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A REGULARIZED TRACE FORMULA FOR A DISCONTINUOUS
STURM-LIOUVILLE OPERATOR WITH DELAYED ARGUMENT

MEHMET BAYRAMOGLU, AZAD BAYRAMOV, ERDOGAN SEN

ABSTRACT. In this study, we obtain a formula for the regularized sums of
eigenvalues for a Sturm-Liouville problem with delayed argument at two points
of discontinuity.

1. INTRODUCTION

We consider the boundary value problem for the differential equation

y" (@) + q(@)y(z — Az)) + Ny(z) = 0, (1.1)

on [0,h1) U (h1, ha) U (he, w], with boundary conditions
y(0) cos a + 4/ (0) sin . = 0, (1.2)
y(m)cos B+ (7)sin =0 (1.3)

and transmission conditions

y(h1 —0) = dy(h1 +0), (1.4)
y'(h1 = 0) = 0y (1 +0), (1.5)
y(ha = 0) = vy(he +0), (1.6)
y'(ha = 0) =y (h2 +0) (L.7)

where the real-valued function ¢(x) is continuous in [0, k1) U (hy, ha) U (he, 7] and
has finite limits

(i £0)= lim q(z), q(hz£0)= lim (),
the real-valued function A(z) > 0 is continuous in [0, h1) U (h1, he) U (he, ] has
finite limits

A(hy £0) = i A A(hy £0) = 1 A

(h1 £0) S (2), (hy £0) L (2),
if x € [0,hq), then z — A(z) > 0; if x € (hy, ha), then x — A(z) > hy; if © € (he, 7,
then © — A(x) > ho; where A is a spectral parameter; hq, ha, o, 3,0 # 0, v # 0 are
arbitrary real numbers such that 0 < h; < ho < 7 and sin asin 8 # 0.

The goal of this article is to calculate the regularized trace for the problem

i )
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The theory of regularized trace of ordinary differential operators has long history.
Gelfand and Levitan [4] first obtained the trace formula for the Sturm-Liouville
differential equation. After this study several mathematicians were interested in
developing trace formulas for different differential operators. The current situation
of this subject and studies related to it are presented in the comprehensive sur-
vey paper [10]. The regularized trace formulas for differential equations with the
operator coefficients are found in [11, 2 [5], [6] [7, T2]. However, there are a small num-
ber of works on the regularized trace for the differential equations with retarded
argument; see [9, [13].

Pikula [9] investigated the problem of second order:

=y +q(x)y(z — 1) = My,
y'(0) — hy(0) = ¢/ () + Hy(m) = 0,
ylx —1)=y(0)p(z —7), =<7, 90)=1

and obtained trace formula of first order: if 7 > m, then

S 0(r) — ) = g(O)p(~7) — 1

and if 7 < m, then

i [/\H(T) —n?— %(h +H+ Cozm /:r q(t)dt))}

n=1

= q(0)p(=7) -

1 \[/ ﬂ;27’

Here the definition of b can be found in [9]. Yang [I3] obtained formulas of the
first regularized trace for a discontinuous boundary value problem with retarded
argument and with transmission conditions at the one point of discontinuity. As in
this problem, if the retardation function A = 0 in and § = 1,7 = 1 we have
the formula of the first regularized trace for the classical Sturm-Liouville operator
(see []) which is called Gelfand-Levitan formula [10].

Note that, the trace formulas can be used in the inverse problems of spectral
analysis of differential equations [I0] and have applications in the approximate
calculation of the eigenvalues of the related operator [3] [10].

h2+H2+h+H/ q(1) +q(m) T—T
4

t)dt + [ —q(7) -

2. A FORMULA FOR THE REGULARIZED TRACE

First we give the asymptotic behavior of solutions for large values of the spec-
tral parameter. Let w(z, A) be a solution of on [0, h1], satisfying the initial
conditions

w1(0,A) =sina and W} (0,\) = —cosa. (2.1)
These conditions define a unique solution of on [0, hy] [8, p. 12].

After defining the above solution, then we will define the solution ws(x, \) of

on [hy, ha] by means of the solution wy(z, A) using the initial conditions

W2(h1, /\) = 571(#1(}11, /\) and wg(hl, /\) = 571(4)/1(}11, )\) (22)
These conditions define a unique solution of (1.1 on [hq, hs].
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After describing the above solution, then we will give the solution ws(x, \) of
(1.1) on [ho, 7] by means of the solution wa(x, \) using the initial conditions

wz(ho, A) = v twa(he, A) and  wh(ha, A) =y wh(ha, N). (2.3)

These conditions define a unique solution of (1.1)) on [hs, 7].
Consequently, the function w(x, A) is defined on [0, k1) U (h1, he) U (ha, 7] by

wl(xﬂ/\)a T € [Ovhl)a
w(z,\) = wa(z, ), =€ (hy,hs), (2.4)
w3z, A), x € (ha,7]

is a solution of ([1.1)) on [0, k1)U (h1, h2)U(hz, 7], which satisfies one of the boundary
conditions and the transmission conditions (1.4))—(1.7)) Then the following integral
equations hold:

wi(z,\) =sinacos Az — O Gindx
A
1 [ (2.5)
3 q(1)sin Mz — m)wr (7 — A(7), N)dr,
0
1 /
wa(z, A) = —wi(hy, A)cos A(z — hy) + wi(h, A) sin A\(z — hq)
) Ad
-5 / q(1)sin AM(x — T)wa (T — A(7), N)dT,
h1
1 5(h
() = Swa(hos N) cos A(x — ha) + 202N Gy
Y Ay 2.7)

_ % /hz q(7)sin Mx — m)ws (7 — A(7), N)dr.

Differentiating (2.5 and (2.6 with respect to x, we obtain

Wi (2, \) = —Asinasin Az — cos avcos \x — / q(1) cos Az — 1wy (7 — A(7), N)drT,
0

(2.8)
/
(@A) = — 2 (he, A) sin A — ) + 2PN

) ) (2.9)

— q(1)cos Az — T)wa (T — A(7), N)drT,

h1
!/
wi(z, \) = —éwg(hg, A)sin AM(z — ha) + walha, A) cos Az — ha)

7 7 (2.10)

— /: q(1) cos ANz — T)ws (T — A(T), N)dT,

2
Moreover

|wi(x, A)| < const., x € [0, hq],
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see [11]. Then from ({2.5) we have
w1 (fv )‘)

sin o

a
sin Az —

. cos
= sinacos A\x —

/I q(1)sin Az — 7) cos A(1 — A(7))dr

A Jo
cosa [* . . 1
2 /0 q(7)sin Mz — 7)sin A\(7 — A(7))dT + O(F)
= sinacos Az — @ sin \x — s;n)\a / q(7)sin \N(x — A(7))dr
0
_ 812“;‘ [ afm)sin (e =2+ A)dr - C;;f /0 g(7) cos Az — A(r))dr
cosaw [* 1
o /0 q(7)cos A(x — 27 + A(7))dr + O(F)
(2.11)
Therefore,
w2(x7)‘)
sin v cosa sina [* .
= —5—cos A\r — 5 sin A\x — Y q(1)sin AM(x — A(7))dr
sina [* cos a
_ " i ) A — A
YA q(7)sin ANz — 27 + A(7))dT — 25 q(T) cos \(z (1))dr
cosa 7
2225 |, q(t) cos Az — 27 + A(7))dr + O(F)
(2.12)
and
(,Ug(ZL',)\)
sin a cos o sina 7
— — ——— i - i - A
5 cos \T oo sin Az 2oy J, q(T)sin A(z (r))dr
sina 7 cosa [7
_ i ) A - - A
2)\57/0 q(7)sin A(x — 27 + A(7))dr 22257 q(T) cos A(x ())dr
cosa [7 1
hadted -2 A — ).
2725, /0 q(t) cos Az — 27 + A(7))dT + O()\3)

(2.13)
The solutlon w(xz, A) defined above is a nontrwlal solutlon of ([L.1]) satisfying con-

ditions (1.2)) and . (L.7). Putting w(z, A) in , we obtam the characteristic

equatlon

W(A) =w(m,\)cos B+ ' (7, \)sin 3 = 0. (2.14)
The set of eigenvalues of boundary value problem ([1.1)—(1.7]) coincides with the set
of the squares of roots of (2.14)), and eigenvalues are simple. From (12.5)-(2.10]) and
(2.14) we obtain
WA

COS «x

1r1

= {f {f(sinozcos Ay — sin A\hq
vy Ld

1 [

D q(T)sin A(hy — T)w1 (T — A(7), A)dT) cos A(ha — hq)
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1
BBV ()\ sin avsin Ahq + cos e cos Ahy

h1
+ /0 q(1)cos A(hy — T)wi (T — A(T), /\)dT) sin A(hg — hq)

ha
- % q(r) sin A(ha — T)wa (1 — A(7), A)dT] cos \(m — ha)
1 A/ cosa
+)\—7[—g(bmacos)\h1— sin Ahy

h1
- X/o q(7)sin A(h1 — T)wi (7 — A(7), )\)dT) sin A(hg — h1)

1
— —(Asinasin Ay + cos a cos Ahy

]
hi
+ / q(7) cos A(h1 — T)wi (T — A(7), A)d7) cos A(ha — hq)
0
ha
- / q(7) cos A(he — T)wa(T — A(T), )\)dr} sin A(m — h)
h1
_ % q(1)sin M — 7)ws (T — A(7), )\)dT} cos 3
ha
+ { — % E(sinacos/\hl _ e sin Ahq

1 (M .
-3 /o q(1)sin A(hy — T)wi (T — A(7), >\)d7’> cos AM(hy — hy)

h]
-5 ()\ sin acsin Ahq + cos accos Ahq + / q(T) cos A(hy — T)w1 (T — A(7T), )\)dT)
0

I
x sin A(hg — hy) — X/ q(7)sin A(ha — T)wa (T — A(7), )\)dT} sin A(m — hs)
hy
1 A/
+ ;[f g(smacos)\hl —

COS «x

sin )\hl

h1
- l/ q(7)sin A(hy — T)wi (T — A(7), )\)dT) sin A(hg — h1)

()\ sin avsin Ahq + cos «c cos Ahy
/ Ycos A(hy — 7w (T — A(T), )\)dr) cos A(hg — hq)
/ )cos Ay — 7)an(r — A(r), A)dr] cos A — o)

/ T)cos A(m — T)ws (7 — A(7), )\)dT} sin 3,
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which implies

_ sinasing | . sinfw—p) ~ cosacosf3
W) = B Asin At + v Cos A —g i AT
. ha
_ B ) cos A — T (7 — A7), A)dr
v Jo
sing [
- q(1) cos \(m — T)wa (T — A(T), \)dT
Y h1
—sing | q(7)cos AN(m — T)ws (T — A(T), A)dt
ha
S8 M sl T (r — A, N
oy o q(T)sin \M(m — 7w (1 7), \)dt
ha
LSBT Y sinA(r — T (r — A7), A)dr
Ay hy
- co;ﬂ q(7)sin M — 7)ws (T — A(T), N)dT.
ha

From (2.11)-(2.13]), we obtain

wi(T = A(7), )

= sinacos A\(1 — A(7)) — s e

sin \(17 — A(7))

. T—A(T)
_ sina / g(t) sin (7 — A7) — Alt))dts
. T—A(T) 1
-5 a(t1) sinA(T = A(T) = 201 + At))dtr + O(53),
0

sin o COS (v

wo(T — A(T),\) = 5 cos A(1 — A(7)) — v; sin \(17 — A(71))

. T—A(T)
sin o .
YV /0 q(t1) sin \(7 — A(7) — A(ty))dty,
. T—A(T)
sin o . 1
DY ; q(t1) sin A(7 — A(7) — 2t; + A(t1))dty +O(F>’
w3(T — A(7),A)
sin « COSs «
- —A(r)) - AT — A
5 cos A(T (1)) oo sin A\(7 (1))

sin «
22Xy
sin «

B 2007y

T—A(T)
/0 q(t1) sin M7 — A(7) — A(ty))dty

T—A(T) 1
/0 q(t1) sin A(7 — A(7) — 2t1 + A(t1))dty +O(ﬁ),

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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Using (2.15)—(2.19) we obtain

W(A)
_ smasmﬂ)\sin Nt sin(a — ) cos M — cos acos 3 sin e
5y 5 ASy
_ W q(T)[cos A(m — A(T)) + cos A(m — 27 + A(7))]dr
Y 0
- ERACF [ () sin Alr — A(r)) + sim Aw — 27 + A()ldr
207y 0
cos asin § q(T)[sin \M(m — A(7)) — sin A\(m — 27 + A(7))]dr
2007y 0
. . T T—A(T)
sin asin 3 i
“oe ), 10 / a(t2)sin A(r — A(r) = A(t))dh | dr
_ Sinasing

T T—A(T)
0oy q(T)[/O q(t1)sin \(m — 27 + A(T) + A(ty))dt, |dr

sin acsin 8

™ T—A(T)
0oy o q(7) [/0 q(t1) sin \(m — A(T) — 2t1 + A(tl))dtl}dT

in asi 8 T—A(7)
sin acsin 8 .
IR a(r) [/0 q(t1) sin A(m — 27 + A(7)

42t — A(m))dtl}dT + 0(%).

(2.20)
Denote
1 (7 1 (7 .
Ai1(N) = 5/0 q(T) cos AA(T)dr, As(N) = 5/0 q(7) sin AA(7)dr
T T—A(T)
Bi(\) = i/o g(7) [/O a(t2) cos A(27 = A(7) = A1)t ] dr,
™ T—A(T)
Ba(\) = i/o o(r) [/O () sinM(2r — A(r) — A(t))dh | dr.
T T—A(T)
C1()) = i /0 q(T)[ /0 q(tl)cos/\(A(T)+A(t1))dt1}d7,
T T—A(T)
GO = / q<r>[ [ att)sna@E) + Aw)yn]ar
5/0 q(T) cos A\(2T — A(T))dr,
1
=3 ; q(T)sin A\(2T — A(7))drT,
T T—A(T)
B\ = i/o q(r)[/o 1) cos (A7) + 261 — A(t2))dh |,
™ T—A(T)
B()) = i /0 ol /0 (1) s MA() + 20 — A(tr)d ] dr,
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1 s T—A(T)
H1(>\) = Z / q(T) |:/ q(tl) COS )\(2’7’ — A(T) — 2t1 + A(tl))dt1:| dT,
0 0
1 T T—A(T)

() = | A ol /0 (1) sin M(2r — A(r) — 201 + Alt))d |

Then from ([2.20)), we obtain

W)
_ _sinasing oy sl =) o, cosacosB o
oy oy Ady
— SO |4 (3) cos A+ Ax(N)sin X + D1 (A) cos A + Do) sim A
Y
S e DA D e
v
+ WMM) sin Am — Az(A) cos A — Dy (A) sin A + Da(A) cos Arr]
v
4 SInasiB o ginAr — Co(A) cos M
A6y
sin o sin .
— Tﬂ [B1(A) sin Am — Ba(A) cos A
sin asin 8 .
+ T[El(/\) sin A — Ea () cos A7
_ W[Hl(/\) sin A\m — Hy(\) cos Aw] + O(%)
(2.21)
Define
sinasing .
Wo(A) = _67)\ sin Am. (2.22)
~

Denote by A\, n € Z, zeros of the function Wy()), then we have \) = n,n € Z, and
it is simple algebraically except for AJ.

Denote by C,, the circle of radius, 0 < & < %, centered at the origin A\ = n,n € Z,
and by I'n, the counterclockwise square contours with four vertices

A:N0+E+N0i, B:—NO—E+N0i,
C=—-Ng—¢e¢— Nogit, D= Ny+e— Nyt,

where ¢ = v/—1 and Ny is a natural number. Obviously, if A € C,, or A € I'n,,
then [Wo(A\)| > M|X|e! ™7™ (M > 0) by using a similar method in [14]. Thus, on
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A€, or A €Ty, from (2.21) and (2.22)), we have

(M)

A)

i cota — COtﬂ +}\A1(/\) + D1(>\) cot Mt T AQ()\) 1’ DQ(/\)

n ((cot a — cot B)Az(\) — (cot a + cot B)Da(N) + Ca(X) — Ba()\)

(2.23)

B\ — HQ(/\)> , cot (Arr) /A2

n cot acot B+ (cot 8 — cot a) A1 (N\) + (cot a + cot 3) D1 (N)
22

/(N + Bl(/\)A; By + Hi(Y) | o%).

+

)

Expanding In VVVVO ey by the Maclaurin formula, we find that

W)

Wo(A)

_ cotar—cot f+ A1 (N) + D1(N) cot M 4 Aa(N) + Da(N)
A A

+ ((cot a — cot 3)Aa(N) — (cot a + cot ) Da(N) + Ca(A) — Ba(N)

In

+ By(\) — HQ()\)> cot(Ar) /A2

n cot accot B + (cot B — cot ) A1 () + (cot o + cot ) D1 (N) (2.24)
2
—C1(\) + B1(\) — E1(A) + Hi()\)
2
1 [(cota —cot B+ A1 (\) + D1(N))?
2

+

oty (2200 4 D)
A2 A2
(cot oo — cot B+ Ay (A) + D1(N))(A2(N) + D2(N)) ot )\ﬂ] N O(%)

+2 2

It is well known (see [11]) that the spectrum of problem (1.1))—(1.7)) is discrete and
An~n+0O(1) as|n| — . (2.25)

Next we present the more exact asymptotic distribution of the spectrum. Using
the residue theorem we have

A, —n = ——
"= 211 WO
_ L cota—cotﬁ—&—fh( )—l—Dl()\))cot)md)\
N 27rz c, A
1 Az()\)+D2(>\)d)\
1
- — [(cot a — cot 3)Aa(N) — (cot a + cot 3) Da(A)
27 Je,
cot A
+Ca(0) = Ba) + o) — Ha()| A
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- — [cot acot B+ (cot § — cot @)A1 (A) + (cot @ + cot B) D1 ()
21 Ch

)+ B — B + ()]
1 ]{ (cot a — cot B+ A1 (A) + D1(N\))? cot® A
Cn

2 dA

2ms
1 (A2(N) + D2(V))?
Tl 2)2 a\
1 (cot @ — cot B+ A1 (A) + D1(N))(Aa(A) + D2(XN)) cot A
271 Chn )\2

+0(%).

dX

which implies, using residue calculation, that
cot B — cot o — A1(n) — D1(n)
nw

+ (2D2 (n) cota+ (A1 (n) + D1(n))(A2(n) + Da(n)) — Ca(n)

Apn=n+

(2.26)
+ Bay(n) — Ea(n) + Ha(n) ) /(n*r)

_ (cota—cot 8+ Ai(n) + Di(n))?
n3

Ly,

n3

+O(
Thus we have proven the following theorem.

Theorem 2.1. The spectrum of problem (L.1)—(L.7) has the (2.26)) asymptotic

distribution for sufficiently large |n|.

Finally, we will get regularized trace formula for problem 7. The as-
ymptotic formula for the eigenvalues implies that for all sufficiently large Ny,
the numbers A, with |n| < Ny are inside I'y,, and the numbers \,, with |n| > Ny
are outside I'yy,. It follows that

No
NoEN+E DY (A -n?)
O#TL:—NO
1 W(MN)
—— ¢ a1
omi b 2
1
=—— 2(cot a — cot B+ A1 (N) + D1(N)) cot ArdA
21 T,
L
211 T
1

211 T,

X

2(As(N) 4+ Da(N))dA
2| = 2D2(\) cotar — (A1 (A) + Dy (W)(A2(A) + D2(N)

dX

FO0) — By(A) + Bo(3) — ()] N
- L 2 [cot acot B+ (cot B — cot a) A1 () + (cot a + cot 8) Dy (N)
2mi Jp

n



EJDE-2017/104 TRACE FORMULA FOR A DELAY DIFFERENTIAL OPERATOR 11

= C1(A) + B1(A) — Ex(A) + Hi()) d/\)\
L% (cot a — cot B+ A1 (A) + D1(N\))? cot? A7

dX
A

21
1 (A2(X) + Dy(N))?
+ —
27TZ T, )\

d)\+O(N0)

by calculations, which implies

No
NN+ D) (A2 -n?)
0#n=—Ng
2 &
= Z (cot @ — cot B+ Ay1(n) + D1(n))
0#n=—No

— %(cota —cot 8+ A1(0) + D1(0))

No
— > 2[—2Du(m)cota— (Ai(n) + Di(n))(As(n) + Do(m)  (2:27)
0#n=—Ny

+Ca(n) — Ba(n) + Ex(n) — Ha(n)| % b7
-2 [ cot accot B+ (cot B — cot ) A1(0) + (cot o + cot 3) D1 (0)
— C1(0) + By(0) = Ey(0) + Hy(0)]

— (cot o — cot 4 A1 (0) + D1(0))* + (A2(0) + D2(0))* + O(No)

where

T = Resx_o {2 [2D2(/\) cot o + (A1 (A) + D1(N)(Aa(N) + Da(N))

cot/\)m}.

= Ca(N) + Ba(3) — Eo(N) + Ha(N)]

Passing to the limit as Ny — oo in (32), we have

o0

2
Mo+ A+ E {/\i—n2—f[cotﬁ—cota—Al(n)—Dl(n)]
™
0#n=—o00

+ | = 2D2(n) cot @+ (A1(n) + Dy (n))(Aa(n) + Ds(n))
+Cy(n) — Ba(n) + Es(n) + Ha(n }}
5 n (2.28)
7T(Cotﬂ —cotaw — A;(0) — D1(0)) — cot? o — cot? 3
— 2(cot a — cot 3)(A1(0) + D1(0)) — (A1(0) 4+ D1(0))?
+ (A2(0) 4+ D2(0))* — 2 [cot acot B+ (cot B — cot ) A1(0)

+ (cot o + cot 3) Dy (0) — C1(0) + B (0) — E1(0) + Hy(0)] + T
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The series on the left side of this equality is called the regularized trace of the prob-
lem (1.1)—(L.7). The main result of this article is given by the following theorem.

Theorem 2.2. Formula (2.28) holds for the first reqularized trace of the problem
(L. 1)-(L.7).

Acknowledgements. The authors want to thank the anonymous referee for the
valuable comments.
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