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EXISTENCE OF POSITIVE SOLUTIONS OF p-LAPLACIAN
FUNCTIONAL DIFFERENTIAL EQUATIONS

CHANG-XIU SONG

ABSTRACT. In this paper, the author studies the boundary value problems
of p-Laplacian functional differential equation. Sufficient conditions for the
existence of positive solutions are established by using a fixed point theorem
in cones.

1. INTRODUCTION

For p-Laplace equations there are have many results published, but most of
them are about ordinary differential equations; see for example [2, 5, 10, 11, 13]
and references therein. As pointed out in [3, 12], the study of boundary value
problems (BVP) of functional differential equations (FDE) is of significance since
it arises and has applications in variational problems in control theory and other
areas of applied mathematics. In this paper, we shall investigate the existence of
positive solutions for p-Laplacian problem

(Pp(¥)) + () f(y¥') =0, 0 <t <1,
ay(t) — By'(t) = &(t), —T <t <0, (1.1)
yy(t) +0y'(t) =n(t), 1<t <1+a,

where y¢(0) = y(t+6), 0 € [-7,a], 7 > 0, a > 0 are constants satisfying 0 < 7+a <
1; ¢p(u) is the p-Laplacian operator, i.e., ¢p(u) = |[ulP™%u, p > 1, (¢p) ' (u) =
¢q(u), ]% + % =1

For the situation that 7 = a = 0, BVP (1.1) becomes the two-point BVP and
has been investigated in [6, 7, 8]. Furthermore, for 7 = a = 0 and p = 2, BVP (1.1)
has been studied in [1, 9]. In this paper, we shall generalize the above-mentioned
equations. Our results include four subcases: 7 = a = 0 (two point BVP); 7 > 0,
a =0 (BVP of retarded FDE); 7 =0, a > 0 (BVP of advanced FDE); 7 > 0, a > 0
(BVP of mixed FDE).
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Let C' = C([—7,a],R) be the Banach space of continuous functions from [—7, a]
into R with the norm [[p|lc = sup_, <y, ()| and

Ct={peC:pH)>0,0c]|[-T4ad}
Define
E={te[0,1]:0<t+0<1, -7<0<a}=][r,1—a].

Noting that from the assumption that 0 < 74 a < 1, we conclude meas F # 0.
We shall assume the following conditions:

(H1) f() is a nonnegative continuous function defined on C*.
(H2) r(t) is a nonnegative measurable function defined on [0, 1], and satisfies

0< /Egéq[/:r(u)du]dt < qu[/ol r(u)du] < 4o0.

(H3) «,08,7,6 >0, p:=~6+ ay+ad > 0.

(H4) £(t) and n(t) are continuous functions defined, respectively, on [—7, 0] and
[1,b], where b =1+a, n(1) = 0; £(t) > 0 if 3 = 0; fto e (@/Bs¢(s)ds > 0,
£(0)>0if B> 0; n(t) > 0if § = 0; [ e/Dsy(s)ds > 0if § > 0.

Lemma 1.1. ([4]) Assume that X is a Banach space and K C X is a cone
m X; Qp, Qo are open subsets of X, and 0 € Q1 C Qo. Furthermore, let ® :

KN Q2 \ Q1) — K be a completely continuous operator satisfying one of the fol-
lowing conditions:

(1) [@@@)[| < ||zl for all w € K102 ||®(z)]|
(i) (@)l < ll=]l, for all z € K 00Qs; [[®()]]
Then there is a fived point of ® in K (R \ Q).

|||, for all z € K () 0Qs;
|

>
> ||z||, for all x € K () 09Q;.

2. MAIN RESULTS

Firstly, we give the definitions of solution and positive solution.

Definition 2.1. We say a function y(t) is a solution (1.1) if:
(1) y(t) is continuous on [0, b].
(2) y(t) = y(—7;t) for t € [—7,0], where y(—7;t) : [-7,0] — [0, +00) is defined
as
« 0 — [e% S
y(—7it) = el (5 [} e /D3¢ (s)ds +y(0)), B >0,
éf(t% 6 =0,
and y(—7;t) satisfies ay(—7;0) = ay(0) = £(0) if 5 > 0.
(3) y(t) = y(b;t) for t € [1,b], where y(b;t) : [1,b] — [0,400) is defined as
(b t) {6(7/5)t((15 f]_t 6(7/6)577(5)(18 + 6(7/6)y(1))’ 5 > 0’
y(b;t) =

1 _

(4) (p(y)) = —r(t)f(y") for t € (0,1) almost everywhere.

Furthermore, a solution y(t) of (1.1) is called as a positive solution if y(t) > 0 for
te(0,1).
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In what follows, we shall show the results in this paper only for the case § > 0,
0 = 0, since the other situations could be discussed similarly. Suppose that y(t) is
a solution of (1.1), then it can be written as

e<1a/‘*>t(% [ em@/Psg(s)ds +y(0)), —7 <t <0,
y(t) = Jy @ally r(w) f(y*)dulds, 0<t<1, (2.1)
=n(t), 1<t<b.
Suppose that zo(t) is the solution of (1.1) with f = 0, then it can be expressed as
%e(a/mt fto e~ (@/P)se(s)ds, —1 <t <0,

zo(t) =4 0, 0<t<l1,
2n(t), 1<t<b.

If y(t) is a solution of BVP (1.1) and z(¢) = y(t) — xo(t), noting that x(t) = y(¢)
for 0 <t <1, then we have from (2.1) that

e(@/P)ty(0), -7 <t<0,
z(t) = ftl (bq[fos r(u)f(z* + z¥)dulds, 0<t<1, (2.2)
0, 1<t<b.

By (H2), we can choose a o € (0,min{%, 2=4=T}) such that
t
T ::/ qﬁq[/ r(u)duldt > 0,
E, o+T1
where E, . ={t€ E;o <t+60<l—-ocfor —7<60<a}=[c+7,1—0—0a] CE.

Note that when t € E,, we have 2§, =0 € C.
Let K be a cone in the Banach space X = C[—, b] defined by

K ={zeCl-r0:x(t) 2 g(t)||lz|, t € [-7,b]},
where ||z|| := sup{|z(t)| : =7 <t < b} and

ele/Pt 7 <t<0
gt)y:=<1—-t, 0<t<1,

Define ® : K — C[—7,b] as

ela/P)t fol ¢q[fos r(u) f(z" + x¥)dulds, —7 <t<0,
(@2)(t) = { [" dgl [ r(u) f(z* + xy)dulds, 0<t<l, (2.3)
0, <t<

Under assumptions (H1)-(H4), BVP (1.1) has a solution if and only if ®x(t) = x(¢).
We define ||z(|jo,1) = sup{|z(t)| : 0 <t < 1}, then we have || @z = |[®x||j,1. Tt
follows from (2.3) that
1

1 s
@allon = [ ol [ v+ f)dulds < 0, [ rfat +a)an. @2
0 0 0
In the following, we express T, = {z € C[0,}] : ||z|| < a}.
Lemma 2.2. With the above notation, ®(K) C K.
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Proof. For —7 < t < 0, one has 0 < (®z)(t) < (Pz)(0). Thus we get ||Pz| =
2] and (@z)(t) > @/ [zl

For0 <t <1, z € K, we obtain from (2.3) and (2.4) that (dx)(¢) > 0, (®z)(1) =
0, and

[Pz = (2)(0) =/0 ¢q[/OST(U)f($“+z8)dU]dS-

Let U(t) = (Pz)(t)— (1—1t)||Pz||, then U(0) = U(1) =0, U"(t) <0, for all ¢t € [0,1].
SoU(t) >0, for all t € [0,1], i.e., (Dx)(t) > (1 —t)||Px]| for t € [0,1]. For 1 <t < b,
x € K, one has (®Px)(t) = 0 = g(t). Furthermore, for —7 <t < b, x € K, we have
that (®z)(t) > g(t)|| Pz, that is P(K) C K. O
Lemma 2.3. The function ® : K — K is completely continuous.

Proof. We can obtain the continuity of ® from the continuity of f. In fact, suppose
that z,, z € K and ||z, — z|| — 0 as n — oo, then we get

|l — 2| = sup |zp(u+0) —z(u+06)] — 0, uel0,1].

—r<6<a

Thus, for t € [—7,b] we have from (2.3) that

(@2,)(0) — (B2)(0)] < max |7~ (a3 + ) — F174 "+ ap)leyl | rlu)dul,
Sus 0

This implies that ||®z, — x| — 0 as n — oo.
Now let A C K be a bounded subset of K and M > 0 is the constant such that
lz]| < M for x € A. Define a set S as
S={pecClelc <M}
Then, we have
1 s
&zl < max f1°! —|—maxz“/ /1‘ududs<oo7
0] < max 11 (o e i) [ ol [ vl

which implies the boundedness of ®(A). It is easy to see that ®x € C'[—7,1] (" C[-T,b].
Furthermore, we have for —7 <t <0,

1 s
(@2 (2) = Gelo/" / bl / r(u) f(2 + 22 dulds
1
< S0l < G max 1 (o + s ai)ol [ r(wd] = L
for 0 <t <1,

0 < |(B2)'(8)] = ] / r() @+ )du]
< ¢4l / r(u) f(2 + 23]
= r??é‘fq‘l(w max a:g)¢>q[/0 r(uw)du] =: L.

u€[0,1]

For 1 <t < b, we have that (®x)'(¢) = 0. Thus, suppose that x € A. Ve > 0, let
6= for t1,to € [—7,b], |t1 — t2] < §, one has

|((I)£C)(t1) — (@l’)(tg” § maX{Ll,L2}|t1 - tQ‘ < E.

€
max{Ly,La}’
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That is to say that ¢ : K — K is completely continuous. O

Let
C*={peCt: 0<al¢llc <¢®),0c[-1a}

A= ([ ol [ e

u=lor [ ol rtumas =
v = [2(1+ |zoll)dal / ()] 1.

For the next theorem we set the condition
(H5)
f(%j) p—1

lim > W im Pt
pecllpllclo ||p|" " lellotoo ||pf|B

Theorem 2.4. Under assumption (H5), BVP (1.1) has at least a positive solution.

Proof. From assumption (H5), there exists a p; > 0 such that
fle) = (ulelle™, pel* lele < pr

For z € K and ||z|| = p1, we have ||z¥||c < p1 for u € [0,1]. Furthermore, we have
% € C* for u € E, and

[z"]lc = ollzl| = op1, u€ E,. (2.5)

For u € E,, we have zj = 0. Thus, we obtain

oz = [ ol / W) [ + ) dulds
> [ 4 | rwsaaas

+T

> 4 /E sl rlwlle i dulds (2.6)

+7

> o [ ol [ r(wdulds
E, o+T1
= pop1T

> pr = [|l=[,
which implies that
1P| = | ®lo, > [lzll, V@€ K[,
where €21 = T,,,. On the other hand, since lim;,||. 100 Hil(\% < VP71 there exists
C
N > py, such that
flo) < Wliele)™, veC*llgllc > N.

Choose a positive constant ps such that

1
pa > 1+ max{f11(9) : 0 < ol < N + [zol|} gl / ().
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For z € K, ||z|| = p2, we have, from the facts: zo(t) > 0, z(¢t) > 0 for ¢t € [—7,b],
that for v € [0, 1],

lo* + agllc > la*llc > N, if [l*c > N,
o + oo < o + lletllc < N + woll, if *]c < N.

‘We have
1 s
x| = / bl / P) f (2 + o) dulds
< / bal / P(u) @ + ) dulds
vy / () (& + )]
“alf s s | ) (e +at)du)

o<z [l <N

1
<max{v|z" + zgc, max{f1 () : 0< [lpfc <N+ ||330||}}<25q[/0 r(u)du]
1
< max{v||z + zol, max{f~' () : 0< [lpllc <N+ ||x0||}}<z5q[/0 r(u)dul

1 1 _ !
< max{g[lz]| + 5, max{f* 1(<P)¢q[/0 r(u)du] : 0 < lllc <N+ [lzoll}}
<|lzll = p2,
which implies that
@] = [|®x|lo,1) < [,V = € K ()0,

where Qp = T,,. By the second part of Lemma 1.1, it follows that ® has a fixed
point z € K [(Q2 \ Q1) such that

0 < p1 < |lz| = |z, < po-

Suppose that x(t) is the fixed point of ® in K ((Q2 \ Q1), then

e(@/P)ty(0), -7 <t <0,
z(t) = ftl (;Sq[fos r(u)f(x® 4+ xf)dulds, 0<t <1,
0, 1<t<b.

Let y(t) = 2(t) + zo(t). By the facts 0 < p1 < ||z]| = [|2[/p,1] < p2, 2(t) € K and
xo(t) > 0, we conclude that y(t) is a positive solution of BVP (1.1). O

In what follows, we shall consider the existence of multiple positive solutions for
BVP (1.1).
For the next theorem we have the following hypotheses:

(H6)
f(»)

lim -1
peC* llellclo |lo||&

f(p)

lim -1
peC* llellcteo ||o||%

1 —1
> P > P
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(H7) There exists a p; > 0 such that for all 0 < |l¢|l¢ < p1 + po, one has
flp) < (Ap1)P~ L, where

0
po = max{_mux 23 [ e Hoe(s)ds, o Zn(0)).
Theorem 2.5. Under assumptions (H6)-(H7), BVP (1.1) has at least two positive
solutions y1, ya such that 0 < ||y1lj0,1) < p1 < lly2ll[o,1]-
Proof. (H6), there exists a  : 0 < r < p; such that
Fe) = (ullellc)=,  llelle <rpec,

For z € K, ||z|| = r, similar to (2.5) one has z* € C* and

r>||z%|c > ollz|| =07, u€ E,.
Also we obtain an analogous inequality ||®(x)|| > r = ||z||, which implies || Px| =
|®x(/[0,1] > |||, for all z € K (T,

On the other hand, from (H6) there exists a R > p; such that
F@) = (ulielle)™, el > oR, ¢ € C.
For z € K, ||z|| = R, we have
z* € C* and ||z¥]|c > o||z|]| =R for u € E,.

Furthermore, ||®(z)|| > R = ||z||, which implies that ||®x| > |lz|| forV = €
K (OTx.
Now, by (Hr), for all € 0T,,, one has

|| :/O ¢q[/05 r(u) f(2 + 2 du] ds
QMA%%TWM®=m=ML

According to Lemma 1.1, it follows that ® has two fixed points x1,zs such that

z1 € KNTp, \ Ty, 22 € KNTg\ Tp,, that is 0 < |lz1]] < p1 < ||#2. Since

x;(i =1,2) € K, we have z;(t) > 0, for all ¢ € (0,1), i = 1,2. Let y; = x1 + o,

Y2 = o+, then y1, yo are positive solutions of BVP (1.1) satisfying 0 < [|y1]/j0,1] <

p1 < [lyalljo,1)- 0
The following Corollaries are obvious.

Corollary 2.6. Under the conditions
flo) _ : f(e)

; 1 , im =
pecliellclo ||| lelictoo [l|[Z:

BVP (1.1) has at least a positive solution.

3

Corollary 2.7. Assume the conditions:

fl) f(p)

poT = 1003 m -y
peC lleliclo ||plls peCliellcToo |||

and that there exists a p1 > 0 such that for all 0 < ||¢|lc < p1 + po, one has
F(@) < (Ap1)P~1, where

1 0
po = max{ max —es' [ e~
-7<t<0 3 .

1

*¢(s)ds, max, ;n(t)}-

@R
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Then BVP (1.1) has at least two positive solutions y1,y2 such that 0 < [|y1|lj0,1] <
p1 < |ly2lljo.1-
3. EXAMPLES
Example 3.1. Consider the boundary-value problem
(1y'1P~2y') +r(t)y= (t — %) =0, 0<t<l,

yO =€), —5 =<0, ()=

where o = 7 =1,8=0=0,r >0 is a constant, £(¢) is continuous on [— i%,0],

(3.1)

Et)y>0,71=2,a=0, E= [ ]p>2,andf() <p%( ) If ||¢|lc — 400 we
have
Fo)  @V2(=1/3) _ ell -
2= < U —lp|* — 0.
lell? lell% lell?

That is to say that lim,| 100 ”iﬁile = 0 holds. On the other hand, suppose that
C
¢ € C*, then ¢(0) > oll¢l|c, thus, if [¢llc — 0 we get
1 1
flo) _92(=1/3) _ azlplig
1 — 1 - 1
lelle lelle || e

That is to say that lim,ecc-

1 3-2P
=ozllelc® = +oo.

Jlelle Lo ”iﬁile = 400 holds. According to Corollary
C
2.6, it follows that BVP (3.1) has at least a positive solution y(t).

Example 3.2. Consider the boundary-value problem

1 1
<wv*¢y+ﬂﬁ@—fruﬁaf§n:m0<t<L

3
(3.2)
1
y(t) =&(t), —3 <t <0, y(1) =0
where « =y =1, =0 =0, r is a positive constant, £(¢) is continuous on [—%, 0],
§(t) >0, mo =max_1,<o&(t) #0, L<p=I<3, 7—|—%:1and
1
flp) =" (=3) + ¢ (=3).

Here, 7 = %, a=0, F= [%,1].
Suppose that ¢ € C*, then ¢(0) > o|¢||c, thus, if ||¢||c — 0 or |¢llc — +o0

we get
flo) _ @"(=1/3) + '/3(=1/3)

-1 -1
ol [l
1 i 1 i
, obllgld + ot eld

P

lelle

1 —9p 1 4-3p
=odlelle® +odllelle™ — 4oo.

_ {/01 ¢q(/osrdu)ds}_l - qu_l,

We deduce that
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then for all m > 0 and 0 < ||¢||c < m + mg, one has

0<f §m+moé+m+m0%:m+moém1’p+(m+mo)9 p—1
¢ —
Define H(m) = (m + mq)"/?(m' P + %), then
nllimo H(m) = +o0, mEIEDO H(m) = +o0. (3.3)
Suppose that r and mg satisfy
1 p—1
(2mg) (g /% + 22 0my/ %) < T,

then H(mg) = (2m0)1/9(m51/6 + 22/9m(1)/18) < a1 = € polds. By the conti-

nuity of H(m) and (3.3), we can find an m > 0 (for examrple m = my) such that
flp) < Hm)mP~t < (Am)P~1 for 0 < |l¢|lc < m+mg. By Corollary 2.7, we know
that BVP (3.2) has at least two positive solutions.
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