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SOLUTION CURVES OF 2m-TH ORDER BOUNDARY-VALUE
PROBLEMS

BRYAN P. RYNNE

ABSTRACT. We consider a boundary-value problem of the form Lu = Af(u),
where L is a 2m-th order disconjugate ordinary differential operator (m > 2
is an integer), A € [0,00), and the function f : R — R is C? and satisfies
f(€) > 0, & € R. Under various convexity or concavity type assumptions
on f we show that this problem has a smooth curve, Sp, of solutions (X, u),
emanating from (A, u) = (0,0), and we describe the shape and asymptotes of
Sp. All the solutions on Sp are positive and all solutions for which u is stable
lie on Sp.

1. INTRODUCTION

For any integer m > 2, we consider the 2m-th order boundary-value problem

(=1)™u®™) () + Z u®)(z) = Af(u(z)), ze(-1,1), (1.1)
u“)(—l):u()( )=0, i=0,...,m—1, (1.2)
where p; > 0, i = 0,...,m — 1, are constants and u(? is the ith derivative of

u € C?™[~1,1], the number A\ € R, := [0,00), and the function f: R — R is C?
and satisfies

f(§) >0, (eR (1.3)

(we are only interested here in positive solutions so the behaviour of f(£) when £ < 0
is irrelevant). We assume that holds throughout the paper and, under various
additional assumptions on f, we show that f has a curve of solutions (A, u)
in Ry x C?™[—1,1], emanating from (\,u) = (0,0), and we describe the shape of
this curve. All the solutions on this curve are positive (that is, u is positive on
(—1,1)), and any solutions for which u is stable lie on this curve.

In the second order case (m = 1) this problem has been considered in many
papers, for example [3], [@], [6], [T1], [12], [13], [I4], [I7]. Detailed results for this
case are obtained in [3] and [I4] by using quadrature to derive explicit formulae for
A= Ap), u=u(p) € C?[—1,1] as functions of a parameter p > 0, with p = |u(p)|o,
such that for each p > 0, the pair (A(p), u(p)) is a solution. The results on the shape
of the curve of solutions are then obtained by investigating the function p — A(p).
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Such a formula for the solutions is not available in the higher order case. Similar
results, for the second order case, are also obtained in Section 4 of [4], and in [I1],
[12], [13], where the strategy is to use the implicit function theorem to construct
a solution curve in R x C?[—1,1], and then investigate the structure of this curve
directly. The approach we adopt is similar to this, for the higher order case, and we
obtain most of the results obtained in the above papers for the second order case.
However, many of the standard tools for second order differential equations used in
these papers, such as the the maximum principle, the Sturm comparison theorem
and simplicity of the zeros of solutions of linear equations, are not available in the
higher order case. This leads to considerable complication in some of the proofs here
and forces us to use the sophisticated theory of ‘disconjugate’ differential operators
described in [§].

Higher order problems (m > 1) have also been investigated recently. For appli-
cations to elasticity see [2], [15] and [I8], and the references therein. For general
nth-order problems see, for example, [9] and [I0], and the references therein (these
papers allow the order n to be odd, and the boundary conditions are more general
than here; the boundary conditions considered here are of the type considered in
[1] and [10], with n = 2m and k = p = m).

2. PRELIMINARY RESULTS

For any integer r > 0, let C"[—1,1] denote the standard Banach space of real
valued, r-times continuously differentiable functions defined on [—1,1], with the
norm |ul, = Yi_;|u|o, where | - |o denotes the usual sup-norm on C°[—1,1].
For any u, v € CY[—1,1], let (u,v) = fil uv. Let H*™(—1,1) denote the standard
Sobolev space of order 2m on (—1, 1), with the standard norm, which will be denoted
by -l

For any u € C?™[—1,1], let S(u) denote the number of changes of sign of u in
(—1,1), and let Z(u) denote the number of zeros of w in (—1, 1) (in the applications
below, u will be a non-trivial solution of a differential equation so these numbers
will be finite). If all the zeros of w in (—1,1) are simple then S(u) = Z(u).

Let

X = {u € C*"[—1,1] : u satisfies (.2)}, Y = C°[—1,1].
We define the operator L : X — Y by

m—1
Lu = (fl)mu@m) + Z (fl)ipiu(%), ue X.
i=0

It can be verified that (Lu,v) = (u, Lv), for all u, v € X and
(Luyu) >0, 0#ueX,

that is, L is formally self-adjoint and positive definite on X with respect to the
inner product (-, -). It is shown in Remark 2.1 of [16] that this positive definiteness
of L implies that the disconjugacy condition imposed on L in [8] holds, and hence
all the results of [8] hold for the above L (in [8], L need not be formally self-adjoint,
and the order of L is denoted by n, and may be odd). In particular, L has the
following factorisation: there exists functions p; € C?™~[—1,1], with p; > 0 on
[-1,1],4=0,...,2m, such that, if we define

Low := pow, Lyw :=p;(L;_jw)’, i=1,...,2m,
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for any w € C*™[—1,1], then L has the form
Lu=(-1)"Lapu, ue€X.

We note that the term (—1)™ is not included in the definition of L in [§]. This sign
factor is convenient here (in particular, for the spectral properties of L), but must be
borne in mind when results from [8] are quoted. The functions L;u, i =0, ...,2m—
1, will be called quasi-derivatives of u. For any w € C*™[—1,1] we let v(+1,w)
denote the total number of quasi-derivatives L,w(£1), ¢ = 0,...,2m — 1, which
are zero. If u € X then the boundary conditions imply that L;u(+1) = 0,
i=0,...,m—1, so that v(+1,u) > m. Furthermore, Corollary 3 of [8] shows that
the operator L : X — Y is non-singular.
We also need some results from [8] regarding the eigenvalue problem

Lu = ppu, (2.1)

for functions p € C°[—1,1] with Z(p) = 0. For convenience we state these results
in the following lemma.

Lemma 2.1. There exists a strictly increasing sequence of eigenvalues of ([2.1)),
denoted by pk(p) >0, k=1, 2,.... Each eigenvalue uy has multiplicity one (both
geometric and algebraic), and any corresponding eigenfunction ¢y has only simple

zeros in (—1,1), and Z(¢r) = k — 1. Also, fﬁm)(:lzl) # 0.

For any u € X, define f(u) € Y by f(u)(x) = f(u(z)), « € [-1,1]. Then
(L.1)-(1.2) can be rewritten as
Lu = Af(u). (2.2)

Let S denote the set of solutions (A, u) of (2.2]) in Ry x X. Since L is non-singular,
there are positive constants by, by such that

b1|u|2m < |Lu|0 = /\\f(u)|0 < b2|u|2m, ()\,u) €Ss. (23)

Also, the only solution of with A = 0 is (0,0). Let Sy denote the connected
component of S which contains (0,0). We will be primarily interested in the struc-
ture of Sy, and the stability of the solutions on Sp.

We say that a function u € X is positive if u(x) > 0 for x € (—1,1); we say that
a solution (A, u) € S is positive if u is positive.

Lemma 2.2. Every solution (A, u) € S\ {(0,0)} is positive and
u™ (£1) # 0. (2.4)

Proof. If uw = 0 then since f(0) > 0 it follows from that A = 0. Now suppose
that v # 0 and A > 0. Corollary 1 of [8] shows that Z(u) < S(Lu) = S(f(u)) =0
(since f(u) is positive), that is, v has no zeros in (—1,1). If w < 0 on (—1,1) then
0 < (Lu,u) = A(f(u),u) < 0, which is impossible. Finally, since u and Lu are
positive we have S(u) = S(Lu) = 0, so setting h = 2m in (6) in [§] yields,

0> Su)+v(-1,u)+v(l,u) —2m— S(Lu) = v(—1,u) + v(1,u) —2m

(it follows easily from its definition, which we will not repeat here, that the quantity
Nopm(u) occurring in [8] satisfies Noy,(u) > v(—1,u) + v(1,u)). This inequality,
together with (1.2)) and the definition of v (41, w), shows that (2.4) must hold. O
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We now define a C? mapping F : R x X — Y by F(\u) = Lu — \f(u),
(M u) € R x X. Clearly, (2.2) is equivalent to the equation F'(A\,u) = 0. At any
(A, u) € R x X the Fréchet derivative, Dy ., F'(A,u) : R x X — Y, is given by

D(A,u)F(Aau)(:u"v) = (L - )‘fl(u))v - :U'.f(u)a (,u,v) €Rx X,

and this operator is Fredholm with index 1. We now show that if this derivative
satisfies a suitable condition everywhere on Sy then Sy is a C? curve with a global
C? parametrisation (this condition will be verified in the following sections under
various hypotheses on f).

Lemma 2.3. Suppose that at every (\,u) € Sy the operator Dy, F'(\, u) is sur-
jective. Then Sy has a C? parametrisation s — (A(s),u(s)) : Ry — Ry x X, such
that (A(0),u(0)) = (0,0), As(0) > 0,

Jim A(s)[f(u(s))]o = oo, (2.5)

and, for any s > 0, the s-derivative (As(s),us(s)) satisfies

)+ Z (), uP(s)) =1, (2.6)
(L=X(s)f (U(S)))us(S) = As(8) f(u(s)). (2.7)

Proof. Since L is non-singular we can construct (using the implicit function theo-
rem) a dp > 0 and a parametrisation s — (A(s),u(s)) : [0,d0) — R4 x X such
that (A(0),u(0)) = (0,0), As(0) > 0, and holds. Furthermore, the sur-
jectivity hypothesis in the lemma implies that the set Sy \ {(0,0)} is a C? con-
nected curve in Ry x X (see Sections 4.15 and 4.18 in [19] for details) and a local
parametrization with the property can be constructed for this curve near any
(A\u) € S\ {(0,0)} (by the implicit function theorem). Thus the above local
parametrisation near (0,0) can be extended to a maximal interval [0, $pax). Sup-
pose that spmax < oo, and for each n = 1,2,..., let s, = Smax — 1/n, and let
An = A(sn), un = u(sy). Then, by [2.6), |An| + [[unll2m < C, for some C' > 0, and
so, by compactness of the embedding of H?™(—1,1) in C?*™~1[-1,1], we may sup-
pose that A, — Ao and u, — s in C?™~1[—1, 1], and hence, by , Uy — Ugo IN
C?m[—1,1], and (Ao, Uoo) € Sp. But now, by the above local result, the parametri-
sation can be extended to the right of syayx, which contradicts the maximality of
the interval [0, Smax) and shows that the parametrisation extends to [0, 00).
A similar argument shows that

Tim ([A(s)] + [[u(s)llam) = oo. (2.8)

Now suppose that there exists a sequence (s,) in Ry such that s, — oo and the
sequence (|un|2m) is bounded. Then A, — 0o and u, — U in C?™ 711, 1] (after
taking a subsequence if necessary), and hence |f(un)lo — |f(tso)lo > 0 (by (1.3))).
But these results contradict (2.3), which proves that limy_ec [u(s)|2m = oo; (2.5)
then follows from .

Finally, differentiating the equation F'(A(s),u(s)) = 0 with respect to s, at any

s >0, yields (2.7). O

Derivatives with respect to s will always be denoted by a subscript s, to avoid
confusion with derivatives with respect to x.
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Remark 2.4. The condition ([2.6]) says that the chosen parametrisation of the curve
Cp is a ‘unit speed’ parametrisation in the space R x H?™(—1,1).

Remark 2.5. Equation says that the derivative (As(s), us(s)) lies in the null
space of Dy ,)F(A(s),u(s)), and the surjectivity condition in Lemma implies
that this null-space is 1-dimensional, so determines (As(s), us(s)) uniquely, up
to a scale factor, whose magnitude is determined by the unit speed condition .

We will also consider the stability of the solutions on &y and relate this to the
shape of Sp. A solution (A, u) € § is said to be stable if all the eigenvalues of the
operator D, F(A\,u) = L — Af'(u) are strictly positive. Suppose that Lemma
holds and, for s > 0, let o(s) denote the principal (that is, the least) eigenvalue
of the operator L — A(s)f'(u(s)). By definition (A(s),u(s)) € Sy is stable if and
only if o(s) > 0. By standard continuous dependence results the function o(-) is
continuous on R,. Also, letting oy denote the principal eigenvalue of L, we have
0(0) = 09, and our assumptions ensure that L is positive definite, that is og > 0.
Thus, if s is sufficiently small, (A(s),u(s)) is stable.

3. INCREASING f

Throughout this section we suppose that
(>0, £>0. (3.1)
Lemma 3.1. If (\,u) € S and
(L-=XM'(u)w=0, 0#weX, (3.2)
then Z(w) # 1.
Proof. Differentiating with respect to z and letting v = v/ := uV) yields
Lv = Af'(u)v, (3.3)
v (=1) =@ (1) =0, i=0,...,m—2, (3.4)

where L is defined in the same way as L, except that we apply it to functions in

C?™[-1,1], not just in X. From (1.2) and (3.2)—(3.4) we obtain, by integration by
parts,

Mf (w)v, w) = (=1)™ [om DL 4+ X, £/ (u)w)
and hence,
u™ (= 1)w™ (1) = «™ (1)w™(1). (3.5)
Now, by (3.1), f'(u) > 0 on (—1,1), so the results in Lemma hold for the
eigenvalue problem Lw = Af’(u)w and show that if Z(w) = 1 then S(w) = 1,
and so (after multiplying w by —1 if necessary) w(™ (—1) > 0, (—1)™w(™ (1) < 0.
Also, since u is positive and satisfies (I.2) and (2.4)), we must have u(™(-1) >

0, (—=1)™u(™) (1) > 0. However, combining these results contradicts (3.5, which
completes the proof.

O

Lemma 3.2. If (\,u) € S then A < ua(f'(u)). Hence, if (3.2)) holds then \ =
w1 (f(w)) and Z(w) = 0.
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Proof. Tt follows from Lemmas and that if (A, u) € S then A # pa2(f'(u)).
Since 0 < p2(0)), the first result follows from the continuity of the eigenvalues with
respect to (A, u) on Sp. The second result now follows from this and Lemma
since the hypothesis implies that A = pug(f’(u)), for some & > 1, and w is a
corresponding eigenfunction. O

Theorem 3.3. Sy has the global parametrisation described in Lemma [2.3

Proof. We must show that if (A, u) € Sp then Dy ) F (A, u) is surjective. Firstly,
this is clearly true if the operator L — Af/(u) is non-singular. On the other hand,
if L — Af’(u) is singular then, by Lemma[3.2) A = p1(f'(u)) and (L — Af'(u))w =0
for some positive w € X. So, by Lemma [2.1

1=dim N(L — A\f'(u)) = codimR(L — A\f’(u))

(here, N and R denote null space and range respectively). Thus Dy .,y F'(\, u) is
surjective if f(u) ¢ R(L — Af'(u)), which by standard spectral theory is equivalent
to (f(u), w) # 0. However, this is clearly true since w and f(u) are positive (by
(1.3))), which proves that Dy ,)F (), u) is surjective. O

The stability of solutions on the curve Sy is related to the shape of the curve as
described in the following theorem. We note that , together with the results of
[8], ensure that if o(s) > 0 then o(s) is a simple eigenvalue, with a corresponding
normalised, positive eigenfunction 1 (s), satisfying the equation

(L = A(s)f (u($)))e(s) = a(s)(s)- (3.6

)
Theorem 3.4. For s > 0, we have \s(s) = 0 if and only if o(s) =0. If \s(s) =0
then Z(us(s)) = 0. If Xs(s) # 0 then sgn \s(s) = sgno(s). If As(s) > 0 then us(s)
1S positive.

Proof. If As(s) = 0 then, by , us(s) # 0 and, by ,

(L = A(s)f"(u(s)))us(s) = 0, (3.7)
so by Lemma Z(us(s)) = 0, and hence o(s) = 0. Conversely, if o(s) = 0 then
comparing (3.6) with shows that Ay(s) = 0 (see Remark 2.5). Thus the set
of zeros of A; and o coincide; we denote the complement of this set in Ry by M.
This proves the first part of the theorem.

To prove the second part we require the following result, see Theorem 3.6 in [4]:
if As(sp) = 0 then there exists d(sg) > 0 such that if |s — so| < d(sp) and s € M
then the quantities o(s){us(s),us(s)) and As(s)(us(s), f(u(s))) are both nonzero
and have the same sign.

Define t; (respectively t3) to be the supremum of the set of t € M (respectively
t € R;) such that sgn As(s) =sgno(s) for all s € [0,¢] N M. Suppose that t5 < oo.
Since As(0) > 0, (0) > 0, we have 0 < t; < t3. By continuity, to ¢ M, but by
definition there exists s € M arbitrarily close to to with s > to, and sgn A\s(s) =
—sgno(s). Thus, by Theorem 3.6 of [4] (quoted above), the function wus(t2) is
negative. By a similar argument, u4(t1) is positive. Thus, t1 < to, and [t1,t2]NM =
(). However, by the first part of the proof, for all s € [t1, t2] we have Z(us(s)) =0,
so by continuity the sign of us(s) is constant for s € [t1, o], which is a contradiction.
Thus we deduce that to = oo, which proves the desired result.

Now suppose that As;(s) > 0 on some interval (ts,t4), with either ¢35 = 0 or
As(ts) = 0, and either t4 = 0o or As(t4) = 0. The above results show that us(t3) is
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positive. Let 5 be the supremum of the set of ¢ € [t3, t4] such that us(s) is positive
for all s € [t3,t]. Suppose that t5 < t4. Then, by and continuity, there exists
0 > 0 such that if |s — t5| < § then S(Lus(s)) = 0 and so, by Corollary 1 of [g],
Z(us(s)) = 0. However, this contradicts the definition of ¢5, and so proves that
ts = t4, which completes the proof of the theorem. O

The following theorem shows that for any s > 0, u(s) is even, with a single local
maximum at z = 0 (this is easy to prove in the second order case).

Theorem 3.5. For all s > 0, u(s) is even and u'(s) has exactly one zero in (—1,1)
(at x =0, since v'(s) must be odd), so that |u(s)|o = u(s)(0).

Proof. Clearly, u(0) = 0 is even and the set
Y:={s Ry :u(s)is even}

is closed. Now suppose that sg € ¥ and there exists a sequence (d,) such that
0, — 0and 0 < sg + 0, € X. For any s > 0, define u(s) by u(s)(x) := u(s)(—z),
x € [-1,1]. Then the curve s — (A(s),u(s)), s > 0, is a curve of solutions of
(2.2)) satisfying the properties in Lemma with (A(so),u(s0)) = (A(s0),u(s0)),
but which is distinct from the curve s — (A(s), u(s)) near (A(sg),u(sg)). However,
this contradicts the implicit function theorem construction of the local curve in the
proof of Lemma [2.3] This shows that such a sequence cannot exist for any sg, and
hence the set ¥ is also open in R, which implies that ¥ =R.

Next, for any s > 0, let v(s) := u/(s). Then v(s) is odd and satisfies (3.3)—(3.4)
(with A = A(s), u = u(s)) and, by (2.4),

oM (5)(£1) # 0. (3.8)

We will show that S(v(s)) =1 for all s > 0.

Firstly, when s is small, (A(s),u(s)) ~ sy(1, f(0)n), in Ry x X, where v is a
suitable scaling factor and n € X satisfies Ln = 1 (n is even since, if not, the
function ¢ defined by ¢(z) = n(—z), x € [~1,1], would provide a second solution
of this equation, contradicting the non-singularity of L). Thus, for small s, we have
S(v(s)) = S(¢), where ¢ := 7/, and since ¢ is non-trivial and odd we must have
S(¢) > 1. Now, differentiating the equation Ln = 1 yields EC = 0, and hence
Loym—1¢ = ¢1, for some constant ¢1. If ¢; # 0 then (6) in [§] (with h = 2m — 1)
shows that

0= 5(¢) + Nam-1(¢) = 2m —1) = S(Lam-1¢) = 5(¢) — 1

(again, we omit the definition of Na,,_1(¢) given in [8], but we note that
implies that Na,,—1(¢) > 2m — 2), and hence S(¢) = 1 in this case. Now suppose
that ¢; = 0, and so Lan,,—2( = ¢g, for some constant c3. By Corollary 3 in [§] it
follows from this, together with (3.4), that c; = 0 implies that ¢ = 0, so we must
have ¢y # 0. On the other hand, repeating the above argument (with h = 2m — 2)
yields 0 > S(¢), which contradicts S(¢) > 1, so we conclude that ¢; # 0, and hence
S(Q) = 1.

Now suppose that there exists sy > 0 such that v(sp) has a double zero in
(—1,1). We consider the quantity N (v(sg)) defined in [§] (the definition is somewhat
complicated so we will not repeat it here; essentially, N(v(sg)) is a count of the
multiple zeros of v(sp)). Since v satisfies it follows from Lemma 1 in [8] and
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the definition of N(v(sg)) that
v(—=1,v(s0)) + v(1,v(s0)) + 2 < N(v(s9)) < 2m (3.9)

(the 2 here is a lower bound on the contribution from the assumed double zero
of v(sp)). However, implies that v(£1,v(sp)) > m — 1, so we must have
N(v(s9)) = 2m. Lemma 1 in [8] now shows that v(£1,v(sg)) are even (odd) if m
is even (odd), which implies that we must actually have v(£1,v(sg)) > m (this
parity argument relies on the positivity of f’, that is, on (3.1))). But then is
contradictory, so we conclude that v(s) cannot have a double zero in (—1,1) for
any s > 0.

It follows from this that Z(v(s)) = S(v(s)) and that S(v(s)) = S(¢) = 1, for all
s > 0, since if S(v(s)) changes at some s = s then, by (3.8), v(s¢) would have a
double zero in (—1,1). O

Remark 3.6. In certain second order problems Sy can be parametrised by |u|g,
that is, the function s — |u(s)|o is strictly increasing on R, see for instance, [6].
We cannot show this here for the whole of Sy, but Theorem 3.4]shows that this holds
on the stable portions of So, that is, [u(-)|o is strictly increasing on any interval on
which As(-) >0

We now examine the behaviour of Sy as s — oo.

Theorem 3.7. We have
hm |u(s)|o = oo. (3.10)

If, in addition, the limit Voo = lime_,o0 f(§)/€ exists then Moo := limg .o A(s)
exists, and Moo = 00/Voo (we allow Yoo = 00 (07 Yoo = 0) here, in which case
Aoo =0 (01 Ao = 00).

Proof. We follow the proof of Lemma 4 in [8] to a certain extent, but for brevity
we merely describe the necessary changes. As in [8], for any u € X let

2m—1 1/2
r(u,x) = ( Z (Lzu)Q(x)> , xe[-1,1].
i=0
Now let (s,) be an arbitrary sequence in Ry with s, — oo, and for each n let
An = A(8n), un = u(sy). Following the proof in [8], without the normalization (11)
used there, (16) in [§] becomes

1/2
An |/ Flun(@)) d:c| < Br(un, —1/2), (3.11)
1/2 pam ()

while (17) becomes
[(Lgun)(x)| < Cr(up, —1/2), —-1/2<x<1/2, 0<¢g<2m-—1, (3.12)

for positive constants B, C' (replacing «, §, yx, n in [§] with —1/2, 1/2, u,, 2m,
respectively, here). Now, if the sequence ( (tun, —1/2)) were bounded then it would
follow from and (together with Theorem that the sequences (\,,)
and (|uy|o) are bounded, which would contradict (2.5). Thus we may suppose that
7(tn, —1/2) — oo.
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Let vy, = uy /7 (up, —1/2), n = 1,2,.... The argument in [§] shows that v,, — v
in C?m=2[-1/2,1/2] and Loy, 1V, — Lom_1vVs pointwisely in (—1/2,1/2] (after
choosing a subsequence if necessary), and so either v, Z 0 or, by definition,

(U, 1/2)

7(tn, —1/2)
A similar argument using the functions v,, = w,/r(un,1/2), n =1,2,..., and the
limit v,, — Vs on [—1/2,1/2], shows that either o, # 0 or,

r(up, —1/2)

7(tn, 1/2)
From these alternatives we conclude that we must have vy, Z 0 or U5 Z 0 (or
both). The first result of the theorem now follows immediately from this. To prove
the second result we now suppose that the limit 7., exists, and that vy, Z 0 (the
case Uy, Z 0 is similar), and hence vo > €, for some € > 0, on some non-trivial
interval J C [-1/2,1/2].

If oo = oo then f(un(z))/r(un, —1/2) — oo, uniformly for z € J, and so it
follows from that A, — 0.

If Yoo = 0 then |f(uy)|o/|tnlo — O (using |up|o — 00), so by [2-3), A, — oco.

If 0 < 750 < o0 then, for n sufficiently large, f(un) > €Voo/2r(tn, —1/2) on J,
so by the sequence (A,) must be bounded and, after taking a subsequence
if necessary, we have X\, — Ay, for some Aoo. Also, |f(un)|o/|tnlo — Yoo, S0 by
, [ten |2m/|tnlo < ¢ for some constant c. Now, defining the functions w, =
Un/|tn|2m, n = 1,2,..., we may suppose that w,, — ws # 0 in C*™~1[-1,1], and
fun)/|unlam — YooWso in L2(—=1,1) (by the argument on p. 648 of [7]). Thus,
taking the limit in , it follows readily that w. is a non-trivial, weak solution of
the equation Lwes = AsoYooWoeo, and hence Aooyoo = 0 (since wy, > 0 on [—1,1]).
This completes the proof. O

— 0.

— 0.

4. CONVEX f
Throughout this section we suppose that (3.1)) holds and, in addition,
f1(€) >0, £>0 (4.1)

(thus f is convex). Hence the results of Sections 2] and [3| hold. Also, by (3.1)

and (4.I) the limits 7o (see Theorem [3.7) and f/, := lim¢_. f/(£) exist (we allow
flo = 00), and it can be verified that vo, = f5, > 0. Thus, by Theorem we
have the following result.

Lemma 4.1. The limit A exists and Ao = 0o/ fL, < 00.
We now study the shape of Sy further.
Lemma 4.2. If, for some s >0, As(s) =0 then Ass(s) < 0.
Proof. Differentiating with respect to s and using A\;(s) = 0 yields
(L = A(s)f(u(s))uss(s) = A(s).f" (u(s)) (us(s))® = Ass () £ (u(s))- (4.2)

Taking the inner product of this with us(s), integrating by parts, and using (2.7))
yields

=M (ul(s))(us(5))?, us(s)) = Nss(5)(f (u(s)), us(s)),
and so it follows from Theorem and that Ass(s) < 0. O
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Since As(0) > 0, Lemma shows that there is at most one ‘turning point’
st > 0 such that As(sy) = 0, so Theorem and Lemma give the following
result on the shape of Sy.

Theorem 4.3. Sy must look like one of the curves (a)—(c) in Fig. 1. Case (c)
occurs if and only if fi, = oo. Furthermore, all the solutions on Sy are stable in
case (a), while in cases (b) and (c) only the solutions on the ‘lower’ portion of the
curve before the turning point are stable.

|ulo

|ulo [ulo

Aoo A A
() ()

FIGURE 1. Possible forms of the solution curve Sy

Note that, as mentioned in Remark we have not shown that Sy can be
parametrised by |u|o, so we cannot preclude ‘vertical oscillations’ in the curves in
Fig. 1, that is, multiple solutions for a given |ulo.

If the turning point st exists we have the following simple estimate of the location
of A(s¢) (analogous to Lemma 4.3 in [4]).

Lemma 4.4. If s exists, then \(sy) < oo/ f'(0).

Proof. By definition, the operator L — A(s;)f'(u(st)) is positive semi-definite on X,
and by (4.1), f'(u(s¢)) > f/(0) on (—1,1), so the operator L — A(s;)f’(0) is positive
definite, and hence A(s¢)f’(0) < oy. O

We now give a necessary and sufficient condition for a turning point to exist,
that is, to distinguish between cases (a) and (b). Defining ¢g(§) := f(§) — f'(£)E,
€ >0, it is clear that g(0) > 0 and, by (4.1)), ¢’(£) <0, £ > 0.
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Theorem 4.5. Suppose that fi < co. Then Sy has a turning point if and only if
9(&0) = 0 for some & > 0.

Proof. Suppose that As(s) = 0 for some s > 0. Taking the inner product of (2.7)
with u(s) yields

A()(f (u(s))us(s), u(s)) = (Lus(s), u(s)) = (us(s), Lu(s)) = A(s)(us(s), f(u(s))),
and hence (us(s),g(u(s))) = 0. Now, by Theorem Z(us(s)) = 0 so g must
change sign, and hence we must have g(£§y) = 0 for some &, > 0.

Now suppose that g(&) = 0 for some & > 0, and let —§ := g(o + 1) < 0, so
that g(§) < —0d for all £ > &, + 1. We can choose a sequence (s,) in R4 such that
Un /|Un|2m — Weo in C?M=1[—1,1], with w., positive (see the final part of the proof
of Theorem [3.7), and hence lim,,_, u,(z) = oo for € (—1,1). Letting

Grn={ze[-1,1]:up(z) >&+1}, Bn={ze[-1,1]:uy(z) <& +1},

it follows that lim,,_,o | B, | = 0 (where |B,,| denotes the Lebesgue measure of B,,).
Hence, for sufficiently large n,

Fun). ) / flntn + [ () un)? = 5)

Gn

< f(&o + 1) (o + DIBn| = 0|Gn| + (f(tn)tin; )
<A{f"(un)un, un),
and so, by Theorem and ,
)\ooféo<unaun> = 00(Un, Un) < (Ltin, un) = An(f(Un), un)
< M () s ) < A foo (i, un ).
Thus A, < A, for sufficiently large n, so Sy must have a turning point. O

Remark 4.6. In the second order case it is shown in Theorem 3.2 of [I4] that if
g has a zero then Sy has a turning point; the discussion in [3] proves the reverse
implication.

Remark 4.7. The above proof that the existence of a turning point implies that g
has a zero did not use condition . Thus, if we merely suppose that holds,
and that g does not have a zero, then Sy must look like one of the curves (a) or (d)
in Fig. 1, depending on whether ., < 00 or Y5 = 00 (positivity of g implies that
the function f(£)/€ is increasing, so Yoo exists).

In the second order case it can be shown that there is only one curve of solutions,
see Theorem 1 of [6] and the argument at the bottom of p. 1016 of [12]. Although we
cannot prove here that the only solutions of lie on &y, the following theorem
shows that all the stable solutions do.

Theorem 4.8. If (\,u) € S is stable then (\,u) € Sp.

Proof. Suppose, on the contrary, that there exists a stable solution (A1, u1) € S\Sp.
We may also suppose, without loss of generality, that 0 < f/, < oo (by suitably
redefining f on the interval [1 4 |uq]o, 00), if necessary, which does not affect the
solution (A1, u1)). Now, by stability, ((L—A1 f'(u1))v,v) > 0 for all non-zero v € X,
and hence, A\ < p1(f’(u1)). Thus the proof of Theorem shows that there is
a global, connected C? solution curve S; C Ry x X with (Aj,u;) € 81, and that
we may apply the implicit function theorem at any point (A\,u) € S; (the proof
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relies on the point (A1, u1) € Sy satisfying A1 < po(f’(u1)), which follows from the
stability assumption). All the other results proved above for Sy also hold for Sj.
Since Sy and S; are closed and connected, but not equal to each other, they must
be disjoint. In particular, §; must be bounded away from the point (0,0). Also,
Lemma shows that S; cannot be a ‘loop’ (homeomorphic to the unit circle), so
it must be an ‘open curve’ (homeomorphic to R), and there is a global unit speed
parametrisation t — (A1(¢),ul(t)) : R — Ry x X, with (A}(0),u*(0)) = (A1, u1),
and
Jim ul()lo =00, lim N (1) = o0/ fl.

However, the results in [5] on bifurcation from infinity at a ‘simple’ eigenvalue
show that this cannot happen (there cannot be two curves with the same ‘limit at
infinity’), and hence (A1, ;) cannot exist. O

5. CONCAVE f
Throughout this section we suppose that (3.1]) holds and, in addition,

7€) <0, £€>0 (5.1)

(thus f is concave). Again, the results of Sections [2| and [3| hold, and the limits Yoo,
flo exist, with 0 < yo, = fI < 00 here.

Theorem 5.1. For all s > 0, As;(s) > 0 and o(s) > 0, and Moo = 00/ f., Theo-
rem [{.8 also holds.

Proof. Changing the sign of f” in the proof of Lemma shows that if As(s) =0
then Ays(s) > 0 (by (5.I)). However, since A;(0) > 0, this precludes the existence
of a point s > 0 for which As(s) = 0, so we must have A\;(s) > 0 for all s. It now
follows from Theorem that o(s) > 0 for all s. The value of A\, follows from
Theorem and the proof of Theorem also holds here. O

Corollary 5.2. Sy must look like one of the curves (a) or (d) in Fig. 1, depending
on whether f. < oo or fl_ = 0. All the solutions on Sy are stable, and all stable
solutions lie on Sy.

6. DECREASING f

Throughout this section we suppose that

e <o, ¢>o. (6.1)
Here, f!_ may not exist, but v exists, with 7o, = 0. The results of Section [2[ hold.

Theorem 6.1. Sy has the global parametrisation described in Lemma [2.3 Also,
As(s) > 0 and o(s) > 0 for all s > 0, and Ao = oc0. Hence, for each A > 0,
equation (2.2) has a solution (A, u) € Sy; for fized X this solution is unique (thus,
S=38).

Proof. If (A,u) € Sy then it follows from and the positivity of L that the
operator L — \f’(u) is positive definite, and hence non-singular, so the surjectivity
hypothesis in Lemma holds. Next, if we had As(s) = 0, for some s > 0, then
would hold, with non-zero us(s), which would contradict the non-singularity
of L — A\f'(u(s)). Thus As(s) # 0 for all s > 0, so by continuity we must have
As(s) > 0 (since Ag(0) > 0). Similarly, o(s) > 0 for all s > 0. Next, by (6.1),
|f(u(s))]o = f(0), so it follows from that Ao, = 00.
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Finally, suppose that for some A > 0 there exists u; € X such that Lu; = Af (u;),
i =1, 2. If u; —ug # 0 then by (6.1
0 < (L(ur —u2),ur —ug) = A(f(u1) = f(uz),ur — uz) <0,

and this contradiction shows that we must have u; — ug = 0. [l

The following result shows that in this case the whole of Sy can be parametrised
by |ulo, see Remark [3.6]
Corollary 6.2. The function |u(-)|o is strictly increasing on Ry.

Proof. For any s > 0 the operator L — Af’(u(s)) is positive definite so the results
of [8] apply to this operator (see Section , and hence, by and Corollary 1
of 8], Z(us(s)) = 0. Since us(0) is positive, us(s) must be positive for all s > 0,
which proves the result. (I

Corollary 6.3. Sy must look like the curve (d) in Fig. 1. All the solutions on
So = S are stable.

Remark 6.4. It is not clear if lim,_, o |u(s)|o = 00, in general in this case, although
this is true if f(§) > 6 > 0 for all £ > 0. To see this, choose a positive function
¢ € X, and observe that

(u(s), Lg) = (Lu(s), ) = A(s){(f(u(s)), ¢) = 6A(s)(1, ¢) — oo.
7. S-SHAPED Sy

Throughout this section we suppose that holds, so that the results of Sec-
tions [2] and [3] hold on Sy, and we will give a sufficient condition for Sy to be
‘S-shaped’, that is, to have at least two turning points. We first give a sufficient
condition for a turning point to occur in Sy which gives more explicit information
on where the turning point occurs than the necessary and sufficient condition given
in Theorem This result is based on Theorem 1 in [I3], and the proof here is
an adaptation of the proof in [13] to deal with the higher order equation.

We will require the following notation. For & > 0, let F(§) = fOE f(t)dt and

G(&) = 2F(§) =& f(€). Note that G'() = g(§) (where g(&) := f(§)— f'(£)§ was used
in Theorem [4.5), and ¢'(§) = —f”(£)¢. Clearly, G(0) = 0 and G/(0) = g(0) > 0.

Lemma 7.1. Suppose that there exist numbers &y, a such that 0 < & < a and

g(&) >0, 0<&<&, and ¢g(§) <0, &<E&E<a, (7.1)
G(a) <0. (7.2)

Then for any sq satisfying |u(sa)lo = o, we have As(sq) < 0 (by (3.10), there exists
at least one such s,).

Proof. Suppose, on the contrary, that As(s,) > 0, and so, by Theorem o(Sa) >
0. For any 7 > 0 let @, := 7¢(s4) + t/(54).

Lemma 7.2. For any 7 >0, Z(®,) =1, and the zero of &, is simple.
Proof. From 7 and Theorem (3.5 ®. satisfies
D (£1)=0, i=0,...,m—2,
DI (1) = ul (s4) (£1) £ 0,
D (0) = 79(s4)(0) > 0. (7.5)
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It follows from (|7.4)) that there exists 6, > 0 such that
+®,.(z) >0, 0<|zxl] <. (7.6)
Hence, by (7.5), ®, changes sign in (0,1) and S(®,) > 1.
Next, from (3.6) and (3.3), @ satisfies the differential equation
zoz(I)'r = (Z = A(sa) [ (u(5a))®r = T0(80)1(S0a)-
Furthermore, since o(s,) > 0, the operator L, is disconjugate, so the results of 8]
apply to this equation (see Section [2f above). In particular, by (6) in [§], we have
S(®,) < S(La®;) + 2m — Nop () = 2m — Nop (9,) < 2 (7.7)

(since ©(s,,) is positive, and the boundary conditions imply that No,(®,) >
2m —2, see [§]). Now, if . had a double zero in (—1,1) then this would contribute
a further 2 to No, (®,), so that S(®,) = 0, but we already know that S(®,) > 1,
so @, can only have simple zeros in (—1,1). Thus, Z(®,) = S(®,) > 1 and, by
(7.6), Z(®,) must be odd, so by we have Z(®,) = 1. O

By Theorem we can now define z, € (0,1) by u(sq)(za) = &, and let
Ta = =t (80)(@a)/P(Sa)(®a) > 0. Then &, (z,) = 0 and g(u(sa)(za)) = 0, so
from ([7.1) and Lemma [7.2] we have

g(u(s4)) <0 and Ta¥(sq) +u'(s0) >0, on (0,z,),

g(u(s4)) >0 and T4¥(sa) +u'(50) <0, on (z4,1).

Tta(usa) (50} = 7o [ (s 050 do < [ glutso)) (=1 (s0) da

'd
= —/ %G(u(sa)) der=G(a) <0
0

(using Theorem . On the other hand, taking the inner product of (3.6 with
u(sq) and the inner product of (2.2]) with ¥ (s, ), and subtracting, yields

A(sa)(9(u(8a)), ¥(8a)) = o(sa)(u(sa), ¥(sa)) > 0.

This contradiction proves that we must have A\s(so) < 0. O

We now give conditions for Sy to be S-shaped, in the sense of the following
theorem.

Theorem 7.3. Suppose that (7.2)) holds, for some o > 0, and that
(¢ >0, 0<é<a. (7.8)

Suppose also that v, exists, with 0 < v, < f/(0). Then there exists t1, ta such
that: (Z) 0 <ty < to (ZZ) )\s(tl) = )\S(tg) =0; (’LZZ) 0< )\(tg) < )\(tl) < Uo/fl(());
(10) Moo = 00/700 > A(t1).

Proof. 1t follows from and that g(a) < 0 and there exists { € (0, @)
such that holds, and hence the result of Lemma holds. Thus we can
define t; = inf{s > 0 : As;(s) < 0}, and we have |u(s)lop < « for s € [0,t].
It now follows from that holds for 0 < £ < «, and so the results of
Section {4 hold for s € [0,¢1]. Thus As(¢1) = 0, and it follows from Lemma 4.4 that
A(t1) < 00/f'(0), and from Lemma that As(s) < 0 for s —t; > 0 sufficiently



EJDE-2004/32 SOLUTION CURVES 15

small. Also, Theorem [3.7| shows that Aoy = 00/7e0. Hence, letting to be the point
at which A(-) attains its minimum on the interval [t1, 00), the results (i)—(iv) follow
immediately.

Remark 7.4. Figs. 1 (a) and (b) on p. 1012 of [12] illustrate the above result when
Sp is ‘exactly S-shaped’ (that is, when Sy has exactly two turning points). Fig. (a)
corresponds to v = 0, while Fig. (b) corresponds to v, > 0. Exact S-shapedness
is also obtained in [I7]. We have been unable to obtain exact S-shapedness of Sy
here — the arguments in [12] and [I7] rely on the problem being second order.

It follows from Theorem [7.3| that if A € (A(¢2), A(t1)) then equation has at
least three solutions (A, u(s;)) € Sp, ¢ = 1, 2, 3, with s1 < t1 < 2 < t2 < $3 and,
by Theorem and the geometry of Sy, (A, u(s1)) will be stable, (A, u(sz2)) will
not be stable, and (A, u(s3)) (on the ‘upper’ branch) will be stable if A;(s3) > 0
(that is, the curve Sy is moving to the right at this point). We cannot rule out the
possibility of more turning points, or ‘vertical’ points where A; = 0 (so that the
corresponding solution is not stable). However, we have the following corollary.

Corollary 7.5. If the hypotheses of Theorem [7.3 hold then, for almost all X €
(M(t2), A(t1)), equation (2.2) has at least two stable solutions.
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