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EXISTENCE, CHARACTERIZATION AND NUMBER OF
GROUND STATES FOR COUPLED EQUATIONS

QIHAN HE, SHUANGJIE PENG

ABSTRACT. This article concerns the existence, characterization and number
of ground states for the system consisting of m coupled semilinear equations

m
7Aui + )\’U«i = Z kij dij |u]"pij |u¢\q”‘72ui, T € Q,
= Pl
u; € HY(Q), i=1,2,...,m.

We extend the characterization results obtained by Correia [5l [6] to the above
problem. Also we give a new characterization of the ground states, which
provides a more convenient way for finding or checking ground states. This
study may be the first result not only positive ground states but also for semi-
trivial ground states, and it shows that the positive ground state is unique for
some special cases.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we study the existence, characterization and number of ground
states of the system consisting of m semilinear equations

- qij 9
—Au; + Au; = kij——|u; [P |u;| " *uy,  x €4,
D by g P .
j=1 .
u; € Hy(Q), i=1,2,...,m,

where @ C RY may be bounded or RY and {p;;},{q;;}, {ki;} C R satisfy the
following assumptions:

(1) 1 < qij = pji, Pij + ¢ = 2p+ 2, where 0 < p < 2/(N —2) if N > 3 and
O<p<+4+xif N=1,2;

(2) kij = kj; and for any fixed ¢ € {1,2,...,m}, there exists at least one
Jj €4{1,2,...,m} such that k;; > 0, which implies that the problem
may contain attraction and repulsion.
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Problem (1.1]) arises when one looks for standing waves W(t,z) = e U with
U= (up,ug,...,un)€ (H&(Q))m to the equations

Pij ql'j*ZUi =0

) )

. - Gij
i(v; +Av4+g kij——|v;
(vi)e i < ij+1|1 (12)

(t,z) ERT xQ, i=1,2,...,m,

where i denotes the imaginary unit. This coupled system of nonlinear Schrodinger
equations with power-type nonlinearities comes from physical problems, such as
nonlinear optics and Bose-Einstein condensates. It models a physical system in
which the field has more than one component. According to the results in [I], one
can see that u; denotes the jth component of the beam in Kerr-like photo-refractive
media and the coupling constant k;; acts to the interaction between the ith and the
jth components of the beam. System also stems from the Hartree-Fock theory
for a m-component Bose-Einstein condensate. Readers can learn more about the
derivation and applications of this system in[7] [18].

Because of both physical and mathematical reasons, the ground states are the
most important solutions. At the same time, the existence, uniqueness and multi-
plicity of solutions are important characteristic. Therefore, we pay attention to the
existence, uniqueness or multiplicity of the ground states. Researchers studied the
existence, non-existence, and uniqueness of ground states to the scalar equation in
[2, @, 14, 16| 17] and the references therein. Results about ground states for 2 and
3 coupled systems can be found in [3], [, 10, 13}, [15]. Recently, Correia [5l [6] studied
the system of m coupled equations

— Au; + Ay = Zkij|uj|p+1\ui|p_1ui, rei=12,...,m, (1.3)
Jj=1

and not only presented sufficient conditions for the existence of nontrivial ground
states, but also gave a characterization of the ground states. We want to point
out that the characterization given by Correia depends heavily on the maximum
point of a function constraint on the unit spherical surface, which makes difficult
to find or check a ground state. As far as we know, there are no results on the
uniqueness or multiplicity of the ground states of and . So we want to
study the existence, the form, and the number of the ground states of . Also
we give sufficient conditions for the existence of nontrivial ground states, a new
characterization which is easy to find or to check a ground state, and an estimate
on the number of the ground states.

Before stating our results, we introduce some definitions and notation. We say
a solution U of is called positive if U; > 0 for any 7 € {1,2,...,m} and a
solution U of is nontrivial if U € H := (H}(2))™\ {0}. We denote by A,, the
set consisting of all nontrivial solutions and call U € A,,, a ground state of if

1 1

Sp(U) = = I (V)

5 In(U) <S5 (V), YV €Ay,

27

where

m

Tn(0) = 3 [ (D0 + A,
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Z kzy/ v

1,j=1

We denote by G, the set of ground states of (1.1)). Let
G ={UeGp:u;>0,i=1,2,...,m},
and for n € {1,...,m},

Pij |y Qz]

T, = {U € Gy, : U has exactly n nontrivial components}

and
T;f = {U € T, : U has exactly n positive components}.
For v > 0, we define

I = inf IL,(u), S} := inf I,(u),
Jm(“):'Y Jm(u)Z’Y
; P+l
= i Im P .
6 = ( Jml(%):1 ()

It is easy to check that I}l = 'y_ﬁlgl and I}, = "/C”;“.
Let G be the set of the ground states to the equation
—Au+du=uv*, u>0 e,
u=0, x€0dIQ,
Let |G| be the number of the elements in G, and A\ (2) be the first eigenvalue
of —A in H}(Q), if Q is bounded and 0 if = RY. According to the results of

[2, 9, [1T), 12}, 7], we can see that if A > —X; (), then G # §. In particular, when
Q =RY and A > 0, |G| = 1. Moreover, ones can check that if w € G, then

={u:h(w= min $(Q), J(u)=J(w)},

(1.4)

where J(v) = [, [v]*P2.

The above facts are very important for our results since the existence of the
ground states of ( -) depends heavily on the existence of the ground states of the
scalar equation If . ) has no ground states, so does , which will be
presented in Theorerns 2] and [I.5] Our result about the ex1stence of the ground
states of (| . can be stated as follows.

Theorem 1.1. Assume that there exists w € H such that

£ by [t o
4,j=1
If x> =X (Q), then G, # 0.
Set R+ —{331,..., )eR™: xiZO,Vizl,...,m},deﬁne
) = Z kij|1‘j Pij Z; qij, x e (Rg)m (15)
i,j=1

and let X C (RJ)™ be the set of solutions of the following maximization problem

fmax ‘= Inax f($> (16)

|z|=1
and C be the set of complex numbers.
Here are our results about the characterization of the ground states of (L.1)).



4 Q. HE, S. PENG EJDE-2019/127

Theorem 1.2. (1) If u € Gy, then there exist a; € C,i = 1,2,...,m, and
1
w € G such that u = (ayw, asw, ..., anw) and fioax(la1], |azl, ..., lam|) €
X;
1
(2) For anyw € G, ifb; € C,i =1,2,...,m, satisfy f@gx(\bl\, |bal, . .., |bm|) €

X, we have (byw, bow, ..., bpw) € Gy ;
(3) Ifw e G and (cw, cow, ..., cnw) is a ground state of (L1]), then

Ii(w) \p
VG )

Zcfzf;a%x, f(c):f;a%)(: fmax: (
1=1

and for any fixred i € {1,2,...,m},

. i I 1, ifles] >0,
D kil e = 4 T
p+1 Oa Zf|ci| *Oa

j=1

where ¢ = (¢1,...,¢m), [ and fmax have been defined in and (1.6

respectively, and we need a special definition: 07 = 0, for any fixed g € R.

In particular, G, # 0 if and only if there is an x € X such that x; # 0,i =

1,2,...,m, and G, = T, if and only if all the elements of X have no zero compo-
nents.

From the above results, we can obtain the following corollary easily.

Corollary 1.3. A > —\1(Q) is a necessary condition to the existence of the ground

states of (L.1)).

Using Theorem [1.2] we can show the following proposition.

Proposition 1.4. Suppose that Q = RN and there exists a partition {Yi}1<r<r
of {1,2,...,m} such that for any given i,j with i # j,

kij > 0 if and only if there exists k such that i,j € Yy,.

Furthermore if u = (u1,ua, ..., Upm) € Gn, then there exists kg € {1,2,..., K} such
that u; # 0 for some l € Yy, and us =0 for any s € Yy, -

In Theorem X is the set consisting of the solutions of a maximization prob-
lem constraint on the unit spherical surface, which causes a big difficulty to find a
point € X or check whether a point = belongs to X. So we want to find a new
characterization of the ground states of (|L.1]), which can give a more convenient
way to find or check a ground state of To get this goal, we consider the
maximization problem

fmax ‘= Inax f(x)

1.7
|z[70 |2]2PF2 (L7

and let X be the set of maximizers in (R$)™. By the homogeneity of f(z)|z|~2P~2,
we can check that if 2 € X and ¢ > 0, then tz € X°, which implies that X # (.

A new characterization of the ground states of (l.1)) can be summarized as
follows.

Theorem 1.5. (1) If u € Gy, then there exist a; € C,i = 1,2,...,m, and
w € G such that
u= iﬁ;;){(zp)w and  (|ayl, |azl, ..., |am|) € X°,

lal
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where a = (a1, . ..,am). In particular, if u € T,", then there exist xog € X°
and w € G such that U= |x0|fr;;,{ 2Py,

(2) W ol CPw € Gy for any w € G and any b := (by,be, ..., by) with
(B, [bal, -, [bral) € XO.

Next we discuss the number of the ground states of (|L.1]).

Theorem 1.6. Assume that u',u? € G, with ul,u? >0, i€ {1,2,...,m}. Then
for any fixed i € {1,2,...,m}, one of the following two conclusions hold:
(1) there exists a positive constant ¢y such that uzl = cowl,u% = cowso, where
wy,we € G;
(2) uf =0 oru?=0.

The following corollary is a direct consequence of Theorems [1.2] and [L.6]

Corollary 1.7. T)F has at most |G|CP, elements, where CT. is the combinatorial
number. In particular, if G} # 0, then |G| =T} = |G|.

Before we end this section, we outline the main ideas and the approaches in the
proofs of our main results. We will introduce a constraint minimization problem
and show that if the constraint minimization problem can be obtained, then G,,
exactly consists of all the reached function of the constraint minimization problem.
So to prove Theorem we show that the constraint minimization problem can
be obtained by the concentration-compactness lemma.

For Theorems [I.2] and [I.5] we firstly prove that if u € G,,, then

(Z i ) —1/(2p)y,

for some w € G. Secondly, we show that

m 2\ /2
(larls [ fu) = 2 (3 2
i=1
for some z € X. Finally, using complex analysis and the integration, we conclude

that .
e (55)
i=1
The proof of Theorem is inspired by [3, 8]. But we encounter three main
difficulties. Firstly, we can not consider a perturbation problem of as [3 [
since k;; may be zero; Secondly, when €2 is bounded, we have no results on the
uniqueness of the ground states of . The last difficulty is that the extreme
points, corresponding to semi-trivial ground state, cannot be interior points. Thus
we can not determine that the first derivative at the extreme point is zero and the
second derivative is not zero, which play a key role in using the Implicit Function
Theorem. Therefore, we have to make some changes. Under our careful obser-
vation, we find that the purpose of studying a perturbation problem is to obtain
a perturbation least energy and get an equivalence by using the derivative of the
perturbation least energy. So we introduce a new perturbation system which is
different from that in [3} [g].
This article is organized as follows: We will show the existence of the ground
states of in part 2. The proofs of the characterization of the ground states
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of (L.1) would be put into part 3. The last part contributes to the proof of the
number of the ground states of (|1.1)).

2. EXISTENCE OF GROUND STATES

Lemma 2.1. Let

Ey:={U € H:I)¢ is achieved by U},
Ey:={U € H : S)¢ is achieved by U}.

Then Ey = Ey and I)¢ = S)¢.

A similar proof can be found in [5]. But for the readers’ convenience and the
completeness, we would give a detailed proofs.

Proof. Step 1: We prove that E; C Fy. For any u® € E;, we assume that there
exists Q with J,,,(Q) > Vg, In(Q) < I,(u®). Then we can choose some constant
0 < C < 1 such that J,,(CQ) = vg. From the minimality of u®, I,,(ug) <
I,(CQ) < I,(Q), which is impossible. So for any @ € H with J,,(Q) > vg, we
have I,,,(Q) > I,,,(u"), which, combining J,,,(u°) = v¢, implies that u® € E,. Thus,
E1 C Es.

Step 2: We show that Fy C E;. For any v° € Fa, we have I,,(v°) = S)¢
and J,,,(v°) > vg. If Jn(v°) > 74, then there is a constant 0 < ¢ < 1 such
that J,,(cv®) = 76 and I,,(cv?) = ¢*L,(v°) < I,,,(v°), which contradicts to the
minimality of v°. So J,,(v%) = 5. Hence

L,(v°)> min I, (v)=1)°. (2.1)
Jm(v):"/(}’

By the minimality of v°, we have

In,(")= min I,(v)< min I,(v)=1I)°. (2.2)

Im(v)2>v6 Im(v)=7c

It follows from (2.1)) and (2.2)) that
L, =1¢ and J,(°) =g.

m

Therefore v° € E;, and hence Ey C E;.
So By = E5, which also implies that I7¢ = S)¢. O

The next Lemma will give a relation of G, and Ej.
Lemma 2.2. If By # 0, then G,,, = E1, where Ey is defined in Lemma .

Proof. Step 1: We prove that E; C G,,. If u’ € E;, then we can find some p € R
such that for any h := (hy, ho,...,hy,) € H and any i € {1,2,...,m}, we have

/(Du?Dhi—k)\u?hi):M(p+1)zkij i /|u?|p”\u?|q”_2u?hi. (2.3)
Q o ptlla
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Taking h = u°, we obtain

V6 =G Iy = I = In(u

)33 /|u
1=1 j=1
m (2.4)
S S e
4,g=1
= p(p+1)Jpn (u°)
= p(p + e,
which implies
plp+1)=1. (2.5)

From ([2.3)—(2.5)), we see that
I,(u’) =7 and u° € A,,. (2.6)

Let v° be a solution of (I.1). Then I,,(v°) = J,,(v") > 0. From the definition of
17, we have

0]
I I’;{{”(U) Im 0 P
WASEND R S e [\ VRS #1000

YR IR (0) TR (00)
which implies that I,,,(v") > v5. Therefore, u° € G,, and E; C G,,.

Step 2: We proof that G,, C E;. Let V! € G,,, and V2 € E;. Then as above we
have I,,,(V1) = J,, (V1) > vg and V2% € A,,, [,,(V?) = J,,(V?) = v5. Thus

s (vhy=—L_1 wvhy>_2> =P 1 wr=s5, (V2.
(V) 12 ( )_2p+2’yc o912 (V5) (V5

Since V1! is a ground state, we have I,,,(V!) = J, (V1) = [,,(V?) = J.(V?) = vq,
which means that V' € E;. So G,, C F1.
Therefore F1 = G,,. ([l

Proof of Theorem[I1. According to Lemma it suffices to prove that E; # 0.
Let {U,} be a minimizing sequence of IJ¢. We divide the proof into two cases:
Case I: Q) is bounded. It is easy to check that {U,} is bounded in H. So using the
compactness of H}(Q) < LI(Q) (1 < g < 2*), we can have, up to a subsequence,
forie {1,2,...,m},

Uni = U; weakly in H&(Q),
Uni — U;  strongly in LI(2),
which implies that
In(U) = ngrfoo In(Un) =7v¢, In(U)< lim I,(U,)=1)¢. (2.7)

n—-+o0o

Since J, (U) = vaq,
06 = min In®) < Ln(U) (2.8)

m T () =76
It follows from (2.7) and (2.8) that U € F1. So E1 # 0.

Case II: Q = RY. For any fixed small ¢ > 0, we let (¢) := Cye, where Cj is a
very large positive constant. By the concentration-compactness principle [I1] [12],
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up to a subsequence, it is possible to associate to each U,;,1 < i < M, a set of
functions {U.,;, Wni}1<i<r, C H (a set of bubbles plus a remainder), such that
(1) each Ul has support in a ball of radius R and the distance between the

supports of UL, and U, (j # 1), goes to +00 as n — +00;
(2) one has

L;

[ w3 o] < a6, (29)
RN

=1

L;
10013 > 3 IDULIE ~66), Uil > Z VLI -66).  (210)
1=1
Essentially, one applies successively the concentration-compactness principle to U,,;
to obtain the various bubbles. This process will end in finite steps since the total
L? norm is finite and one always picks up the bubble whose L? norm is larger
than a positive constant uniformly, which implies that, after L; steps, the remain-
der W,,; has L?’*2 norm smaller than e. So it is easy to see that the bubbles
{UL;}1<i<r, satisfy the above condition (1) and inequality (2.10). We give a proof
of the inequality as below. Since the supports of U}, and Uii(j # 1) have no
intersection,

L;
U242 Ul_2p+2‘

N = 3ok

=1

L;

— Ut Wi 2p+2 2p+2’
L vt wad z |
< [ (IS0 e

< c(/ |Wm|2p+2)2”” +c/ | W, | 2P 2
RN RN
< Ce < §(e).

Setting L = maxi<;<p{L;}, we define, for each i, U, = 0 if L; <1 < L. Up
to a subsequence, it is possible to group the bubbles into several clusters in such a
way that:

(3) each cluster has one and only one bubble from Up;(1 <1i < M);

(4) the supports of two bubbles U,l”,U;ij (1<i#j<M1<Is <L) have

Ul. and Uy, belong to the same cluster.
Obviously, we shall end up with L clusters. Deﬁne Ul as the vector of bubbles
from the cluster I. Then, by the definition of U} and the fact that ||a[P — [bP|? <
C||a|P?—[b|P9]| for any ¢ > 1 and some positive constant C, dependent of ¢, we have

a nonempty intersection if and only if U,

UL-Ul =0, xRN foranyl#j

and

9 0) — 3 d(01)

=1




EJDE-2019/127 GROUND STATES TO COUPLED EQUATIONS 9

= ‘ i kij/ |Un3|p”‘U |Qm _Z Z klj/ |U7ij|pij|U£Li‘qij
bhy=1 =1 14,j=1 N
L
Z |km“/ |Un ;[P |Ups |95 —/RN(Z|U£].|)PM(Z|U£”|)W
4,j=1 — =
<c| [, e o - Sk
vel [ [l - ()
=1 =1
- l i 2(11)7*—2 2?9712
i _ i
<o [ o = (S wi)" ™)
L
i I \pij
-I-C(/RN ‘Unj P (;|Unj|)p

2p42  Pij
L
2p+2
<o [ - (S 1u)
RY =1

Pij ) 2p+2
L

\ AN

Pl] |Unz

2042\ 5oy
wo( [ e = () )
RN
—of [ e St
_Pij
I

) 2p+2
< C&(e)m + Cé(e)m.

It follows form (2.10]) that

m

> Ul 2
i=1
> IIDUiI3 >
i=1

Up to a subsequence, we can define v; := lim, s o0 Jn(UL), 1 < 1 < L. Using
a diagonalization process, we obtain, for each n, a decomposition of {U,} in L,

bubbles (where L,, — L € N U {co}) such that

|| nzH% - M5(5)7

M-
Mh TMh

IDU: 13 — Ma(e).

NE

11

W
Il
N

m

m Ly
IOILAEED W LNEESTCH (211)

m m I4_
ZIIDUmH% ZZIID ill3 = Ma(-— ), (2.12)
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L’!L

() =3 (UL < 57, (213)
=1

L
V6= (2.14)
=1

dij Pij }
2p+27 2p+27°

Case 1: If «; > 0 for any [, one has

Jm((JmZ;]}L))ﬁUL) =,

which, combining (2.11)) and (2.12]), implies that

5¢ = lim I, (U,)

where ¢ := min{

Ln 1
> limsupz (Jm(7"))ﬁlm<(7j n )2p1+2 Ufl)
=1 m

n—o0 ot (Uh) (2.15)
L, L
> limsupZI,ZL’ = ZI;I{
nTee = I=1

However, the function

¥ = I =7
is strictly concave in R*, which implies that there exists [y such that, for any [ # I,
v = 0. By (2.14), we see that v, = 7. Therefore, defining

L TG ﬁ 1

m(Un
it follows from (2.15) that liminf, 4o (V) = I)¢, Jn(Va) = 76 and so {V,}
is a minimizing sequence for I)¢, for which the compactness alternative from the
concentration-compactness principle is verified (recall that V,, is, up to a multi-
plicative factor, the vector of a group of bubbles of U,,). Since {V,,} is bounded in
H, there exists W € H such that V,, = W weakly in H and V,, - W strongly in
(L2(RN) N L2PT2(RN))™. In particular, it holds that
L,(W) <lmlI,(V,) =1 Jn,(W)=IlimJ,(V,) =a-
Therefore W is a minimizer of I7¢.
Case 2: Now suppose that
Ly, :={l:m <0} #0.
Let L} be the complementary set of L, set L™ := lim,_,, L; and
L
Zj:l Vi -
Zz‘eLI Vi
Notice that ([2.14) implies L™ # ). Furthermore,

Yo=Y m (2.16)

leLt

m:=

Since

Yl sl +
Jm(72p+2U)— >0, lelLt,
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using ([2.11) and (2.12), one has
06 = lim I,(Uy)

n—-+oo

> lim sup Z

n——+oo
leLf

> lim sup Z TG

n——+0oo
leLf

= > I

leLt

11”((Jm7g;fé))ﬁ[]’ll)

(2.17)

Similarly, since

Y= I, =y,
is strictly concave in RT, which, combining (2.16)), implies that there exists [y such
that v, = 7g. Proceeding as the previous case, we can complete the proof. [

3. FORM OF THE GROUND STATES

Proof of Theorem[I.3, Step 1: We show that if u € G, then (3, |u;?)1/2 =

ot @y for some w € G. Let u € Gy, lu| == (Ju1], |uzl, .., |um|) and [u()|3: :

S Jui(@)]?. Since Jy, (w) = Jp(Ju]) and I, (w) > I, (|u|), we have, by Lemma
that |u| € G,. Fixing zg € X, we can conclude that

T(Jul) =
/f - [ g e
/fmw )22+ (3.1)

:/H%M®m0
Q

= Jim (zo]|u(2)][z1)

and

mmwwmqaéommﬁmw+wwmm$mﬂ
/(ZAIMIMIZ 1qu||D|uz||’ )

m
< Z/ /\|ul|2+ | Du]| )
= Im(|ul),
where we have used the Cauchy-Schwarz inequality. Let 0 < ¢ < 1 be such that

Jim (cxo|lu(z)||r1) = Jm(|ul). Then by the minimality of |u| and (3.2), we can see
that

Ln(lu]) < I (cxollu(@)|r1) = €L (zollu(z)[lr1) < L (zollu(z)[zr) < Ln(lul),

which implies that ¢ = 1. So Jy, (zo||u(z)||r1) = Jm(Ju]) and Ly, (zollu(z)||r) =
I, (Ju]). Therefore, xg||u(x)||g: is also a ground state of (1.1)).
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Since zo||u(z)||r: is a ground state of (|1.1)), it is easy to check that
— Alju(@)lzs + Allu(@)llm: = fraxlu(@) I3 (3-3)

Let ¢y := fmax Then collu(z)||g: is a solution of (L.4). By the maximum principle
and the fact that J,,(|Ju|) > 0, we obtain ||u(z)||g: > 0 in Q. In fact, zg||u(x)||g: is
a ground state of implies that co||u(z)|[g: is a ground state of (1.4). Hence
lu(z)||gr = cg*(col|u(z)||p) = calw, where w is a ground state of (L.4)).

Step 2: We show that (|u1], |usa|, ..., [um|) = (3%, u?)/? for some z € X. Since
W| = 1, by the definition of X, we have f(z¢) > f(%) Tt follows from
Tm([u]) = T (ollu(z)||g:) that

|u 2p+2 2p+2
G Mt = [ reohle

Combining [Ju(z)||gr > 0 in Q and f(zg) > f(ﬂ) implies that f(ﬂ) =

Tu ()T (@) [z
f(zo) a.e x € Q. That is, W = X(z) a.e z € Q, where X (x) satisfies

f(X(z)) = f(xo) i.e X(z) € X. So |u| = X (x)||u(x)||r: a.ex €
Since |u| = X (x)||u(x)||r: is a solution of (1.1]), inserting this expression into
and using (3.3)), we can have
2D||u(x)||rr DX;(x) + |Ju(2) || AX;(2) =0,i =1,2,...,m. (3.4)

Using integration by parts and (3.4), we obtain
- [ @)z Xi@axi@)
= [ DX@)D(ute)l Xita)
= | DXi(@) (@) DXi(2) + 2Xi(a) [u(o)] s Dlfu(o) ) (35)
-/ (lDXz-<x>| Ju(a) |31 + 2 (2) DX (o) () s D) s
= [ IDXi@Plu@ ~ [ Ju(@)] XA (@),

which implies that
/ |DX7'(1:)|2||U($)||]%§1 :Oa 1= 1727"'7m
Q

So we know that X;(x) is a constant. Therefore, there exists an X € X such that
jul = Xllu(z)[g2-

Step 3: We show that u; = z;el% (3" 1u2)1/2. Since ||u(z)|lgr > 0 in Q, one

may assume that u;(x) = |ugel @) = X;|lu(x)|g1e . Then it follows from
I (u) = I, (Jul) that

[ (1Dl + Aluta) )
B E/Q (%P [D (@) s | + MXal () 3:)
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“ 2 2

=3 [ (Ulul 4 M) = En(lu) = L)
i=1"%

=3 [ 0w+ A
i=179

=Z/Q (X PID (e e * + M2 ()2 + 102 () | D))
=1

= [ (Dl + M@l + 3 1 Pllu@) [0 (o) ).

where the first, second and sixth equalities have used Y .*, |X;|*> = 1,|u;| =
Xillu(z) || gr,ui = Xi|lu(z)|pi el ®) respectively. The above equality implies that

/ 12 () 2| DO ()
Q

So we can conclude that for any i € {1,2,...,m}, X; = 0 or 6; is a constant. So
u; = 0 or u; = Xi||lu(z)||grel. In a word, u; = Xi||u(x)|get?.

From to Steps 1, 2 and 3, we can get the conclusion (1) directly.
Step 4: We show that for any w € G, if b; € C,i =1,2,...,m, satisfy

=0, i=12...,m

moxc ([b1], b2, -+ -, [bm]) € X, then we have (bjw,bow,. .., byw) € Gp,. For any
1
w € G, let b € C,1 < i < M, be such that feax(|b1], |b2],---,|bm|) € X and set

U := (byw,baw, ..., buw). Then
FO) = fudr D07 = fudx, (3.6)
=1
Jn(U) = f(b)/ Jw|?P+2 = fr;gx/ [w**? = fud [ ([Dw]* + Awl?), (3.7
Q Q Q

) =328 [ (Duf+ Nal’) = sk [ (DWE 4 M) (39)
=1 O Q
Since zo||u(z)||g: is a ground state of (L.I)), it follows that
16 = I (zollu(@)|lz1) = I (Jlu(z)||r:)
— I(egtw) = f;i/ﬂ(wwﬁ + Alwf?).

From 7, we can see that U is a minimizer of I/¢. By Lemma UeGn,
which implies that our conclusion (2) is true.

Following from the process of the proof of our conclusion (2), it is easy to get
our conclusion (3). O

(3.9)

Proof of Proposition[1.J, We define an equivalence relation in {Yj }1<p<xk,
1 = 7 if and only if exists k such that i, j € Y. (3.10)
Let

L
* —00, if 4 ﬁ]a
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Bi={zeR)™: [7(@) = famax [z = 1},

where
m

@)= D ksl el
ij=1

We firstly prove that X = B.

(1) For all 2° € B, we have |2°| = 1, f7°°(2°) = fuax, which implies that
af - xd = 0if i A j. So f(z°) = f7°°(2") = fumax- Therefore, 2° € X and then
BcCX.

(2) If 2t € Xandx}-x]l =0,Yi £ j, then ' € B and X C B. We may
assume that 3 ig A jo such that xj -z # 0. Since ' € X, by Theorem [1.2

Q:= f,;;){@p)xlw is a ground state of (1.1]), where w € G. That is,

Note that @, - @Q;, #Z 0, since leo ~x]1-0 # 0. Let QF = Q, if i £ jo, and QF =
i(-++ Req) if i < jg. Then for large R
Qi ) j ge R,

[1Qpiete < [ 1QpoiQin, iz
Q Q

R |pig; R|qig; iod 04
/Q |Q]0 Pigig |Q7,0 9igjo < /&r2 |Q]0 Pigio |Qlo Qigio
[1azeoiqnm = [ o poiai, i<
Q Q

Combining the fact that k;; > 0 if and only if i < j, implies that J,,,(Q%) > J,,,(Q).

From
Jm((J{:L((C?}:B))%LQQR) = Jm(Q) =G
and the minimality of @,
In(Q) < Im((%)ﬁ“QR) = (%)'ﬁm@% < In(Q") = In(Q),

which is impossible. So x} x]l =0,V ¢ £ j. Therefore, X C B.
From the above discussions, we can get that X = B. If u € G,,, then |u| :=

(lual, luzl, - .., |um|) € Gm and so, by Theorem there exists an 2o € X = B
such that |u| = g;,{mp)xow. Since xg € B, it is easy to check that there exists a
ko € {1,2,..., K} such that u; # 0 for some | € Yy, and us = 0 for any s & Yy, .
This completes the proof. [

Proof of Theorem[I.5 Let X0 = {I%I txr € XO}. We would prove that X = X0,
(1) For any 2! € X, we have |z!| = 1 and

f(a) L0

YN N _ .
piprer (@) = max f(y) = max p o,

Soz' € X and 2! = % € X0, which implies that X C X0.
(2) For any y° € X0, there exists an 21 € X° such that y° = % Therefore,
a! ) f(=?) fy)

0
= f(—) = ——= = max ———— = max ,
SO0 = 1) = s = RS ppres = i)
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which implies that y° € X. So X0 C X. N

According to the above discussions, we obtain that X = X9, which combined
with Theorem implies that our conclusions of the theorem and completes
the proof. O

4. NUMBER OF GROUND STATES
In this part, we study the number of the ground states and show Theorem

Proof of Theorem[I.. We argue by contradiction. Suppose to the contrary that

there exist an i € {1,2,...,m} and ¢; # co € R* such that u} > 0,u? > 0,

1

u; = cqwy and uf = cows, where wi,wy € G. Without loss of generality, we may

assume that ¢ = 1. Consider the perturbed system

|u [P g |72 2u1, z e,

w(—Aug + Auq) = Zklﬂ

—Au; + Au; = Zk” |u |Pid g |99 20y, x € Qi =2,3,...,m,

=0, €0 1l=1,2,....,m

For p > 0, we set
1
fri(z)
F x, :: m—.

(z, 1) ST 2T 1
Since u',u? € G, with u}l,u? > 0,i=1,2,...,m, it follows from Theoremthat
there exist y',y? € X° and wy,wy € G such that

1 2
ul = yiwl, u? = yiwg, (4.2)
|yt ‘fmax |y? |fmax
F(y,1)= max F(y,1), =1,2. 4.3
(¥, 1) x| (y,1), J (4.3)

According to the assumption and ([4.2)), it is easy to see that yi > 0,47 > 0 and
1 2

Y1 Y1

T #* rEE We set

F(yy,p) = F(z, 1)

e=(y1,Y5 Y ¥h)
Then y{ is an interior maximum point of F‘(yl, 1) in {y1 > 0}. In fact, using (4.3),
we see that

max F(y,1) = F(y’,1 =F j, < max F' , 1) < max F(y,1),
s Fly,1) = Py, 1) = Fln, 1) S max Py, 1) < max F(y,1)

which implies that F(yl,1) = max,, -0 F(y1, 1).
Since ! is an interior maximum point of F'(y;,1) in {y, > 0}, we have

aF(yla 1) _ 82 (y17 )
e — =0, — < 0.
oy y1=y] (0y1)?  lyi=y!
Let G(yi, 1) == %yll’“) Then
OF (y1, 1)
G N . = — . =
Wi, e Ay =)
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0G(y1, 1) ‘ _ 32F(yl, 1) ’
b AR alA = <0
Oy wrw=win (0y1)*  Twiw=i
By the Implicit Function Theorem, we obtain that there exist a small constant
g1 > 0 and a constant y(u) € C'((1 — e1,1 4 &1),RT) such that yl(p) is an
interior maximum point of F(yy, ) in {yl > 0} for p € (1 — 21,1+ 1) and the
least energy of is Ep(p) = 2p+2F o (yl( ), w)By € CH((1—e1,14¢€1),RT),
where By := I (w) for w € G.
By direct computation, we have

En(p) = inf "
m (1) uegl\{o}lpgg (),

where
1 L 1
() 1= 5 (o) + 301 (0)) = g Tl
We denote

/=Y Lul), D/:=5L(u]), G :=Jn,().

We can check that there exists a #/(u) such that
(4T — TR (43 (1 \0d
max I, (tu?) = I, (#/ (v
with 7(p) > 0 satisfying H (p,t/ (1)) = 0, where
H(u,t) == (C7 + uD?) — GIt?.

Note that H(1,1) = 0 and %—?(1, 1) < 0. By the Implicit Function Theorem,
there is a bmall constant 0 < e5 < €1 such that 7 (u) € C’l((l —e9,1 +52),R+) and

() (1) = 5 GJ By the Taylor expansion, we see that
() =14+ (") ()(p = 1) + O(ln— 1),

(t(w)" =1+2) W) (n = 1)+ O(lu = 1%).
Since v/ is a ground state of (1.1]), we conclude that

G' =07+ D = 2’%2%(1)

and hence
Ep () < T4 (# (p)u)

- p+ ( (1)*(C7 + pD?)

p 2( i j b j 2 J

= 5p 2 W) (C+ D7) 5 T () (k=)D (4.4)

= (F(0) En(1) + 575 (7 ()" (0 = 1) D7

= Eu() 4 (1= 1) 5, g+ 5,5 (F() e = DD 4+ 0 =11
From , we can see that, for any u > 1,

En(i) = Em(1) _ D’ P W(w)*Di+o(u—1),  (45)

-1 “2p+2  2p+2
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which implies that
1 .
El (1) < iDj as p o\ 1. (4.6)
Similarly, we have
|
El (1) > iDj as pu 1. (4.7)
It follows from (4.6) and (4.7)) that
1.
E,;n(].) = §D]7

which implies that

P 2|2
Yy 1 1 Yy
P 1|Al Lwy) = 5D' = B, (1) = 5D? = U1 1|Al I (ws).
2|y*[? fihax 2|y?[? fihax
. ~ 1 2
Since y{ > 0, fmax > 0 and wy,we € G, we can conclude that ‘z—%l = ‘z—;‘, which
1 2

contradicts to I%I =+ ﬁj—;l The proof is complete. ([
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