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EXISTENCE OF GROUND STATE SOLUTIONS FOR
QUASILINEAR SCHRODINGER EQUATIONS WITH VARIABLE
POTENTIALS AND ALMOST NECESSARY NONLINEARITIES

SITONG CHEN, XIANHUA TANG

Communicated by Binlin Zhang

ABSTRACT. In this article we prove the existence of ground state solutions for
the quasilinear Schrédinger equation

—Au+V(z)u — A(u?)u = g(u), =RV,
where N > 3, V € CY(RN,[0,00)) satisfies mild decay conditions and g €
C(R,R) satisfies Berestycki-Lions conditions which are almost necessary. In

particular, we introduce some new inequalities and techniques to overcome
the lack of compactness.

1. INTRODUCTION

We study the existence of ground state solutions for the quasilinear Schrédinger

equation
—Au+V(z)u— Aw)u = g(u), =RV, (1.1)

where N >3,V :RY — R and g: R — R satisfy the following assumptions:

(A1) V € C(RM,[0,00)) and V() < Vi := limyy oo V(y) for all z € RY;

(A2) g € C(R,R), limyj_og(t)/t = 0 and limp o lg(t)]/[t]** —* = 0, where

2* =2N/(N —2) and 2 - 2* is the critical exponent for (L.I);

(A3) there exists 59 € R such that G(s) > 3Vaos, where G(t) = fotg(s)ds.

This type of equation has been introduced in [3, 13] to study a model of self-
trapped electrons in quadratic or hexagonal lattices (see also [2]). After the work of
Poppenberg [17], equations like have received much attention in mathematical
analysis and applications in recent years, see e.g. [6l, [IT] [16] 18] 19, 2§].

Observe that formally is the Euler-Lagrange equation associated to the
following functional

J(u) = %/RN(I + 2u?)|Vu|?dz +/

RN

V(z)u?dz — / G(u)dzx. (1.2)
RN

Since J is not well defined in general in H'(R"), we employ an argument developed

by Colin and Jeanjean [11], and make the change of variables by v = f~1(u), where
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f is defined by

F(t) = ——

VI+21£(0)

After the change of variables from J, we obtain the functional

I(v) = J(u) = J(f(v))

1

= i/sz |Vo|*dz + . V() f*(v)dz — o G(f(v))dx.

on [0,+00), f(—t)=—f(t) on (—oc0,0].

(1.3)

Note that
FOI< [t [F@I<2Y2, f)/2 < f/(t< f(t), VEeR. (1.4)

Under assumptions (A1) and (A2), we have I € C'(H'(R™),R), and critical points
of I are solutions of the semi-linear equation

— Av+V(@)f () f (v) = g(f(0)f'(v), = €RY, (1.5)

moreover, v is a solution of (L.5) if and only if u = f(v) solves (1.1f), see [II], 16]. A
solution is called a ground state solution if its energy is minimal among all nontrivial
solutions. For more related semi-linear problems, we refer to [5l, 4, [7, [9] 10} 211 20,
23}, 28, 29] and so on.

Under assumptions (A1) and (A2), almost all of the previous works on (1.1)
required g satisfies a global growth condition, for example, g(t) = [t|P~2t with
2 < p <4, see [19, 25]; or

(AR) there exists g > 4 such that g(¢)t > pG(t) >0, Vte R;
or

(Ne) g(t)/|t|® is nondecreasing for t € R\ {0},

see [26] 27] and so on. In these papers, (AR) or (Ne) seems essential for the appli-
cation of the mountain pass type theorem or the Nehari technique. In particular,
with the aid of the Pohozaev manifold, Ruiz and Siciliano [19] and Wu and Wu [25]
proved the existence of ground state solutions by assuming additional conditions
on V', respectively:

(A4) V e CY(RYN,RY) and t s tWN+2/N+2) Y/ (11/(N4P) ) is concave for any
z € RV;
(A5) V € CHRY,RY), V(z) = V(|z|) and t37PVV (tz) - z is non-increasing on
t € (0,00) for any z € RV
We would like to point out that the strategies used in [20] [27] rely heavily on the
form g(t) = |[¢t|P~2t. Different from previous works, we shall establish the existence
of ground state solutions for in presence of a Berestycki-Lions nonlinearity,
that is g satisfies (A2) and (A3). This type of nonlinearity was introduced by
Berestycki and Lions [I] for the study of the Schrédinger equation

—Av+wv=g), zcRY,

However, the approach used in [I] does not work for (1.1)) because of the term
A(u?)u and V(z) # constant. These difficulties enforce the implementation of new
ideas and techniques. To the best of our knowledge, there seem to be no similar

results for (|1.1)).

To state our results, we introduce the following decay assumptions on VV:
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(A6) V € C1(RM,R) and there exists § € [0,1) such that VV(z) -z < (]\;‘_jfe
for all z € RV \ {0};
(A7) V € CHRY,R) and || max{VV (z) - #,0}||n/2 < 25, where

S = Vu .-
IR TSN -
By an argument as [17 Proposition 1], we conclude the Pohozave type identity
corresponding to
N -2 1
P(v) === Volis + /RN[NV(x) +VV () - a]| f(v)]*dz

(1.6)
~N [ G(f(w)dz =0,

RN
which is also used in [25, Lemma 2.1]. Let

M = {ve HYRV)\ {0} : P(v) = 0}. (1.7)

To recover the compactness of Sobolev spaces embeddings in RY, different from
[25], we study the “limiting problem”:

— Au+ Voou — A(u®)u = g(u) in RY, (1.8)

and compare the critical level of (|1.1]) with the one of (|1.8)), instead of using radial
compactness. Corresponding to (1.3)) and (1.7)), we define

P =g [ VePdes 52 [ iroPae [ 6lrna )

for all v € HY(RY), and

M= {v e HI(RY)\ {0} : P=(v) = 0}, (1.10)
where
Pe(0) = S Vel + 5= [ 1@Pde =N [ G()de. (1)

We state our main results as follows.

Theorem 1.1. Assume that Voo > 0, (A2) and (A3) hold. Then problem (L.8) has
a ground state solution u™ = f(v>°) such that

PPOm) = JLIT = e ) = 0
where vi(x) := v(xz/t) and

A={ve H'RY): /N [Vl W) = G ()] < 0},

R

Theorem 1.2. Assume that (A1)—(A3) and (A6) hold. Then (L.1) has a ground
state solution.

Theorem 1.3. Assume that (A1)—(A3) and (A7) hold. Then (1.1) has a ground
state solution.

To prove Theorem 1.1} we must show that m> := inf yq I°° is achieved without
global compactness and any information on (I°°)’. To do this, we use the scaling
technique and some new inequalities related to 1°°(v), P> (v) and 1°°(v;) (see
and Lemma. To prove Theorems and following the idea of Jeanjean and
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Toland [I5], we first construct a special bounded (PS) sequence (see (3.13)), then
we prove that this bounded sequence converges weakly to a non trivial critical point
of I by showing a crucial inequality ¢y < m$® (see Lemmas and inspired
by [8, 22]. Unlike the existing literature, it is not required that v> obtained in
Theorem is positive in the proof of the above inequality.

Remark 1.4. In Theorem [[.] we establish the minimax characterization of m®
which is much simpler than the usual characterizations related to the Mountain
Pass level. Our results complement and extend the existing ones on (|1.1) in the
literature.

The rest of the paper is organized as follows. In Section 2, we study the existence
of ground state solutions for the limiting problem by using the Pohozaev
manifold, and give the proof of Theorem In Section 3, based on the idea of
Jeanjean and Toland [15], that is an approximation procedure to obtain a bounded
(PS)-sequence for I, we show the existence of ground state solutions for , and
complete the proofs of Theorems and [I.3]

Throughout this paper, we denote the usual norms of H'(R") and L*(R") by

1/2 1/s
ful = ([ 0Val +uyae) 7l = ([ ula) T, se 200
RN RN

respectively, and positive constants possibly different in different places, by Cy, Co, .. ..

2. GROUND STATE SOLUTIONS FOR THE LIMITING PROBLEM (I.8)
In this section, we assume that V., > 0, and give the proof of Theorem
Lemma 2.1. Assume that (A2) holds. Then

- - 1—tN_ 2— NtV=2 4+ (N —2)tV
1) = 1%() + ~ () + e sy
for allv e HY(RYN) and t > 0.
Proof. Note that
o0 N2 o Y 2 N
I*(v) = ——Vollz + 5 Ve[ f(0)II2 — ¢ RNG(f(U))dx- (2.2)

From (L.9), and (2.2)), we deduce that holds. O
By a simple calculation, we can verify that
g(t) =2 NtV 2 (N -2)tV > g(1) =0, Vte[0,1)U(1,+00). (2.3)
Thus, it follows from and that

1—N

1) > I(v;) + P=(v), Yue H'RY), te(0,1)U(l,00). (2.4)

Corollary 2.2. Assume that (A2) holds. Then

o0 _ o e}
I (v)—r?ggcl (v), Yve M™.

Lemma 2.3. Assume that (A2) and (A3) hold. Then A # 0, and for any v € A,
there exists a unique t, > 0 such that v, € M.
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Proof. In view of the proof of [I, Theorem 2] and the property of f, (A3) implies
A # (. Let v € A be fixed and define a function ((¢) := I°°(v;) on (0,00). Clearly,

by (L.11) and (2.2)), we have

('(t):O@N_

2 v NV
Vel + o= [ )P
RN
NV [ G(f(w))dz =0 (2.5)
RN
< PPv) =0 & v € M™.

By (A2), (A3), and the definition of A, we get lim; .o ((t) = 0, ¢(t) > 0 for
t > 0 small and ¢(t) < 0 for ¢ large. Therefore max;c (g ) ¢(t) is achieved at some
t, > 0 so that ¢'(t,) =0 and vy, € M.

Next we claim that ¢, is unique for any v € A. For any given v € A, if there exist
two positive constants ¢; # t2 such that vy, , vy, € M ie. P> (vy, ) = PP (vy,) = 0,

then (2.4) implies

t —ty
= (vtl) > 1% (vt2)+ NtN2 P (vtl):IOO (vt2)
NN (2.6)
> 1% (vy,) + thN1 P> (vey) =17 (vyy) -
This contradiction shows t,, > 0 is unique for any v € A. (]

Lemma 2.4. Assume that (A2) and (A3) hold. Then

m™ = inf I*° = inf max]oo(vt) > 0.
M2 veN t>0

Proof. Tt follows from Lemma 2.1 and Corollary [2:2] that

m™> = inf I*® = mfmaXI (vp).
M vEA t>

Next we prove m*> > 0. By (A2), (1.4) and Sobolev embedding inequality, one has

Vo pe
[ G < ZE @I + OIS -
2.7
< w3 + alvel3 . e ' @Y).

By (L.1I) and (2.7), one has

N —
219l + =W = N/ G(f

(2.8)
< Tmllf(v)llg + NCa|| Vo3,

for all v € M, which implies there exists pg > 0 such that ||Vv||2 > po for all

v € M. By (1.9) and (1.11f), we have

1 1
17°(0) = =P (0) + Vol = Yo € M.

1
NP(Q),
This shows that m® = inf \jc I > 0. g

Lemma 2.5. Assume that (A2) and (A3) hold. Then m™ = inf pqeo I is achieved.



6 S. CHEN, X. TANG EJDE-2018/157

Proof. Let {v,} C M® be such that I°°(v,) — m>= > 0. By (L.9) and (1.11)), one
has

1 1
m> +o(1) = I(va) = P (va) = 5 [Voul3, (2.9)
which yields that {||Vvy||2} is bounded. Next, we prove that {||v,]|2} is bounded.
By and , one has
N—2 NV,
S Il + 2 =N [ G(w)da
2 2 -

NV, .
< =) I + N VenE

(2.10)

which implies {||f(vn)|/2} is bounded. Then it follows from (1.4) and Sobolev
embedding inequality that

/ vidm:/ vidx—i—/ vida
RN lon|<1 |vn|>1
<cf Af)Pact [ o 1)
vn|<1 RN

< Csllf (wa)I? + S72/2|[Vunll3 .

Hence, {v,} is bounded in H'(RY). By (A2) and (1.4), for some p € (2,2*) and
any € > 0, one has

GU@I < e(IFOF + 1) + Colir, veeR. (212)
Since P> (v,) = 0 and [[Vu,|l2 > po by (2.8), from (1.11), (2.12) and Lions’

concentration compactness principle |24, Lemma 1.21], one can easily prove that
there exist § > 0 and {y,} C RY such that fBl(yn) |op 2z > §/2. Let o,(z) =
Un(z + yn). Then

I°°(0,) — m™, P>(d,) =0, (2.13)
and there exists v>° € H'(RY)\ {0} such that ¢, — v*> in H*(RY), 9, — v™> in
L (RYN) for s € [1,2%), 0, — v> a.e. on RY. Let w,, = 0, —v*>°. By a standard
argument (see [24]), we have

1%9(80) = I (0=) + 1% (wa) +o(1),  P=(5,) = P=(v™)+P™(wn)+o(1). (2.14)
From (L.9), (L.11), (2-13) and (2.14)), one has

CITwal3 = m — ITe* I3 +0(1), P¥(wa) = ~P¥(%) +o(1).  (2.15)

If there exists a subsequence {wy, } of {wy,} such that w,, = 0, then we have
I (™) =m™, P>w™) =0, (2.16)
which implies that Lemma holds. Next, we assume that w, # 0. We claim
that P°°(v>) < 0. Otherwise, if P*°(v*>°) > 0, then implies P> (wy,) < 0,

and so w, € A for large n. In view of Lemma [2:4] there exists ¢, > 0 such that

(wp)t, € M. From (1.9), (1.11), (2.1), (2.3) and (2.15)), we deduce
1 1 1
m — LT3+ 0(1) = [V} = I%(w,) — ~P(w,)
N

> 1% ((wn),,) — P (wn) = m*,
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which is a contradiction due to v* # 0. Thus P> (v>°) < 0, and so v>® € A. In
view of Lemma there exists > 0 such that (v™°); € M>. From (L.9), (T.11)),
(2.1), (2.3), (2.13) and the weak semicontinuity of the norm, one has

oo . 00/~ 1 .. 1 . R
m = I [1%(0,) = 5] = Jim 903
1 oo oo oo 1 (oo} oo
> LV = 1 0) - £ P()
£N
> 1% (0°)) ~ P ) 2 m,
which implies that (2.16]) holds. O

In the same way as in [22] Lemma 2.13], we can obtain the following lemma.

Lemma 2.6. Assume that (A2) and (A3) hold. Then minimizers of inf pqec I are
critical points of 1°°.

Proof of Theorem[I.1. In view of Lemmas there exists v>° € M such that
(I) (v>°) =0 and I (v>®°) = m™ = inf,cp maxyso I (vs) > 0. O

3. GROUND STATE SOLUTIONS FOR (|1.1J

In this section, we give the proofs of Theorems and To find a bounded
(PS) sequence of I, we use the following result due to Jeanjean and Toland [I5].

Proposition 3.1. Let X be a Banach space and let J C RT be an interval, and
Dy (u) = A(u) — AB(u), Ve J,
be a family of C'-functional on X such that

(i) either A(u) — +oo or B(u) — +00, as |lu]| — oo;
(ii) B maps every bounded set of X into a set of R bounded below;
(iii) there are two points vy,vq in X such that

éx = inf max @) (v(t)) > max{Py(v1), Pr(v2)}, (3.1)
’YEFtG[()’l]

where
I'={y€C([0,1], X) : 7(0) = v1,7(1) = va} .
Then, for almost every X € J, there exists a sequence {u,(\)} such that
(i) {un(N)} is bounded in X;
(11) (I))\(un()\)) — C),
(ili) @4\ (un(N)) — 0 in X*, where X* is the dual of X.

To apply Proposition [3.1] for A € [1/2,1], we introduce two families of functional
defined by

N(v) = %/ (Vo2 + V@) f@)) de - A [ G(f@)dz,  (32)
RN RN

() = %/ (Vo2 + Ve f0)2) dz — A | G(f(v))da, (3.3)
RN RN

for all v € HY(RY).
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If I{(0) = 0 and (I3°) (v™°) = 0, then ¥ and v satisfy the Pohozaev type
identities P (7) = 0 and P°(v>°) = 0 respectively, where

N -2 1
Pae) = T2Vl + 5 [NV @)+ V@) - 0
RN
(3.4)
- N)\/ G(f(v))de,
RN
N -2 NV,
PR(0) = =5~ IVoll3 + == o [f(v)[Pda — N o G(f(v))dz.  (3.5)
By Lemma [2.1] we have the following lemma.
Lemma 3.2. Assume that (A2) holds. Then
~ ~ LA 2— NtN=2 4 (N —2)tV
W) = () + ) + Y

for allv € HY(RY) and t > 0.
In view of Theorem I$° = I*° has a minimizer v{® on M = M, ie.
vt e M, (I)(07%) =0 and  mi® = I1°(u°), (3.7)
where
MP ={ve H'RV)\{0}: P(v) =0}, mY = Alﬁlifo I, VA€ 1/2,1].
Since (1.8) is autonomous, V € C(RY,R) and V(z) < V., but V(x) # V4, then
there exist z € R and 7 > 0 such that
Voo = V(z) >0, [v°(x)] >0 ae. |z—Z <7 (3.8)
Lemma 3.3. Assume that (A1)-(A3) hold. Then
(i) there exists T > 0 independent of X such that I ((v$°)r) < 0 for all X €

[1/2,1];
(i) there exists a positive constant ko independent of A such that for all X €
[1/2,1],
ey = inf max Iy(y(t)) > ko > max {I,(0), I ((v7°)7)},
v€Tl t€[0,1]
where

U= {yec(0,1], H (RY)) : 7(0) = 0,%(1) = (v{°)r} ;
(ili) ey is bounded for A € [1/2,1];
(iv) m%® is non-increasing on A € [1/2,1];
(v) limsup,_,y, ex < ey, for Ao € (1/2,1].

Since m$® = I (v5°) and [pn G(f(v3°))da > 0, then the proof of Lemma [3.3|is
standard (see [I4, Lemma 2.3]), so we omit it.

Lemma 3.4. Assume that (A1)-(A3) hold. Then there erists A€ [1/2,1) such
that cx < m$° for A € (A, 1].

Proof. The proof is similar to [22] Lemma 4.5], and we give the outlines for the
completeness. It is easy to check that I ((v$°):) is continuous on t € (0,00).



EJDE-2018/157 GROUND STATE SOLUTIONS FOR SCHRODINGER EQUATIONS 9

Hence for any A € [1/2,1], we can choose ty € (0,7) such that Iy ((v{°):,) =
maxye(o,7] In ((v9°)¢). Setting

v§° , fort>0,
FYO(t) _ {( 1 )(tT)

0, for t = 0.
Then
Yo e, In((vi),) = Jnax I\ (%0(t)) > e, (3.9)

where I and c, are defined by Lemma [3.3] (ii). Let

Co := min{37/8(1 + |z|), 1/4}. (3.10)
Then it follows from (3.8]) and (3.10)) that
|x—f|§g and s € [l—Co1+C) = |sz—7 <7 (3.11)

Since P> (v5°) = 0, we have [px G(f(v5°))dz > 0. Let
e {11 LG g1 Ve V()07
o 2’ 2TN [on G(f (v5°))da ’
min{g(1 — Co), 8(1 + ¢o) }| Vo3 }
ANTYN [on G(f(v5°))dz ’

where g is defined by (2.3). Then (2.3), (3.8) and (3.11)) imply that 1/2 < X < 1.

We distinguish two cases:

Case i: ¢y € [1—(p,14+(p]- From (3.2)), (3.3), (3.6)-(3.9), (3.11)), (3.12) and Lemma

3.3| (iv), we have

m3 Zmy = I (07%) 2 177 (7))

= D (0)n) — (1= N | GU05))de

RN

(3.12)
1—

t]AV o0\ |2
+ 5 | Voo = V)llf ()P
RN
>en—(1=NTY | G(f(v5°))dz

RN
(1 - CO)N . / 0\ (2
™ Lo Voo = V(s)] [f(v1®)"dz

>y, VAE (5\, 1].

Case ii: t) € (0,1 — (o) U (1 + (o, T). From (A1), (2.3), (3.2)), (3.3), (3.6), (3.7),
13.9), (3.12) and Lemma (iv), we have

YV o® 2
> mi = ) 2 I (7)) + LI
— L)) — (-0 [ G
+ ﬂ Vo — V(taz)]| £ (v5°) 2 dz + 7g(t>\)||Vvl°°||§

2 Jan 2N
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>y - (1-NTY [ G + 2t80 = ‘:0)’25\17* CHIVeliz
RN

> Cy, V)\E(j\,l].

In both cases, we obtain that cy < m$° for A € (A, 1]. O

Lemma 3.5. Under the assumptions of Theorem [1.4 or Theorem [1.3, for almost
every A € (A, 1], there exists vy € HY(RN)\ {0} such that I} (vy) =0 and I(v)) =
C).

Proof. In view of Proposition and Lemma for almost every A € (), 1], there
exists a bounded sequence {v,,(\)} C HY(RY) (for simplicity, we denote it by {v,,})
such that

I\(vy) — x>0, Ij(v,) — 0. (3.13)
By a splitting lemma [12] Lemma 3.3], there exist a subsequence of {v,}, still
denoted by {v,}, and vy € H'(RY), an integer | € NU {0}, and w',... , w' €
HYRN)\ {0} such that v, — vy in HY{(RY), I} (vy) = 0,

(I2) (w*) =0, I >my, 1<k<I, (3.14)
1
ox = Lo + Y I (wh). (3.15)
k=1

Since I} (vx) = 0, then we have Py (vy) = 0. Since |v,|| - 0, we deduce from ((3.14)
and (3.15)) that if vy = 0, then
1
121, cn=NL(vy)+ Y Ik =my,
k=1

which contradicts Lemma Thus vy # 0. By (1.4), (3.2) and (3.4), one has
1 1 1
I =7 _ — 2_ . 2dz. 1
Mon) = Ton) = 7 Pan) = Vol = 37 [ V@) alf(w)Pdr. 316)
If (A6) holds, then it follows from (1.4) and Hardy inequality that
O(N — 2)? 2
/ TV (a) - 2| f(on)Pdz < Q/ 5 e < 20]Vunl
RN 2 RN |£L’|2
which, together with (3.16]), imply
1-0
In(vy) > TIIWAIIS > 0. (3.17)
If (A7) holds, then it follows from (I.4) and Sobolev embedding inequality that
[ 9Vt -alfe)Pds
RN

2/N (N—2)/N
< ([ max{vv)- 2, 0¥2de) ([ joaPAO2a0)
RN RN

[ max{VV (z) - z,0}| /2

< ; Ve 3.
this and (3.16]), imply
25 — VV(z)-z,0
In(vy) > | max{VV() -2, 0llnvz & 2 < g (3.18)

2NS
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Thus, by (3.15) and either of (3.17)) and , one has

cx = I (vy) ZI/\ >lm/\ for A € (\, 1],
which, together with Lemma 1mply that [ = 0 and I\(vy) = ca. O

Lemma 3.6. Under the assumptions in Theorem[I.3 or Theorem[I.3, there exists
v € HY(RN)\ {0} such that I'(v) =0 and 0 < I(?) < c;.
Proof. From Lemma there exist {\,} C [\ 1] and {vy, } ¢ H'RN)\ {0}
(denoted it by {v,}), such that

A= 1, en, — e, Iy (0p) =0, 0<Iy (vn) <exn, <cr+o(l). (3.19)

From (3.19) and either of (3.17) and (3.18), we can deduce that {||Vu,|2} is

bounded. Next, we prove that {||v,|l2} is bounded. To this end, it suffices to
show that {||f(v,)|2} is bounded due to . Let

on = f(vn)/f (vn) \/1—1—2]‘2 (vn)f(vn), VneN.

Note that Vo
Un,
|V(f(vn))| = m (3-20)
By (1.4)) and , one has
2f2(vn)

on| < 2onl,  [Vion| = (1+ )|wn| <92|Vu,|, VneN,

1+ 2f2(vy)

which implies ¢, € HY(RY) for all n € N. Using (A1), it is easy to check that
there exists a constant 9 > 0 such that

/ [[Vul? + V(z)u?|dz > yolull3, Yue HY(RY). (3.21)
RN

Then it follows from (3.19)), (3.20) and (3.21)) that
0= <I//\n (Vn), gpn>

_ 2f?(vn)
— /RN (1 + 7>|an\2dx+/ﬂw V(2)f2(v,)da

L+ 2f2(vn)
- [ st (32
> [ IVU@DE+ V@ Pwle = [ (7))

> soll @l = [ o))
which, together with (A2), (L.4) and Sobolev embedding inequality imply
’7 *
Bllf(oa)ll3 < /RN 9(f(vn)) f(vn) < gllf(vn)\lg + Cs|lvnlf3-

Y o
< SN @)lI3 + 5572 /2 Va3

This shows that {||f(v,)]|2} is bounded due to the boundedness of {||Vuv,]|2}.
Hence, {v,} is bounded in H'(RY). The rest of the proof is similar to that of
Lemma [3.5] so we omit it. O

(3.23)
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Proof of Theorems[I.4 and[I.3 Let

K:={ve H®RY)\{0}: I'(v) =0}, m:= vig}fcl(v).

Then Lemmashows that I # 0 and m < ¢;. Similar to the proofs of and
(3:18), we have I(v) = I;(v) > 0 for all v € K, and so m > 0. Let {v,,} C K be such
that I'(v,) = 0 and I(v,) — . In the same way as the one of Lemma [3.6] we can
prove that {v,} is bounded in H'(R"). By Lemma we have m < ¢; < mi°.
Similar to the proof of Lemma we can deduce that there exists v € H*(RY)\ {0}
such that I'(7) = 0 and I(7) = m. O
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