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INITIAL LAYER ASSOCIATED WITH BOUSSINESQ SYSTEMS
FOR THERMOSOLUTAL CONVECTION

XIAOTING FAN, WEI WANG

ABSTRACT. This article concerns the behavior of the initial layer appearing
at large Prandtl number in Boussinesq equations with the ill initial data. By
using the asymptotic expansion methods of singular perturbation theory, we
establish an approximate solution and the rate of convergence as the Prandtl
number tends to infinity. Our results improve the existing ones concerning
thermosolutal convection.

1. INTRODUCTION

Double diffusive convection has been considered a fundamental fluid dynamical
phenomenon that can occur when a layer of fluid with a dissolved solute, is heated
from below. This phenomena was first studied in the ocean [14], where heat and
salt are relevant properties; so the process is called “thermohaline” or “thermoso-
lutal” convection. Many investigations have been studied in the stratification of
magma chambers [2] and convection in the sun, in meteorology, geophysics, and
astrophysics.

In this article, we consider the thermosolutal convection setting of a horizontal
layer of fluid confined by two parallel planes a distance h apart. The warm salty
fluid tends to rise and salty fluid being heavier than fresh fluid tends to fall. The
Boussinesq system with rotation for thermosolutal convection is stated as follows:

1
Ou+ (u-Viu = ;(Vp—l— pgk) + VTak x u+ vAu,
0

V-u=0,
T +u-VT — kAT =0,
S +u-VS —kgAS =0,
U|z:0,h =0,
Tl.=0 =To, Tl|.=n=T,
S|.=0 = So, Slz=n = S1,
where Ty > Ty and Sy > S;. The unknown functions v = (uy,us,u3)", p, T and

S represent the velocity field, the scalar pressure, the scalar temperature field and
the solute concentration of the fluid, respectively. v, k7 and kg are the kinematic
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viscosity, the thermal and solute diffusivity, respectively. p is the density, pg > 0
is the fluid density at the lower surface z = 0 and ¢ is the gravity acceleration
constant, k := (0,0,1)—r is the unit upward vector. Ta = 4%22}12 is the Taylor
number, {2 is the rotation rate and h is the distance between two plates.

The lower (upper) boundary is maintained at a constant temperature Ty (77) and
a constant solute concentration Sy (S7). For simplicity, we consider the periodic

boundary conditions in the horizontal directions:

(u,T,S)(x,t) = (u,T,S)(x+ k1 L1,y + koLa, 2,t), for all ky, ks € Z.

By non-dimensionalization and the Oberbeck-Boussinesq approximation, Park
[25] obtained the dimensionless form

Ao + (ut - V)ur] + Vp* = Au* + VTak x u + (RpT> — RsSMk,  (
V-ut =0, (

KT +u* - VT = AT, (

0,8t +ur - VS = TASH, (

in the dimensionless domain D := (0, L) x (0, Lo) x [0,1] (L1, Ly > 0), t € (0,T),
T. >0. A= +. Pr = ﬁ is the Prandtl number, Ry = ag(To=Ty)h? is the

ﬁ, ) KTV
thermal Rayleigh number, Rg = W(S,‘;T;fl)hd is the salinity Rayleigh number, 7 =

:—i is the Lewis number. « and = denote the coefficients of thermal expansion

and its analogous compositional counterpart, respectively. The Lewis number 7 for

magmatic substances is less than 107!, here we consider 0 < 7 < 1 for simplicity.
We complement the above system with the boundary conditions:

Um0 =0, (z,,1) € X x (0,T%), (1.5)
TN, S .o =1, T*,8Y.—1 =0, (x,y,t)€ X x(0,T), (1.6)

for X := (0,L1) x (0, Ly), and provide an initial condition
(W, T, $Y)(t = 0) = (ud, T, S3) (@, , 2). (1.7)

The mathematical analysis of the thermosolutal convection has attracted much
attention (see [T}, 4 [8, 1T, 13}, 16} 18, 23, 24, 26| 29| B1]). Hallstrom [10] discussed
the global existence and uniqueness of smooth solutions for the infinite Prandtl
number limit of the Boussinesq equations. Park [24] considered the thermosolutal
convection with or without rotation in the infinite Prandtl number, and investigated
that there are bifurcating solutions for 2-D and 3-D Boussinesq equations. Park [25]
studied the infinite Prandtl number limit and derived the convergence of Boussinesq
system for the thermosolutal convection to the infinite Prandtl number system.

Our purpose is to study the asymptotic behavior of the thermosolutal convection
in the infinite limit of Prandtl number. For one fluid model as a vanishing limit
case, there have been large investigations, see for instance [3, 20, 2] [30]. Moti-
vated by [28] and the related studies, see [6l [, [9] 15, [I7], we view the Boussinesq
system as a small perturbation of the infinite Prandtl number model. Firstly, we
derive the appearance of initial layer in detail. Secondly, by using the multi-scale
approach [12, 19] and the matched asymptotic expansion methods [5], we construct
an approximation solution to 7 as the combination of inner and initial
expansions. Finally, we study the convergence of f to the infinite Prandtl
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number system as the Prandtl number tends to co. Our results improve the existing
results in [25].

This article is organized as follows. Section 2 is dedicated to the derivation of
initial layer. In Section 3, we construct an approximate solution. The main result
and its proof are presented in Section 4.

Let C be a positive generic constant, independent on A, while C' may depend on
S for fixed Ty > 0.

2. DERIVATION OF INITIAL LAYER

Let (u)‘,pA, T, SA) be the global weak solution of the system (1.1)—(1.6) in the
Leray’s sense. The initial data has

uMt =0) = (ug + Aug + ug) (2,9, 2), (2.1)
Tt =0) = (T + M\ + Tog) (2,9, 2), (2.2)
SA(t=0) = (S5 + ASg + Sog) (z, 9, 2), (2.3)

where uf, u$, T¢, Ty, S§ and S} are C°°(D) functions, udg, Ty, Sip denote the
remainders for the initial data, u}p, Ty, Sog € C°°(D) satisfies

| T S3) (2,9 2l () < OA, (2.4)
and ul, ul, TY, Ty, S, S§ satisfy the following compatibility conditions:
V-u)=V-u} =0, (2.5)
(ug, ug) |2=0,1= 0, (2.6)
(75, 58)|:=0 = (1,1), (27)
(75, 50)]==1 = (0,0), (2:8)
(T3.58)]._g 1 = (0,0). (2.9)

In this section, by employing the Stokes operator [19] and singular perturbation
theory [22], 27], we consider the initial layer behavior of the solution when the
Prandt]l number tends to infinity, i.e., A tends to 0.

Letting A = 0 in the system (L.1)—(1.6]), we obtain that

Au® — Vp° + VTak x u® + (RrT° — RsS°)k = 0, (2.10)
V-u® =0, (2.11)

KT + (u° - V)T° = ATY, (2.12)

0uS° + (W - V)S° = 7AS°, (2.13)

u’,=01 =0, (2.14)

7°,8% ., =1, T°8°.—.=0, (2.15)

for (z,y,2,t) € D x (0,T%), T > 0.
The initial condition of T°, S is
(1°,8%)(t = 0) = (T3, SO) (2,9, 2), (x,y,2) € D, (2.16)
where (T3, S9)(z,y, z) stands for the limit of (T3}, S3)(x,y, z) as A — 0.

Because of the singularity of perturbation, the limit of uj(z,y, z) as A — 0 can
not be satisfied by the velocity u®(¢ = 0) in the limit system (2.10)—(2.16).
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Restricting (2.10)), and to t = 0 gives
AUl (t = 0) — VpP(t = 0) + VTak x u°(t = 0)
+ (RyT°(t = 0) — RgS°(t = 0))k = 0,
V-t =0) =0,
u’),=0.1(t =0) = 0.

By solving the above system, we know that the value of u°(¢t = 0) is determined by
initial value of T° and S°, while limy_,o u is given arbitrarily and independently
of TO(t = 0) and S°(t = 0), so limy_,0 uj # u°(t = 0). Comparing (1.7)) with (2.16)

leads to the appearance of an initial layer.

3. APPROXIMATE SOLUTION

In this section, we give a rigorous proof of infinite lint of the Prandtl for system
(1.1)—(1.6). Firstly, we establish the approximate solution. We seek an expansion
of the form

o0

(uAapAa T)\v S)\) (I, Y, z, t) ~ Z(}\)l(ulnﬂ(x’ Y, z, t) + U’I’i(l‘7 Y, 2, 77)5
1=0
| | (3.1)
phm(l’v Y, 2, t) +p1’l(x7 Y, z, 77)7
Tz, y, 2, t) + TH (2, y, 2,n), ST (w, y, 2, t) + SV (2, y, 2,m),

where A stands for the length of the initial layer and n = ¢/ is the fast time variable.
(u””l,pl"’i7 Tt SI"’i) (z,y, z,t) denotes the inner functions for the velocity field,
the scalar pressure, the temperature field, and the solute concentration, respectively,
independent of \. (u!'?, plt, 7T, S1:%)(z,y, z,7) stands for the initial layer functions
and the initial layer functions satisfying

(ul, pl, T, §54) (1~ +00) = 0. (32)
We assume that the asymptotic expansion of the system (1.1)—(1.7)) including
the initial corrections is of the form
1
(u, 00, T2, S2) (2,9, 2,8) = > N (W™ (2, y, 2,1) +ub (2,9, 2,m),
i=0
‘ , (3.3)
phm(xv Y2, t) + pI,z(x’ Yy 2, M),
T (s 2, 8) + TH (g, 20m), ST (@, y, 2,8) + ST (2, y, 2,m)).-

Moreover, to match the boundary and initial conditions ([1.5)—(1.7]), we shall impose
the following restrictions

1
Uple=o1 = (ufy + u})lzzo1 = U} ls=00 = D Nu"|.z0p,
=0
1

Temo = (T + TP)smo = 1+ Y _NT"?

=0

1
T(i'Z:l = (TI)\n +TI)\)|Z:1 = Z)‘ZTLZLZ:M
=0

z=0>
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1
S¢i|z:0 = (S;\n + S;\)lzzo =1+ Z )‘iSLilZ:Oa
=0
1

sz:l = (S;\n + S;\)‘z:l = Z )‘iSI’i|z:1a

=0

Wt =0) = N @™ = 0) + uli(n = 0))

TNt =0) = SN (@t = 0) + Ty = 0),
=0

Syt =0) =Y _N(S"™(t=0)+5""(n=0)).

i=0
ie.,

(u'™0 4 ul0)|,2o1 =0, (3.4)
(u'™ 4 ul)|.—p1 =0, (3.5)
(T + T o = 1, (T + T =0, (3.6)
(TIn,() n TI’O)|Z=1 -0, (TIn Lyl D21 =0, (3.7)
(80 4+ 800 =1, (8™ +5")]:=0 =0, (3:8)
(8104 81N =0, (8™ + 8" omr =0, (3.9)
ut=0)+u 0 =0) =up, wM(E=0)+u"(n=0)=up  (3.10)
Tt =0)+ T =0)=1Tg, T™'(t=0)+T"'(n=0)=T;, (3.11)
SOt =0)+ 50 =0)=57, S™(t=0)+5""(n=0)=5. (312

We discuss the construction of the inner functions and initial layer functions

( avpavT)\ S)\) = (u}\nvp;\anI)\mS}\n) (m,y,z,t)

t (3.13)
+(U?,p}\,TI)\,S;\) (IayaZﬂ?), n:X7
where
1
(u;\nvp?n7TI>\n7 S;\n) — Z}\z (uln,i,pln,i’TIn,i, SIn,i) , (314)
=0
(u7,p7, T, S7) = DA (ulh pht, 71§11 (3.15)

First, we study inner expansion away from ¢ = 0 in Section 3.1. Then, we
study the initial layer expansion near ¢ = 0 in Section 3.2. Finally, we consider the
approximate solution in Section 3.3.

3.1. Inner expansion. Away from ¢ = 0 in (3.1)), the solution to system (|1.1)—
(1.6) has the expansion

o0
(uA,pA,TA,SA) (a:,y,z,t) ~ Z)\i(uln’i,pln’i,Tln’i,SIn’i)(l‘,y,Z,t).
=0
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First, inserting the above expansion into (|1.1))—(1.6) and using direct calculations,
we obtain that

Z}\i(/\[atuln,i + Zuln,j . vuIn,ifj} + vpln,i - Auln,i . /Tak > uln,i
i=0 =0
_ (RTTIn,i _ RSSIn,i)k,) _ O,

i )\zv . uIn,i _ O7
=0

i)\i (8tTI”’i + iufn,j . VTIn,i—j _ ATIn,i) _ O7

i=0 j=0
[es) i
ZAz <8tTIn,i + Zuln,j . vsln,i—j _ TASIn,i) _ O,
i=0 §=0
00
Z /\iUIn7i|z=O,1 — 0’
=0
Z)\i(TIn,i7SIn,i)|Z:0 _ (1, 1)7
=0
Z}\i(TIn7i7sln,i)|Z:1 — (0’0)
=0

Then (u},,, 070, Thy, S7,,) satisfies

= Au}, + VTak x u}, + (RrT}, — RsSp,)k + R}y s (3.16)
V-u}, =0, (3.17)

T}, + (up, - V)T}, = ATY, + R}, 1, (3.18)

ST, + (ug, - V)S7, = TASY, + R s, (3.19)
Uplz=01 =0, (3.20)

(Th, St)le=0 = (1,1), (T}, 57,)|=1 = (0,0), (3.21)

where the remainders R Rf‘n - and R}\n g are

Inu’
0o i
R?n,u — _ Z)\l()\[atufn,z + Zuln,] . vuIn,z—j} + fon,z
i—2 j=0

_ AuIn,i _ \/TTI]{? ~ uIn,i _ (RTTIn,i _ RSSIn,i)k) + )\3uln,1 . vuln,l7

R}\n,T _ Z A\ (atTIn,i + Zuln,j Sy Ini=i ATIn,i) A2yt gt

i=2 j=0

R;\n,s _ Z v (atsln,i n Zuln,j vgini—i _ TASIn,i> 12yl Ly gind,
i=2 §=0
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A A A :
Thus, Ry, . Ry, r and Ry, g satisty

(R s Bl s Bin s) | Loe (0,151 (D)) < CA%, (3.22)

for T, > 0 and s > 1.
Now, we set the coefficient of O(A°) in system (3.16)-(3.19) as zero and use
(3:20)-(3.21), (2.16). Then for (u'™0,p!™0 710 §Im0) "we have

Au'™0 4 \/Tak x u!™° + (RpT"° — RgS™O)k — Vp!™0 =, (3.23)
V-ul™0 =0, (3.24)

BTI™0 1 (uIn0 . yIn0 = ATINO, (3.25)

9,810 4 (u1™0 . )80 = r A0 (3.26)

uIn,O|z:0’1 —0, (3.27)

(Tln,o7 SI”’O)\Zzo =(1,1), (Tln,o7 Sln,(])|z=1 = (0,0), (3.28)

(1170, §10) (¢ = 0) = (T3, SY). (3.29)

Similarly, we consider the O(\!) terms. We set the coefficient of O(A!) in the
system (3.16)-(3.19) as zero and use (3.20)-(3.21), the initial conditions (3.11f)-
3.12)).

At first, (uf™1, pfnt Tind gIn1y gatisfy

Auln,l + \/ﬂk % uln,l + (RTTIn,l _ RSSIn’l)k

3.30
_ Vpln,l _ 8tuln,0 _ (uln,O . V)uln,o _ O, ( )
V-ul™t =0, (3.31)
atTIn,l 4 uIn,O . VTIn’l + uln,l . VTIn’O — ATIn’l (332)
atSIn,l + uln,O . vs[n,l + uln,l 3 VSIn,O — TASIn’l, (333)
'™, —o1 =0, (3.34)
(Tt 81201 = (0,0), (3.35)
Tt =0)=T5 — T (n=0), S™(t=0)=5-5"1(n=0). (3.36)
We have the compatibility condition
(T3 = T"(n = 0), 83 = $" (1 = 0))|,_, , = (0,0). (3.37)

The rotating system — has stationary Stokes equations by a buoyancy
force proportional to the temperature and the solute concentration coupled with
heat advection-diffusion equations of the temperature and the solute concentration.
The system — can be considered as one linear system of Stokes equations
coupled with a linearized heat advection-diffusion equations. So, the existence of
the smooth solutions is the same to those of the incompressible Stokes equations.
Since the proof is basic, we omit the details.

Proposition 3.1. Assume that T3, Ta, S3, S§, TT™(t = 0), SI™'(t = 0) €

C>(D) satisfy the suitable compatibility conditions like (2.7)-(2.9), (3.37) etc.
3.23)

There is a unique and global C*°(D x [0,400)) smooth solution of system ( -

(3-29) and (3.30)~(3.36), respectively.
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3.2. Initial layer expansion. We now derive the systems satisfying the initial
layer functions.

Near t = 0, inserting into system 7, one obtains
Ao + (u) - VIud] + Vp) — Au) — VTak x u) — (RpT) — RsSMk
= MOs(ug,, +up) + ((ug, +up) - V)(ug, +up)] + V03, + P7)
— A(u, +up) = VTak x (u}, +up) — (Re (T}, + T7) — Rs(S3, + S7))k
= R}\n,u + Ao + (u}, - VIu} +uy - V(u}, +ul)] + Vpy — Auy
—VTak x u} — (RyT} — RsSY)k,
(3.38)
1
Veuy =V (up, +u)) =V-uy => XNV-ult (3.39)
=0
T} + (up - V)T — AT
= (TR, +TM) + ((u}, +up) - V)T, +TP) — AT, +T7) (3.40)
= Rynr + 0T} +uy, - VI + (u) - V)(T], + T}) — ATY,
OpSH + (u) - V)S) — TASH
= 01(Sp, + SP) + ((u, +up) - V)(Sp, + S7) — TA(ST, +57) (3.41)
= Rj,s + 057 +up, - VS + (uf - V)(S, + S7) — TAS}.

We consider
ujnﬁi(ly Y, =z, t) = uln7i(‘/1’l7 Y, z, )\77) = uln7i(‘r7 Y, z, 0) + )\atulnj(t = 0)77 + Tty
Tln’i(xa Y, z, t) = Tln’i(xa Y, z, /\77) = Tln’i(‘rv Y, z, 0) + AatTIn’i(t = 0)77 4 ’
Sln,i(xvyv th) = Sln,i(m’ Y, z, )‘77) = an,i(x’ Y, z, 0) + Aatslnﬂl(t = 0)77 +oee

Next we compare the coefficients of O(\?), i > 0 in the resulting system and
derive the systems satisfying the initial layer functions.

Taking the coefficient of O(A™1!) in (3.40)—(3.41) as zero, it follows that 9,770 =

0, 9,57% = 0, By this and (3.2), we obtain
T (2,y,2,7) =0, (3.42)
SE0(z y, 2, 7) =0, (3.43)

which indicates that the temperature and the solute concentration have no zero
order initial layer.

Setting the coefficients of O(A\?) in (3.38)—(3.41) as zero and using (3.42))-(3.43)),

we have

&,ul’o + Vplf — Aul0 — VTak x u'? = 0, (
V-ul? =0, (3.45

O, TH +u"0 - v(T0(t = 0)) = 0, (

OySTt + w0 V(S0 =0)) =0 (
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and using the boundary conditions (3.4)), (3.27), and the initial condition (3.10)),

one obtains
w0201 =0, (3.48)
ul0(n = 0) = ud — u!™0(t = 0). (3.49)
Then (u!0, pl0 T1.0 S1.0) satisfy the system (3.42)-(3.45)), (3.48), and as
700z, y,2,7) =0,
STz y, 2, 7) =0,
Ayul? 4+ Vp!0 — Aull — VTak x u!? =0,
V-ul? =0,

u|,—01 =0,
u"(n =0) =u) —u'™"(t =0).
Now, we investigate the initial and boundary conditions of 71!, Sl Using

(3.46))-(3.47) and the decay condition (3.2]), we obtain
T / 0 (TIO(¢ = 0))](s)ds, (3.50)
7

TS — _ /OO[ULO . V(Sln’o(t =0))](s)ds. (3.51)

Then, we restrict (3.50)-(3.51) to n = 0, and replace the right term of result by
71717 gl’l. Namely,

=I,1

THm=0=T", (3.52)
s =0)=5"" (3.53)

By restricting — to z = 0,1 and using , one obtains
T 201 =0, 3.54
St coq = 3.55)

Moreover, from — it follows that

ThN 7 =0)=T5 —T"'(t =0), (3.56)
TN 1 =0)= 85 — St =0). (3.57)

Setting the coefficients of O(A) in (3.38), as zero, we have
anul’l +Vplt — Ault —VTak x vt — (RrT! — RgST YK (3.58)

_ —(UI’O . v)uln,O(t _ 0) o (uln,O(t _ 0) . V)UI’O o (uI,O A V)UI’O,
V-ullt =0. (3.59)

From the boundary conditions and the initial condition from (3.5, (3.34), and
(3.10), we deduce that

I1 _
ut =0, (3.60)

ult(n = 0) = up —u!™(t =0). (3.61)
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Hence, we obtain the system
Oy THY + !0 (70 (t = 0)) =0,
By St 40V (S0t = 0)) =0,
Opgu" '+ Vp't — Ault — VTak x u' — (RpT"' — RgS™)k
— (0 V)0t = 0) — (™0t = 0) - V)ul® — (il V)ul O
V-ult =0,
“I’1|z:0,1 =0,
ull(n =0) = up —u!™(t =0).
In view of [28], we obtain the following result, whose proof is easy.
Proposition 3.2. Assume that 1) hold, u, u$, T¢, Tg, S3, St € C*(D)

satisfy the compatibility conditions (2.5))-(2.9). There exist a unique and smooth
solution (u'"?, pI0) to the system (3.42))-(3.45)), (3.48)) and |-| and a unique and

smooth solution (ult, pl't, TH1 ST1) to the system [3.46)-(3.47) and - -
satisfying the exponential decay to zero as n — oo, in the sense that

(! ul 71 ST ()| s (py < Ce™,

for some constant B > 0 and any s > 1.

3.3. Approximate solution. Simple computations yield
Ao + (u) - V)ud] + Vp) — Au) — VTak x u) — (RrT) — RgSM)k
=R}, + (0yu* + Vp" 0 — Au!0 — VTak x u"?)
+ A\[@yult + Vpht — Ault — VTak x ult — (RyTH — ReSTHE  (3.62)
+ (w0 V)0t = 0) + (w0t = 0) - V)ul O + (u!0 - V)u! )
+ R7 s
TN + (up - V)T — AT
=Ry, + X 10,T"0 + (9,T" + "0 - v(T'™°(t = 0)) (3.63)
+ (@™ 4 ol 0y . vTIO 4 R},:m
0S5y + (uy - V)Sy — TAS)
=R}, g+ A 10,80+ (9,8" +u0 . v(STO(t = 0)) (3.64)
4 (™0 g 10y vsTo 4 RIS7
where the remainders R}\’u, R;‘}T and R;" g, caused by the initial layer, are shown
by
R,
= X2 [n(u!® - V)0u™0(01t) + ndu™O(0st) - Vul O + (u!™0(t = 0) - V)ul!
+ (@™ W) a0 v (I ) V(Wm0 = 0) + of0)]
+ A3 [ndpu’ ™0 (05t) - Vul 't + n(ult - V)00 (041)

+ (uI"’1 . V)ul’1 +ult. V(uln’1 —|—u1’1)],0 <0; <1, 1=1,23,4,
(3.65)
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R;\,T _ /\[T](UI’O . V)@tTI”’O(t _ O) + uln,O(t _ O) . VTI’l
+ul 0 V(T (= 0) + T8 4ol VTt = 0)

+ (ufn,l 4 u[,l) . VTI,O _ ATI,l]

ol 90 10 In,0 1,1 In,0 (3'66)
+ A [577 (u™" - V)0 T (05t) +n(u”" - V)T ™7 (O6t)

+n(uh? - V)T (0+1)
+ 0o (0st) - VIO 4 (W™ )T 4 Ul v (T THY),
0<6; <1, i=56,7,8,
R} g = Aln(u"? - v)9,8™0(t = 0) + u'™0(t = 0) - VS
+ul 0 V(ST = 0) + 511 +ult - VSTt = 0)

+ (uIn,l +u[,1) . vs[,O *TASI’l}

1 (3.67)
+ N[5 (" V)0 ST (Bot) + (! - V)08 (6101)

+ 0l - V)98 (011t) + n0ul™0(015t) - VST
+ (uIn,l . V)Sl’l —|—’U,I’1 . v(Sln,l + 51,1)]’
0<6; <1, i=0910,11,12.

Hence, the previous computations show that (u),p),T7,S)) solves the initial-
boundary problem

Mo + (u) - V)ud] + Vp
= Au) +VTak x u) + (RyT) — RsS))k + R}, ., + R},
V-u) =0, (3.69)
0T, + (uy - V)T = AT + Ry, + Rip, (3.70)
0,8y + (up - V)Sy = TAS) + R}, g+ R} g, (3.71)
up|2=0,1 = 0, (3.72)
(T2, 52)|s=0 = (1,1), (3.73)
(T2, 52)|z=1 = (0,0), (3.74)
(up, T, S (= 0) = (u + Aug, T + ATy, Sg + ASp), (3.75)
where the remainders R}\n’u, R;‘H’T, R}\n’ g satisfy and R;‘,u, R}\’T, R;‘, g de-
fined by — respectively satisfy
IR} (ol () < CA(n+ e,
[(R s B )y < OGP+ + 1)e™,

for some constant 8 > 0 and for any ¢ € [0, 5] and any fixed S > 0. The estimate
[3.76) can be easily derived by the definitions of R?m R}\,T, R}\ g and Proposition
B2

(3.76)

4. MAIN RESULTS

Theorem 4.1. Assume that (2.1)-(2.3)) hold. And assume that ul, u$, TQ, T}, S§,
S§ € C=(D) satisfy the compatibility conditions [2.5)-(2.9). Then, as A — 0, for
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any 0 < T, < o0, we have

I(u? — T2, 5 = S|l (0.1.:22(0)) < ONY/2, (4.1)
and we obtain

I T8 — 8N ieom i oy < CNYZ, (42)
where Hl(D):Wl*Q(D), for some positive constants C independent of \.

Proof. We use the classical L?-energy method, and separate the proof into five
steps.

Step 1. We define the error functions as
o P = o TP=TA-T, SH-$ -8,

which satisfies
AOwud + (u) - V)ud + (up - V) (up +ud)] + Vp?

= Au) +VTak x u} + (RyT2 — RsS))k — R}, ., — R}, (4.3)
V-u) =0, (4.4)

T + (u) - V)T + (ul - V(T +T2) = AT — Rzn r— R, (4.5)
OS2 + (ug - V)S2 + (u - V)(S2 + 82) = TASY — R}, s — Ry s, (4.6)
(ue,TQ, SMz=0,1 = (0,0,0) (4.7)

(up, T2, S2)(t = 0) = (upp, Togs Sor) (@, Y, 2). (4.8)

A A A A A A : A A
where R7, ., BT, v, R7, 5. BT, R7 7 and R7 g are the remainders, ugp, T and
Sip are defined in Section 2.

Step 2. Taking the L2-inner product of (£.5)) with 77) and integrating over D, one
obtains

ST o)

= / AT T da dy dz — / (R} + R} )T da dy dz
D D ’ ' (4.9)

—/ (u - V) TQTjdxdydz—/ (u) - V) (T} + TNT da dy dz
D D
:ZI1+IQ+I3+I4.

Applying Green’s first formula to I; and taking into account (4.7)) yield

I, = %%T,\E'T)‘

where IT" represents the boundary surface.
Next, we estimate I by the estimates (3.22)), (3.76). We obtain

L] < &lITA 2oy + CEDIRYz + R xll(p)
< &2 py + CE)(CX* + CN (1 + 0+ 1)%e201),

2dxdydz = — VT“dxd dz, 4.10
ol Yy Y

(4.11)

where the constant C'(§1) > 0 is independent of A, and & is a small constant.
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According to (3.69)), (3.72), and (&.7),
T)\
13:—/ A V(( )>dxdydz
D 2

)2 )2
=—/ V-(uéﬁ)dxdydz—i—/ V~u2(Te) drdydz = 0.
D 2 D 2

The last integral term I can be established similarly as in estimating 3. We obtain

(4.12)

L= / (- V) T dar dy ds / (u} - V)T da dy d=
D D
:_/ (u) - V)T T2 de dy dz
. (4.13)
§|_/(ué\.v)T;‘Te’\ dz dy dz|
D

< CENVTN L pylluzlZapy + €T T2 (D)

where the constant C/( 52) > O is 1ndependent of A, and 52 is a small constant.

Putting estimates into (4.9)) yields
1d,, \
5 dt”T ||L2(D) + |VT¢ ||L2(D)
< CE)(CA + ON (P + 0+ 1)2e72) + (&1 + Q)TN 72y
+ C(§Q)||VT3\”%°°(D)HUQHQL?(D)'
Assuming that &; is small enough but independent of A, it follows that
d
£||T2||2L2(D) + ||VTe)\||2L2(D)
< AV oy O 2 ) (4.14)
4+ 20(61)(ON* + CX2(n? + 1+ 1)2e=25m),
Integrating (4.14) over [0,¢] for ¢t € [0, 7] and any fixed T} > 0, we have

t
IOy + [ 19Tyt
0 (4.15)

t
< TN = 0)[2ap) + C / a2 2yt + CA2,

Step 3. Similarly, taking the L2-inner product of (4.6) with S and integrating
over D yield

1d
=—[15211Z2(py :/ TASQSgdxdydz—/(R}nS+R§S)dezdydz
2dt D D ’ ’

—/ (up - V) Sg\Sg\dxdydzf/ (up - V) (Sp + S2)S2 dx dy d=.
D D

Similarly, we derive
||S)\||L2 +2T||VS)\||L2
s 2 VS |20 (py €)1 22 ) (4.16)
+20(&)(CA* + CN*(” + n + 1)%e207).
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Integrating (4.16)) over [0,¢] for ¢t € [0, 7] and any fixed T} > 0, we obtain

t
IS2OlZ 0y + 27 [ IV oy
0 (4.17)

t
<82 = Ol + C [ a2 Eaqoydt + O
Step 4. Similarly, testing (4.3) by u) and integrating over D, it follows that
/ (B + (uy - V)ud + (up - V) (ug + u2)] + Vpl)uy de dy d=
D
= / (Au) + VTak x u) (4.18)
D

+ (ReT) — RsS2)k — R}, ., — R}, )up da dy dz.

First, taking into account divergence formula, Proposition the approximate

solution’s property (3.69)), (4.4) and the boundary condition (3.72)), the left-hand
side terms of (4.18) can be expressed as

Ad
AN o A2
/D AOwusu, dedy dz = §7dt”u6 ||L2(D)7

/ Mud - V)upud da dy dz
D

A2 A2
:/ W-(ug(“e) )dxdydz—/ W.ugﬂdmydz:o,
D 2 D

2
/ Mud - V) (ud +ud)ud de dy dz

A2
/)\ ué‘dmdydz—i—/ )\V~(u2‘(u6) )dxdydz
D 2
(uz)?
—/ AV w2 e g dy dz
D 2

*/ (ui‘ V) 2 da dy dz

| / éué‘ dzx dydz

< >\HVU2HLOO(D)||UQHiz(D>7
/ Vppu) da dy dz

/ V- (ppud dxdydz—/ V- uldpd de dy dz = 0.
For the right-hand side terms of (| -7 we have

/ Avdud dx dy dz

/ Z (Opa + Oy + 0.2 )uipu, da dy dz
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L2 L Ll
/ / Z(@ uu wi o —/ (8$uf‘e)2dx) dydz
0
L1 3 I Lo
[ e - [ o) was
i=1

0

Lo L, 3
/ / Z 8 uze ielz= / (8 U; ) dZ) d.’IZ‘dy
i=1 0

= —/ (Vud)? dx dy dz,
D

where we use u) = (uf,, u3,, u3,).

/ VTak x u dm dydz

= [ VAo O he )y iz =,
/D(RTTE’\ — RgSMku dz dy dz
< |/ (RrT> — RsS)ku? dx dy dz|

< &llug | 72(py + CE)BRIT L (py + BEIS2IE2(p))s

- / (Rln,u + RI,u)ue dx dy dz
D

< |/D(R}\nu + R}\u)ué‘ dx dy dz|

< &lludll72(py + CE6) 1R + B2 Wl 720y
< &olludllF2(p) + C &) (CA* + A (n + 1)%e~201),
where the constants C(&;) > 0, (i = 5,6) are independent on A, and &; > 0, (¢

are small constants.
Substituting the above derivation equations into (4.18)) yields

Ad
2 dt
< NIVugllze oy e 1122 o) + (&5 + &6)l[ue 72 )

HU‘)\HLZ(D) + ||Vu/\||L2

15

=5,6)

+ O (&) (RTIT 2 p) + BENS2 T2 (p)) + C(€6)(CAT + CAY(n + 1)%e 7).

By restricting A to be small enough satisfying A||Vu}||p~py < CA < 1/4 and
taking &5, &6 to be small enough (&5 + & = 1/4) but independent of A, one obtains

d
Aﬁlltélliz(p) + IVudlZ2py < 20(&) (REITAM L2 (o) + RENS272(0)
4 20(&6)(ON* + CX4(n + 1)%e20m),
that is,
||U/\||L2(D) + ||U/\||L2(D) < 20(55)(RTHT)\||L2(D) JFR ”S)\HL?(D))
+2C(&)(CA* + CA (4 1)%e=2Pm),

(4.19)
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ie.,

d,
&(e* ||Ué\||%2(p)) < [QC(%)(R%HTQH%%D) + R%||52||2L2(D))

(4.20)
+20(&) (CA* + CXY(n + 1)2e 2P| A~ Tex.
Integrating (4.20) over [0,¢] for ¢ € [0,7%] and any fixed T, > 0, we have
lug (D122 (py < 4 (t = 0)1Z2(p) +2C (&) (RENTX O (0,012 (4.21)

R3S ()17 (0,:22(py)) + 2C(€6) O™

Step 5. Combining (4.15)), (4.17) and (4.21), and restricting & to be small enough
independent of \ yields

[ud (Dl|72(py < Cll(u2, T2, S2)(E = 0)Z2(py + Cllud (D17 2(0,1:02(py) + CA*-
Using Gronwall’s lemma and (2.4 yields

lug )22 (04,22 (py) < CA%, (4.22)
HUA(t)HQLw (0.1.:12(p)) < CA%. (4.23)
Inserting (4 into ) and - 4.17)) yields
T2 0oy + [ VTt < O, (424
IS O +27 [ 1982yt < OX° (1.25
From the two inequalities above, we have
IT2 17 0,722 (py) < CN?, (4.26)
HS/\(t)“LOO(O,T*;L%D)) <CN, (4.27)
T2 O 20,7.501 () < CA?, (4.28)
||S/\(t)||L2(O,T*;H1(D)) < CON. (4.29)
Simple computations yield
¢
Alug (0 72(py + ; IV (|32 dt
< At = O)Bap) + 20N BIT O Baopazoy
+ RE[1S2(¢ )||L2(o,t;L2(D))) +OX%
Inserting — into yields
¢
Aoy + [ IVt < OX
Hence,
a2 (D117 207,501 (py) < CA®. (4.31)

Estimates (£.23), (4.26)-(4.29) and ([{-31)) lead to (£.1)-(4.2) in Theorem[£.1] O
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