ Kij(s) 7 (x;(t — s))ds.
Using the above inequality in (3.10)), it results in
DYV (x(t) <2 szfz (@i ()i + 7 (2(t)) PBB" Pf(a(t)) + 17 (1) f(x(1))
(@

+
Khs
’ﬂ)—l

£))(P(A~ L™'D) + (A~ L™'D)"P) f(x(t))

|plcm| / KZJ
1

I / Ki(s)£2(4(1)) ds

M-
M: 5

+

i

Il

_
<.

Il

_|_

NgE
||M:

i=1
m

=23 pifi(zi()u + T (2)Qf (2(t))

1

3

i
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< QZpifi(xi(t))ui + Z)\M(Q)ff(%‘(t))

= (@ DAL 0) + 51 = () <0

when z; € R™\ S4. This imiplies that the set Sy is a positive invariant and globally
attractive set. (|

Corollary 3.7. Let f(-) € £, f(0) =0 and fi(z;) — oo as |z;| — oo. If the matriz

Q=A-L"'"D)+(A-L'D)T + BBT + (1 4+ ||C*||ee + [|IC*I1)I  (3.11)
is negative definite, then the neural network defined by (2.2)) is a robust dissipative

system and the set

Sy = {o: [filwi) + 5" < (i) 1= 1)

is a positive invariant and globally attractive set, where L = diag(Lq, Lo, ..., Ly),
and Ay (Q) is the maximum eigenvalue of the matriz Q.

Remark 3.8. In this paper, we derive several different conditions to check the
global robust dissipativity of integro-differential systems modeling neural networks
and the conditions in Theorems [3.1H3.6| are independent of each other.

Remark 3.9. For system or , when the parameters are certain, the global
robust dissipativity of the system has been studied in [I3]. However, parameter
fluctuation in neural network implementation on very large scale integration (VLSI)
chips is unavoidable and it is important to ensure that system be dissipative with
respect to these uncertainties in the design and applications of neural networks.
Therefore, their conclusions can be included in our results as special cases.

Remark 3.10. If delay kernel functions k;;(t) are of the form
kij(t):5(t—Tij)7 ’L,]: 1,2,...,71, (312)

then system reduces to a system with time-varying delays which has been
lucubrated in [I, [§]. And many crucial results for dynamics of the system have
been obtained. Therefore the discrete delays can be included in our models by
choosing suitable kernel functions.

Remark 3.11. When¢;; =0 (4,5 =1,2,...,n), the system (2.1]) reduces to system
(2-3) which was studied in [I, §]. In this case, Theorems [3.1H3.6] turn out to be
generalized results for those in [T, §]. Moreover, the results are less conservative
and more extensive than those in [I], which will be illustrated in Example

4. EXAMPLES

In this section, we give illustrative examples for our results.

Example 4.1. Consider the system (2.1) or (2.2) with constant delays: 7 = 2 for
1,7 = 1,2, with the initial values of the system as follows:

é(s) =03, te[-2,0).
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Let f(-) € G, and all the kernel properties given in (i)—(iv) are satisfied.
_[o6 0 = [t 0 _[-2 -3
D‘[o 1.5}’ D‘[o 2]’ A_{; 3}’
- [-3 1 0.25 —0.5 — o5 025
— 4 4 — _
A= [ |, B= {—0.2 —0.7} » B= {0 —0.5] ’
C=C=0, u=-3, us=2.

Hence
—a1; — by —cjy — (a3 + 031 +c31) =0.15 >0,

—Tog — b3o — 5o — (afy + bl + ¢f5) = 0.80 > 0,
Then the conditions of Corollary are satisfied, therefore the model (2.1)) is a
globally robust dissipative system, and the set

51 = {(a(t), 220 lle2 ()] < 5, b)) < 3}

is a positive invariant and globally attractive set. However, since the parameters
are uncertain, the results in [I3] are not applicable for this example.

Example 4.2. Consider the system ([2.1]) or (2.2) with constant delays: 7 = 1 for
1,7 = 1,2, with the initial values of the system as follows:

é(s) = 0.5, te[-1,0).

(4.1)

Let f(-) € G, and all the kernel properties given in (i-iv) are satisfied. And here we

let
o6 0] = _[1 o0 _[-2 -3
D[o 1.5}’ D[o 2]’ AL}) —3}’
o[- 1 025 —025] — [025 025
A= [i _3}7 B = {0.25 —025)0 B~ 025 025
25 —0.25] ~ [0.25 0.25
€= {—0 25 —0 25] , 0= {0.25 0.25} y m=15 wp=—d
Hence
_ 7 . § . X ~15 05
A+ A + (1B loo + 1B 1 + 1C7 [[oo + IC* [T = {0_5 _0.5} <0, (42)

Then, the conditions of Theorem are satisfied, therefore the model (2.1) is a
globally robust dissipative system, and the set

S1 = {(a(0) 22l (0] < 25, () < 3}

is a positive invariant and globally attractive set. However, when ¢;; = 0 (i,j =
1,2,...,n), since

B —
A+ A -3 5
Qu = 5 +I:{54 AR
4 1
B* 11
Q122+I|:_81 _§:|a
8 ]



12 B. CUI, X. LOU EJDE-2007/89

so we get that

_ Qll Ql?
@= {Q1T2 Q22}

is not negative semidefinite. So the condition of Theorem [3.5in [I] is not satisfied,
one can not determine the dissipativity of the neural network. Therefore, our
obtained criteria for the global dissipativity of integro-differential neural networks
with time delay are new.

Conclusion. The global robust dissipativity problem of integro-differential neural
networks with time delay is discussed. Several results are presented to characterize
the global dissipation together with their sets of attraction, which might have an
impact in the studying the uniqueness of equilibria, the global asymptotic stability,
the instability and the existence of periodic solutions. Our results extend the earlier
works. Two examples are given to illustrate the correctness of our results.
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