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ON NONNEGATIVE ENTIRE SOLUTIONS OF SECOND-ORDER
SEMILINEAR ELLIPTIC SYSTEMS

TOMOMITSU TERAMOTO

ABSTRACT. We consider the second-order semilinear elliptic system

Au; = Pz(:r)ufil inRY, i=1,2,...,m
with nonnegative continuous functions P;. We establish nonexistence criteria
of nonnegative nontrivial entire solutions for this system. We also proved a
Liouville type theorem for nonnegative entire solutions.

1. INTRODUCTION

This paper concerns the second-order semilinear elliptic system
Auy = Py (z)ud?,
Aug = Py(z)ug?,

(1.1)

A, —
Aty = Pr(2)upy,  Umg1 = U,

where z € RV, N > 1, m > 2, and a; >0, i =1,2,...,m are constants satisfying
a1ag - @y > 1, and the functions P;(z) are nonnegative continuous functions on
RY.

We are concerned with the problem of existence and nonexistence of nonnegative
nontrivial entire solutions of (1.1). By an entire solution of (1.1) we mean a vector
function (u1,ua, ..., um) € (C2(RY))™ which satisfies (1.1) at every point of RY.

The problem of existence and nonexistence of nonnegative entire solutions for
the scalar equation

Au = f(z,u), xcRY

has been investigated by many authors, and numerous results have been obtained
(see e.g. [2, 5, 7, 9] and references therein). In particular, when f has the form
f(z,u) = P(z)u® with « > 0 and nonnegative function P, critical decay rate of P
to admit nonnegative entire solutions has been characterized. On the other hand,
very little is known about this problem for elliptic system (1.1) except for the case
m = 2. For m = 2 we refer to [3, 5, 6, 8, 12, 13, 14].
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In [3, 12, 14], the system (1.1) with m = 2 has been considered under the
conditions a; > 1, ¢ = 1,2, and nonexistence criteria of nonnegative nontrivial
entire solutions have been obtained. The result is described roughly as follows:
Theorem 1.1. Let N >3, m =2 and a; > 1,i = 1,2. Suppose that P;, i = 1,2,
satisfy

Ci
Pi(z) > P || > 79 >0, i=1,2, (1.2)
.’E 7
where C; > 0 and X\;, i = 1,2, are constants. If (A1, A2) satisfies
)\1—2+041(>\2—2)§0 or )\2—2+a2()\1—2)§0, (13)

then the system (1.1) does not possess any nonnegative nontrivial entire solutions.

However, if a1 or as is less than 1, Theorem 1.1 cannot derive any information
about the nonnegative nontrivial entire solutions. Recently, Teramoto and Usami
[13] have proved a Liouville type theorem for nonnegative entire solutions of (1.1)
with m = 2 under the condition ajag > 1. The result is described as follows:

Theorem 1.2. Let N > 3,m = 2,100 > 1,0 < a3 < 1. Suppose that P;, i = 1,2,
satisfy (1.2) for some constants \;, 1 = 1,2. If (A1, \2) satisfies
A1 —2+O¢1()\2 —2) <0,
then the system (1.1) does not possess nonnegative nontrivial entire solutions sat-
isfying
ui(x) = O(explz|’) as |z| = o0 for some p > 0.

The aim of this paper is to extend Theorems 1.1 and 1.2 to the system (1.1) with
m > 3.

Let us introduce some notation used throughout this paper. For any sequence
{s1,52,...,8m}, we assume that s,,; = s;, j = 1,2,...; that is, the suffixes should
be taken in the sense of Z/mZ. Denote

A=o1az oy,
For real constants Ay, As,...,An, we put
Ai = )\1 —2 —+ ()‘H—l — 2)0[1 + ()\i+2 — 2)0[2'0(1‘4_1 + ...

+ (Nipm—1 — 2) 001042 . Qigm—2

m—1 j—1 (14)
=>\Z‘—2+Z{(}\Z‘+J‘—2)Hai+k}7 1=1,2,...,m,
j=1 k=0
and A
ﬁi:ﬁ, i=1,2,...,m. (1.5)
Since our assumptions imposed on P;, 1 < i < m, essentially take the forms
lliminf ||} Pi(z) >0 or limsup|z|* P;(z) < oo,

|z]—o00
all our results are formulated by means of the numbers X\;, A;, G;, 1 <i < m.

This paper is organized as follows. In Section 2, we give nonexistence criteria of
nonnegative nontrivial entire solutions of (1.1). In Section 3, to show the sharpness
of our nonexistence criteria we give existence theorems of positive entire solutions
for (1.1) under the assumption that P; have radial symmetry. In the final section
(Section 4), we prove a Liouville type theorem for nonnegative entire solutions.
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2. A PRIORI ESTIMATE AND NONEXISTENCE RESULTS

2.1. Growth estimate of nonnegative entire solutions. In this subsection,
we study the estimate for nonnegative entire solutions of (1.1) which will play an
important role to prove nonexistence theorems for nonnegative nontrivial entire
solutions.

For a nonnegative function v defined on RY, we denote its spherical mean over
the sphere || =7, > 0, (r) by

1
o(r) = ——— v(x)dS,
) G

wyrN-1

where dS denotes the volume element in the surface integral, wy is the surface area
of the unit sphere in RY. Moreover we introduce the function P(r),r > 0, by

’ —a/a’
. 1 —e
Py = | (@t e P@75dS) a1, 2.1)
min, -, P(z), a=1,

where 1/a 4+ 1/o/ = 1. We set P(r) = 0 if Jii=r P(z)~*'/*dS = co. We note that

P = P when P has radial symmetry. We have the following well-known result (see
[2, p.654], [9, p.508] and [10, p.70]).

Lemma 2.1. Let a; > 1,4 =1,2,...,m, and (uy,us,...,uy,) be a nonnegative
entire solution of (1.1). Then its spherical mean (Gy,qs, ..., Uny) Satisfies system
of ordinary differential inequalities

(N7 () > PN P () dga (r)®, >0,
EQ(O) =Y

2.2
i (22
where i =1,2,...,m.

Our main result is as follows.

Theorem 2.2. Let N >3, oa; > 1,i=1,2,...,m, and A > 1. Suppose that P;,
1=1,2,...,m, satisfy

lim inf |z P;(z) > 0, (2.3)
|| — o0
where A\j,i = 1,2,...,m, are constants. Let (uy,us,...,u,) be a nonnegative entire
solution of (1.1). Then u;, i =1,2,...,m, salisfy
ui(z) < CilzlP at oo,

where C; > 0 are constants and B; are defined by (1.5).

Assume that (2.3) holds. Then there are constants C; > 0, ¢ =1,2,...,m, and
Ry > 0 such that

|| > Ry, i=1,2,....m.
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Proof of Theorem 2.2. Let (uy,us, ..., uy,) be anonnegative entire solution of (1.1).
We may assume that (up,ue,...,u,) Z (0,0,...,0). Then, by Lemma 2.1, its
spherical mean (41, 4o, .. ., Uy, ) satisfies the system of ordinary differential inequal-
ities (2.2).

Integrating (2.2) over [0, 7], we have

(2

T
u;(r) > rl_N/ sNTLP ()t (s)¥ds, i=1,2,...,m.
0

Hence, we see that @(r) > 0 for » > 0. Integrating (2.2) twice over [R,7], R > 0
and ¢t =1,2,...,m, we have

1 r .
i(r) > ai(R) + —— [ s[1= (2)N=2]Py(s)iti ()™ ds. (2.5)
N-2/p r
Since (ug,us, ..., uy,) is nonnegative and nontrivial, there exists a point x, € RY

such that wu;, (z.) > 0 for some iy € {1,2,...,m}; that is, @;,(r«) > 0, e = |24].
We may assume that r, > Ry. Therefore, we see from (2.5) with R = r, that
a;(r)>0forr>r.,i=1,2,...,m.
First, we will show that

a;(r) = O(r?) asr—oo, i=1,2,...,m. (2.6)

Let us fix R > r, arbitrarily. Using (2.4) and the inequality
5. N— N -2
S[l—(;)N 2]23]\[7_2(7’—8) fOI‘RSTSSR,

in (2.5), we have

C; T _ o
u;(r) > u;(R) + aN 2 /R 57N (r — 8)Ti41(s) % ds

s

> C;R™N / (r — 8)u;iy1(s)“ds,
R

where R < r < 3R and C‘Z are some positive constants independent of r and R. We

put

fi(r;R) = C;R™™ /R (r—s)uiy1(s)*ds, R <r <3R. (2.7)

For simplicity of notation we write f;(r) = f;(r; R) if there is no ambiguity. Clearly,
fi(r), i=1,2,...,m, satisfy

and
fI'(r) = CiR Ntz (r)® > C;R™ i fiy1(r)®, R <r<3R. (2.8)
From (2.7) and the monotonicity of @;, we see that
C;
fi(r;R) > 7R*Aiai+1(R)ai (r—R)?, R<r<3R. (2.9)

Let us fix i € {1,2,...,m}. Multiplying (2.8) by f;,;(r) > 0 and integrating by
parts of the resulting inequality on [R,r], we have

fia(r)fi(r) > CR™ fi1(r)®*tt, R <r<3R,

K2
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where C' = C;/(oy + 1). For the rest of this article, C' denotes various positive
constants independent of » and R. Multiplying this inequality by f;,,(r) > 0 and
integrating by parts, we obtain

a2 fir) > CR™ fipa (r)* ™2, R<r<3R.
From (2.8), we see that

Fla (@ fily(r) > CR™N N iy (p) @D R < < 3R.

3

Again multiplying this relation by f;,,(r) > 0 and integrating by parts on [R,7]
twice, we have

f'l+1(7’)2ai71+2fi71(7”) > CR_)\iai—l_)\i—lfi+1(7n)(ai+2)ai—l+2’ R<r<3R.

K3

From (2.8), we see that for R <r < 3R,

flq(r)Pximreimet2aiz g1 (1)

> CR_)\iai—lai—Z_>\i—1(¥i—2—A7‘,—2 f,+1 (T)aiai—lai—2+2ai—1(¥i—2+20‘7',—2
- (3 M

By repeating this procedure, we obtain
Fra )8 Fl ey () = Flaa () [l (r) 2 OR™5 figa ()™, (2.10)

where

m—1m—1

K; :22 H Qi k,

j=1 k=j
—1 m—1
L; = Z {)\i—(j—l) H Oéifk} + Ait1,
Jj=1 k=j
m—1 m—1m—1
M; = H ai,k—FZZ H ai_p = A+ K;.
k=0 =1 k=j

Multiplying the inequality (2.10) by f;,;(r) > 0 and integrating on [R, ], we obtain

M;+1 L;

f{+1(7’)fi+1(7’)7’9*2 >CR %i+2, R<r<3R.

Since (M; +1)/(K; +2) > 1, we may set (M; +1)/(K; +2) =6; + 1,
0; = (A —1)/(K; + 2). Integrating this inequality on [2R, 3R] we get

L
fis1(2R) ™% > CR™ T

From (2.9) with 7 = 2R and this inequality, we have @;12(R) < CR"™, where

1 L;
;= -1 i1 — 2)0; ¢
Ti Oéi+1(5i { Kz +2 + (AH_I )6l}
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From the definitions of K;, L;, and d;, we see that

m—1 m—1m—1

1
Tizalﬂa(m{j:l{ i—j+1 Haz k}—Q; kl_[jaz K
m—1
+ (Nit1 —2) H Oéz;k}
k=0
1 m—2 m—1
- m{ {(Ai—j+1 - 2) H ai—k} + (Ai_m+2 - 2)ai_m+1
i+1 1 P
m—1
+ (Ait1 —2) O‘z—k}
k=0
1 m—2 m—1
- m{ {()\i—jJrl -2) H ai,k} + (Nig2 — 2)041'“}
i+1 =0 Pl
m—2
S DI NEEY | BN

<.

1
= ﬁ |:()‘i+1 — 2)0[1'041',1 . Oéi_(m_g) + ()\z — 2)@1',1&7;,2 e O, t2 + ...

+ (Nicmt3 — 2)Qi—mt2 + Aigo — 2]

m—1 j—1
1 Aiyo
11 [)\i+2 -2+ ;:1 {()‘i+2+j —2) ]];Ioaz'+2+k}} =11

Therefore, we obtain (2.6) by the definition of 3;.
Put B,(z) = {y € RN : |y — 2| < p}. Since u;, i = 1,2,...,m, are subharmonic
functions in RV, we have

1
u(z) < —Fr+ u;(y)dy
Blaij2(@) /B, p@)
C
< |7N ui(y)dy
l‘ B3|21/2(0)\B|z| /2(0)
3|x|/2
L/ / u;(y)dSdr
2N Sizj2 Siyi=r
C /wl/2
— (r)dr
|N |z|/2
x|/2
_ C 3|zl/ N-18g,
2N Jgy)2
Blz|\ N+ x|\ N+8s
Sty gy
= Clz|% at oo,

where C' > 0 is a constant. Thus the proof is complete. ([l
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Remark 2.3. In [1], M-F. Bidaut-Veron and P. Grillot have obtained important
estimates of solutions on singularities for the case m = 2. In the case m = 2, by
using Kelvin transformation, the estimates which they obtained become the same
as those which we got in Theorem 2.2. Furthermore, it is important that these
estimates hold without assumptions oy > 1 and as > 1.

2.2. Radially symmetric system. In this subsection we study the nonexistence
of nonnegative nontrivial radial entire solutions of (1.1). Through this subsection
we always assume that P;, ¢ = 1,2,...,m, have radial symmetry.

Theorem 2.4. Let N > 3. Suppose that P;, i =1,2,...,m, satisfy

Pi(r) = TCT r> Ry >0, (2.11)
where C; > 0 and \; are constants. Moreover, A; defined by (1.4) satisfy
A, <0 for some i€ {1,2,...,m}. (2.12)
If (u1, ug, . .., um) is a nonnegative radial entire solution of (1.1), then

(u1,uz,...,um) =(0,0,...,0).

Theorem 2.5. Let N = 2. Suppose that P;, i =1,2,...,m, satisfy
Ci

Pi(r) > T (log 1 r> Ry >1, (2.13)
where C; > 0 and \;, i = 1,2,...,m, are constants. Moreover
A <A—-1 for someic{1,2,...,m}. (2.14)
If (u1,ug, ..., uy) is a nonnegative radial entire solution of (1.1), then

(u1,ug, ..., um) =(0,0,...,0).
Theorem 2.6. Let N = 1. Suppose that P;, i = 1,2,...,m, satisfy (2.11) with
some constants C; >0 and X\;, i =1,2,...,m. Moreover
AN <A—-1 for someie€{l,2,...,m}.
If (u1,ug, ..., uy) is a nonnegative radial entire solution of (1.1), then
(u1,ug, ..., um) =(0,0,...,0).
Proof of Theorem 2.4. Let (u1,us,...,u,) be a nonnegative nontrivial radial entire

solution of (1.1). Then (uy,us,...,u,) satisfies the system of ordinary differential
equations
N-1,/ / N-1 o
r u;(r)) =r Pi(r)ujr1(r)*, r >0,
( ) , (ruia () i=1,2,...,m. (2.15)

Integrating (2.15) over [0, 7], we have

T
ui(r) = rl_N/ sNTUP(s)uiq (s)*ds, i=1,2,...,m.
0

(2

Hence, we see that u;, ¢ = 1,2,...,m, are nondecreasing on r > 0. Integrating
(2.15) twice over [R,r], for R >0 and ¢ = 1,2,...,m, we have
1 T
u;(r) > u;(R) + 7/ s[l — (E)N_2]Pi(s)ui+1(s)“ids, (2.16)
N -2 R T
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Since u;, i = 1,2,...,m, are nonnegative, nontrivial and nondecreasing functions,
there exists an 7, > 0 such that wu;,(r.) > 0 for some iy € {1,2,...,m}. We
may assume that r, > Ry. We see from (2.16) with R = r, that w;(r) > 0 for
r>re, t=1,2,...,m.

Using similar arguments as in the proof of Theorem 2.2, we obtain

ui(r) <GP at oo, i=1,2,...,m, (2.17)

where C; > 0 are constants and §; are defined by (1.5). Note that our assumption
(2.12) shows 3; < 0 for some ¢ € {1,2,...,m}.

If there exists an iy € {1,2,...,m} such that A;, < 0, then we see that §;, <0
n (2.17). This shows that u;, tends to 0 as 7 — co. On the other hand, from (2.16)
with R = r, we see that

Uip (1) > Wiy (1) >0, 7 >r,+ 1
This is a contradiction. It remains only to discuss the case that A; > 0, i =
1,2,...,m. From the assumption of A;, there exists an ig € {1,2,...,m} such that
A;, = 0. Without loss of generality we may assume that ip = m, that is,

A;>0, i=1,2,...,.m—1 and A,,=0.

From the definition of j3; it follows that 8; > 0 and G, = 0.
We first observe that

A1 <2 (2.18)
and
m—i—1 j—1
3 {(/\i+jf2)Hai+k}+2, i=1,2,....m—2. (2.19)
j=1 k=0

In fact, from the definition of A;, we obtain

m—1
)\i Z - Z { i+7 H az+k}
=1
]m—i—l m—1 Jj—1 m—i—1
= ( + Z ){ i+y 2) H Oéi+k} — (>\7n - 2) H Atk +2
j=1 =m—it+1 k=0 k=0
=-5 -5 — Sg + 2

From the assumption on A,,, we have

m—1

{Omss—2) H b}
k=1

Jj=1
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Substituting this relation to S3 we have

m—1 7j—1 m—i—1
Sz = — {(/\,,H.j —2) H avn+k} H Qitk
j=1 k=0 k=0
m—1 Jjt+m—i—1
= - {()\erj -2) ] O‘i+k}
j=1 k=0
m—1 2m—i—1 j-1
(8 S Mo To]
j=m—i+1 Jj=m k=0
m—i—1 Jj+m—1
= 752 — Z {(>\1'+m+j - 2) H O[H‘k}
=0 k=0

Thus we obtain A\; > S1(A — 1) + (\; — 2)A + 2, namely
0>(A-1)(\—2+5)

m—i—1

—(A-Di-2+ 3 { Qi - 2)ﬁai+kH.
Jj=1 k=0

Since A > 1, we see that (2.19) holds. Similarly we can get (2.18). From the above
computation we see that

m—i—1 j—1
A < — Z {()‘i+j_2)Hai+k}+2 ifA; >0
j=1 k=0
and
m—i—1 j—1
)\Z_:, Z {()\Z+372)H0£2+k}+2 lfAl:()
j=1 k=0

For the rest of this article C' denotes various positive constants. Integrating (2.15)
twice over [ry, |, from (2.11), we have

wl) 2 () + 5 [ 5= CP PG ue(9 ds,

N-2/,. r
Oz' 1 r/2
> ur) + 51V [ sPualds @20

r/2
> C/ sl_/\"'uiﬂ(s)‘”ds,
Tx

where r > 2r,, 1 = 1,2,...,m. We first consider the case that A,,_; = 0. From
(2.18) we see that Ap,—1 = 2. From (2.20) with ¢ = m — 1, we have

r/2
Um—1(1) > Cigy (1)1 / s7tds > Clogr, r>1r > 2r,.

On the other hand, we can see that §,,—1 = 0 in (2.17); that is, u,,—1 is bounded
near infinity. This is a contradiction.
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Next we consider the case that A,,_o = 0. Then we see from (2.18) and (2.19)
with ¢ = m — 2 that

Am—1 <2 and  Ap—o = —(Am—1 — 2)am—2 + 2.
From (2.20) with ¢ = m — 1 we have

r/2
Um—1(1) > Ctyy (1) ¥ 1 / sl Am—14g > C’r2_)"”*1, > > 27,
T

*

From this estimate and (2.20) with ¢ = m — 2 we obtain

r/2
um_2(7a) > C/ 81_)\m,—2+(2_>\'m,—1)a7n,—2d8
T1

r/2
= C/ s tds
r1

>Clogr, r>ry>2r.

On the other hand, we can see that 3,2 = 0 in (2.17); that is, w;,—2 is bounded
near infinity. This is a contradiction.

Similarly, suppose that there exists an ig € {1,2,...,m} such that A;, =0 and
A;>0,i=49+1,...,m— 1. Then we see from (2.18) and (2.20) with i =m — 1
that

Um—1(r) > CriAm=1  p>p >2r,.

From this estimate, (2.19) with ¢ = m — 2, (2.20) with ¢ = m — 2, we have
U —2(T) > C/T gl Am—ztam-2(2=Am-1) Jg
> Cr;:’\m*”a"’*?@_)‘m*1), r>re > 2r7.
By repeating the above procedure, we get a sequence {r; }”:721"’71 such that
ui(r) >Cr™, r>r; >2rj_q, i=m—2m-—3,...,9+1,
where

T =2—= XN+ Tt

m—1—1

j—1
:27)\14* Z {(27)\i+j)HC¥i+k}>0.
j=1 k=0

From (2.19) with ¢ = ig and (2.20) with ¢ = iy, we have

r/2
iy (r) > C sl Mot @igTig+1 gg
Tm—ig—1
r/2 .
=C s ds
Tm—ig—1

> Clogr, T2 7rm_iy > 2rm—ig—1-

On the other hand, since A;;, = 0, we have 8;, = 0 in (2.17). This yields a
contradiction. Thus the proof of Theorem 2.4 is complete. (I
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Proof of Theorem 2.5. Suppose to the contrary that (1.1) has a nonnegative non-

trivial radial entire solution (u1,ug, ..., Uy ). Then (ui,ug, ..., uy,) satisfies (2.15).
Integrating (2.15) twice over [0, 7], we have
w; (r) = u;(0) —|—/ slog(i)Pi(s)uiH(s)o‘ids, i=1,2,...,m. (2.21)
0 S

Let r > e. Then from (2.21), we have
1
u; (1) = u;(0) +/ slog(g)Pi(s)uiH(s)o‘ids
0

+ eslog(f)a(s)ui L(8)%ds + Tslog(f)a(s)ui L(8)%ds
/1 5 ’ / 5 ’ (2.22)

1 T
> i (0) + w1 (0) / sPy(s)dslogr + / 1085 Pi(s)u 1(s) " ds
0

e

T
> C;logr —l—/ slog(f)Pi(s)uiH(s)‘”ds, r>e,
s
e

where ¢t =1,2,...,m and C; > 0 are constants.
Let w;(r) = v;(r)logr. Then from (2.22), we have

vi(r) > C; + / s (1 - logr) Pi(s)(log s)® vy 1(s)% ds. (2.23)

Let t =logs, n = logr, and v;(r) = v;(e") = 0;(n). Then (2.23) becomes
~ n t

;(n) zCi+/ t(1—-

1 n

where P;, i =1,2,...,m, are given by P;(t) = e** P;(e*)t*~!. From (2.13), we have

VP(t)0;(t)*dt, i=1,2,....m,

~ C; o C; )
Pi(t)Zeth i lzm, t>logRy, i=1,2,...,m.
From (2.14) and the definition of A;,
m—1 j—1
Ai—ap+1=A;+2— Z {()‘i+j_2)Hai+k}—ai+1
j=1 k=0
m—1 j—1
S 2 — {((AH—] — Qg + 1) — 2) H ai+k}
j=1 k=0
m—1 j—1
+A—a;— Z {(aiJrj —-1) H Oéz'+k}
j=1 k=0
m—1 j—1
=2-> {((Az‘ﬂ‘ i+ 1) -2) [] sz'+k},
j=1 k=0
namely, for some i € {1,2,...,m},
m—1 j-1
N—ai+1) =2+ ) {(()‘iJrj — Qi +1)—2) HO@M} <0.
j=1 k=0

Using similar arguments as in the proof of Theorem 2.4, we obtain a contradiction.
Thus the proof is complete. (I
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Proof of Theorem 2.6. Let (u1,us, ..., u,) be a nonnegative nontrivial radial entire
solution of (1.1). Then by integrating (1.1) over [0, r], we have

1 r
ui(r) = u;(0) + /0 (r—8)Pi(s)uit1(s)*ds + /1 (r —s)Pi(s)uit1(s)™ds

> u;(0) + w1 (0)Y / r (1 - ;) Pi(s)ds + /1r(r — 8)Pi(s)uiy1(s)Vds

0
> Cir + / (r = s)Pi(s)uit1(s)™ ds,
1

where i = 1,2,...,m, r > 2, and C~’, > 0 are constants.
Setting w;(r) = ru;(r) for r > 2 and i = 1,2,...,m, we obtain

vilr) > G + / 5 (1= 2) Bils)oisa (s)ds,
1 T
where Pj(s) = P;(s)s®~1. From (2.11), we have
Ci .
PZ(S)ZW, SZRQ, ’L:1,2,...,m.

Using the same computation as in the proof of Theorem 2.5, we can see that for
some i € {1,2,...,m},

m—1 j—1
<)\i — o5 + 1) -2+ Z {(()\l+] — Q5+ 1) —2) Hai+k} <0.
Jj=1 k=0

From the proof of Theorem 2.4, we get a contradiction. Thus the proof is complete.

O

2.3. System (1.1) without radial symmetry. In this subsection we consider
the nonexistence of nonnegative nontrivial entire solutions of (1.1) without radial

symmetry. Through this subsection we always assume that a; > 1,i=1,2,...,m,
and A > 1.
Theorem 2.7. Let N > 3. Suppose that P;, i =1,2,...,m, satisfy

llirln inf |z Pi(z) > 0, (2.24)
where \;, 1 =1,2,...,m, are constants. Also A; <0 for somei € {1,2,...,m}. If
(u1,us, ..., Uy) is nonnegative entire solution of (1.1), then

(ug,uz,...,un) = (0,0,...,0).
Theorem 2.8. Let N = 2. Suppose that P;, i =1,2,...,m, satisfy
1i1|ninf lz*(log |z) Pi(2) > 0, (2.25)

|z
where \; are constants. Moreover A; < A —1 for some i € {1,2,...,m}. If
(u1,ug,...,Un) is nonnegative entire solution of (1.1), then

(u1,ua,...,um) =(0,0,...,0).
Theorem 2.9. Let N = 1. Suppose that P;, satisfy (2.24) with some constants \;,
i=1,2,...,m. Moreover A; < A—1 for somei € {1,2,...,m}. If (u1,u2,...,Upm)
is nonnegative entire solution of (1.1), then

(ug,uz, ..., un) = (0,0,...,0).
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Suppose that (2.24) holds. Then there exist some constants C; > 0 and Ry > 0
such that

C; .
Pi(x) > FEE || > Ry, i=1,2,...,m.

So we can see that P; defined by (2.1) satisfy

Py(r) > Q7 7> Rop.

rAi
Similarly, suppose that (2.25) holds. Then P; satisfy

X C;
Pi(r) > ——+, > Ry > 1,
(r) r2(logr)*i h= o
where i = 1,2,...,m, and C; > 0 are some constants.

The proof of Theorem 2.7 follows from Lemma 2.1, Theorem 2.2 and the proof
of Theorem 2.4. Similarly, the proofs of Theorems 2.8 and 2.9 follow from Lemma
2.1 and the proofs of Theorems 2.5 and 2.6, respectively.

Remark 2.10. When m = 2, our nonexistence results (Theorems 2.7-2.9) reduce
to those obtained in [12]. However, the proofs presented here are simpler than in
[12].

3. EXISTENCE RESULTS

In this section we consider existence of positive radial entire solutions of the
semilinear elliptic system

Auy = Pi(|z|)uy’,
Auy = P(|z|)usz?,

(3.1)
Aty = Pr(|z)upi,  Umgr = ur.
Through this section, we assume that P;(r), r = |z|, i = 1,2,...,m, are nonnegative
continuous functions and «; > 0 are constants satisfying A > 1.
Theorem 3.1. Let N > 3. Suppose that P; satisfy
Ci
T
where 1 = 1,2,...,m, and C; > 0, A\; are constants. Moreover A; > 0, i =
1,2,...,m. Then (3.1) has infinitely many positive radial entire solutions.
Theorem 3.2. Let N = 2. Suppose that P; satisfy
Ci
P(r) < ——+, > Ry > 1, 3.3
() < r2(logr)*i r= 1l (3.3)
where 1 =1,2,...,m, and C; > 0 and \; are constants. Moreover
AN>A-1, i=1,2...,m. (3.4)

Then (3.1) has infinitely many positive radial entire solutions.

Theorem 3.3. Let N = 1. Suppose that P; satisfy (3.2) with some constants
C;>0and N\, i=1,2,...,m. Moreover A;, > A—1, i=1,2,...,m. Then (3.1)
has infinitely many positive entire solutions.

We give an example that shows the sharpness of our results.
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Example. Let us consider the elliptic system

1
Aup = ————ug?,
b e
1
Aug = ——————ug?
PVLERE
(L4 |z[)*2 (3.5)
1
Aty = ——————u™,
" T
where 2 € RY, N > 3, and o; > 0,i = 1,2,...,m, are constants satisfying
aiag -y, > 1. We can completely characterize the existence of positive ra-
dial entire solutions of this system in terms of a; and A\;, ¢ = 1,2,...,m. In fact,
we can see that the inequalities
C; 1 Ci

lz| >1, i=12....m

<
e T (L ) M

hold for some constants C; > 0 and C; > 0, i = 1,2,...,m. Then, from Theorem
2.4 and Theorem 3.1, a necessary and sufficient condition for (3.5) to have positive
radial entire solution is

A>0, i=1,2...,m.

Proof of Theorem 3.1. Without loss of generality, we assume that Ry = 1 in (3.2).
We first observe that (uq,uz,...,un) is a positive radial entire solution of (3.1) if
and only if the function (vq(r),va(r),...,v;m(r)) = (ur(x),us(x),. .., um(x)), r =

||, satisfies the system of second order ordinary differential equations
Tl—N(TN—lv;)/ = Pi(r)vi,, r>0, (3.6)
v;(0) =0, '

wherei =1,2,...,m, and’ = d/dr. Integrating (3.6) twice, we obtain the following
system of integral equations equivalent to (3.6):

1 T
vi(r) = a; + m/0 (1= N2 Puls)uisa (s)ds (3.7)
where r >0, i = 1,2,...,m, and a; = v;(0). Therefore, it suffices to solve (3.7).
Choose constants a; > 0,7 =1,2,...,m, so that
2ai41) [ i
%/ sP;(s)ds < 17
N-2 J, 2 58)
Ci(2ai+1)™ a;

(N=2)2 -\ +@ifiz1) — 27

where ;, 1 =1,2,...,m, are defined by (1.5). It is possible to choose such a;’s by
the assumption A > 1. We note that 2 — \; + «;3; 11 = (; by the definitions of A;
and ;. Define the functions F;, i =1,2,...,m, by

Fi(r) 2a; for0<r<1,
i T)=
2a;m%  for r > 1.
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We regard the space (C[0,00))™ as a Fréchet space equipped with the topology
of uniform convergence of functions on each compact subinterval of [0,00). Let
X C (C0,00))™ denotes the subset defined by

X ={(v1,v2,...,0m) € (C[0,00))™ : a; < wv;(r) < Fy(r), r >0, 1 <i<m}.
)

Clearly, X is a non-empty closed convex subset of (C[0, co
F: X — (C[0,00))™ by F(v1,v2,...,0m) = (01,02, ..,0n), where

- 1 " S o
Ui(r):ari-m/o s[l—(;)N 2]Pi(s)vi+1(s) ids, r>0.

To apply the Schauder-Tychonoff fixed point theorem, we show that F is a contin-
uous mapping from X into itself such that F(X) is relatively compact.

(I) 7 maps X into itself. Let (v1,va,...,vm) € X. Clearly, 0; > a;, 1 =1,2,...,m.
For 0 <r <1, we have

- 1 " o
0i(r) < a;+ m/o 5P;(s)viy1(s)*ds

2a;11)% (!
<ai+%/ sP;(s)ds
0

N -2
a; .
Sai+5<2ai, i=1,2,...,m.

For r > 1, from (3.2), we have

1 1 1 T
Ur) s ait g | shils)vina(s)ds + 7/ sP;(s)vip1(s)* ds
1

—2 ), N2
3a; (2ai+1)°”Ci /T 1=+, B
< i azﬁz+1d
<5 + N _2 ) s S

Sa; (2ai11)™C; 2-Aitaifin
- 2 (N — 2)(2 — )\i + aiﬁiJrl)
3ai | ai g, S
<2 BB < 9B i=1,2,...,m.
2 2
Therefore, F(X) C X.
(IT) F is continuous. Let {(v1,1,v2,,...,vm,1)}i2, be a sequence in X which con-
verges to (v1,v2,...,0,) € X uniformly on each compact subinterval of [0, c0).
Then
- - 1 " S\ N_ o o
[04(r) = i(r)] < 5 [ s[1 = )V 2] Pis)|visr(s)™ = viga(s)*|ds
N -2/, r

1 | -
S m/o Spi(s)‘vi-‘rl,l(s)al - Ui+1(3) g

ds, i=1,2,...,m.

Since the functions h;;(s) = sP;(s)|vit1,4(8)* — vig1(s)*], 1 € N, 1 < i < m,
satisfy h;i(s) < 2sP;(s)Fiy1(s)™, s >0, and {h;;i(s)}2,, i =1,2,...,m, converge
to 0 at every point s, the Lebesgue dominated convergence theorem implies that
{i1}724, 1 =1,2,...,m, converge to ¥; uniformly on each compact subinterval of
[0,00). These imply the continuity of F.

(IIT) F(X) is relatively compact. It suffices to show the local equicontinuity of
F(X), since F(X) is locally uniformly bounded by the fact that F(X) C X. Let
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(v1,v2,...,0,) € X and R > 0. Then we have

r R
vl (r) = f1\7714511'150“5 (s)Fyq(s)™ds.
Mﬂ—A() m)w()dééfﬂﬁﬂ()d

r

These imply the local boundedness of the set {(9],75,...,0,,); (v1,v2,...,0m) €
X}. Hence the relative compactness of F(X) is shown by the Ascoli-Arzela theorem.

Therefore, applying the Schauder-Tychonoff fixed point theorem, there exists
an element (vy,v9,...,v;,) € X such that (vi,va,...,v,) = F(v1,v2,...,0m),
that is, (v1,va,...,vy) satisfies the system of integral equations (3.7). The func-
tion (uy(z), uz(x), ..., um(z)) = (vi(|z|), ..., vm(|z])) then gives a solution of (3.6).
Since infinitely many (a1, as,...,an) satisfy (3.8), we can construct an infinitude
of positive radial entire solutions of (3.1). This completes the proof. O

Proof of Theorem 3.2. Without loss of generality, we may assume that Ry = e in
(3.3). As before, it suffices to solve the following system of integral equations:

Ui(r) :a’l—'_/ slog(f)Pi(S)Ui+1(s)aid87 7'20, i = 132a"'am7
0 S
where a; = v;(0). Choose constants a; > 0 so that

(2ai+1)aie/ Pi(s)ds < %,
0
(2ai41)*Ci  _ @i

1= X +aifiz1 ~ 2
where §;, i =1,2,...,m, are defined by (1.5). It is possible to choose such a;’s by
the assumption A > 1. We notice that 3; > 1 by the assumption (3.4). Define the

functions F;, ¢ = 1,2,...,m, by
Fir) = 2a; | for 0 <r <e,
2a;(logr)B  for r > e.
Consider the set
Y ={(v1,v9,...,0m) € (C[0,00))™ :a < v;(r) < Fi(r), r >0, 1 <i<m},

m

which is a closed convex subset of (C0,00)) Define the mapping F : ¥ —
(C[0,00))™ by F(v1,va,...,0m) = (01,Va,...,0m), where

0;(r) = a; + / slog(f)Pi(s)viH(s)a’ds, r>0, i=1,2,...,m.
0 S

We will verify that F is a continuous mapping from Y into itself such that F(Y) is
relatively compact.

We first show that F maps Y into itself. Let (v1,va,...,vy,) € Y. It is clear that
0; > a;,i=1,2,...,m. Let 0 <r < e. Then, using the inequality 0 < slog(r/s) <
r/e for 0 < s <r, we have

0i(r) < a; + f/ Pi(s)vi(s)%ds
€ Jo

< a;+ (2a;41)" / Pi(s)ds
0

.
Sai+§<2ai, i=1,2,...,m.
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Let » > e. Then we write

(r)=a; + / / / slog 5 (8)vig1(s)Yds = a; + Iy + I + Is.

The inequality 0 < slog(r/s) <logr for 0 < s < 1 implies that

1 1
L < / Pi(s)vir1(s)*dslogr < (2ai+1)°‘ie/ P;(s)dslogr. (3.9)
0 0

The integrals Iy and I3 are estimated as follows:

IQS/ $P;(s)vit1(s)*dslogr
! e
< (2ai+1)‘“/ sP;(s)dslogr (3.10)
1
< (2ai+1)m€/ P;(s)dslogr ;
1
Igg/ sPi(s)vit1(s)*dslogr

< (2ai+1)o‘iCZ-/ s 1(log s)~MiTeiPi+1dslogr

logr
(2ai+1)aici / t_>\i+ai6i+ldtlogr (3.11)
1

(za'i-i-l)aic’ (IOgT)Z—Ai+ai5i+1
T 1l1-N+ azﬂﬂrl

g(logr) 1
From (3.9) and (3.10), we have

I +1, < (2ai+1)aie/ Pi(s)dslogr < %(log )P (3.12)
0

Thus by (3.11) and (3.12) we obtain 9;(r) < 2a;(logr)?, i = 1,2,...,m. Therefore,
F(vi,ve,...,0m) €Y.

The continuity of F and the relative compactness of F(Y') can be verified in
a routine manner. Thus there exists an element (v, vs,...,v,) € Y such that
(v1,v2, ..., 0m) = F(v1,02,...,0y) by the Schauder-Tychonoff fixed point theorem.
It is clear that this (vi,vs,...,v,) gives rise to a positive radial entire solution

(ur (), ug(x), ..., um(x)) = (vi(|z]), va(l2]), - .., vm(|2])) of (3.1). 0

The proof of Theorem 3.3 is the same as that of Theorem 3.1. So we leave the
proof to the reader.

| /\

4. LIOUVILLE TYPE THEOREM

Consider the semilinear elliptic system
Auy = Py (z)ud?,

Aug = Py(z)ug?,

Qm —
Aum = Pm(x)um+17 Um+1 = U1,
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where z € RN, N > 3 and m > 2 are integers and o; > 0, i = 1,2,...,m, are
constants satisfying ayas - - - a,, > 1. Suppose that

Pi(z) > |f|ii, |o| > 20 >0, i=1,2,...,m,

hold for some constants C; > 0 and \; € R, satisfying A; < 0 for some i €
{1,2,...,m}. If, in addition, o; > 1,4 =1,2,...,m, then as studied in Sections 2.2
and 2.3 one can conclude from Theorems 2.4 and 2.7 that system (4.1) has no non-
negative nontrivial entire solutions. However, if at least one of a;, ¢ € {1,2,...,m},
is less than 1, then one cannot derive any information about the nonnegative non-
trivial entire solutions without radial symmetry. When ajas---«a,, > 1 and the
same hypothesis of Theorem 2.7 hold, does not (4.1) possess a nonnegative non-
trivial entire solutions? To give a partial answer this question we prove a Liouville
type theorem for nonnegative entire solutions of (4.1). Our result is as follows:

Theorem 4.1. Let N > 3. Suppose that

liminf |z|* P(z) >0, i=1,2,...,m, (4.2)
|| —o00
hold for some constants X\;,i = 1,2,...,m, and there exists an iy € {1,2,...,m}
such that Ay < 0. If (ur,ua,...,um) is a nonnegative entire solution of (4.1)
satisfying
u, () = O(exp |z|?) as |x| — 00 for some p > 0, (4.3)

then (up,ug, ..., umn) = (0,0,...,0).
The next lemma is needed in proving Theorem 4.1.

Lemma 4.2. Let (u1,us,...,un,) be a nonnegative entire solution of (4.1), and
b € (0,1) be a constant. Then its spherical mean (U1, Us,...,Um) satisfies the
ordinary differential inequalities

(1) > Cir Pry (1) tisq (br)™, 7> 0,
i) 2 ,() +1(br) i=1,2,....m, (4.4)
where C; = C’i(N, a;,b) >0,1=1,2,...,m, are constants and

P (r) = min P(z), r>0, i=12,...,m.
|z|<r

To prove this lemma, we present the following lemma; see [4, p.244] or [11, p.225].

Lemma 4.3. Let D be a domain in RY. Suppose that o > 0 is a constant, and
x9 € D and r > 0 satisfy Ba,(79) = {x € RY; |z — 20| < 2r} C D. Then, we can
find a constant C = C(N,o) > 0 satisfying
o C -
( max u) <= u’dr,
By (o) T JBa,(z0)

for any function u € C*(D) satisfying u > 0, Au >0 in D.

Proof of Lemma 4.2. Let (u1,us,...,u,) be a nonnegative entire solution of (4.1).
By taking the mean value of (4.1), we have
1
(rNral(r)) = — Pi(z)uip1(x)*dS, r>0, i=1,2,...,m. (4.5)

WN J|z|=r
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Since an integration of (4.5) shows that @;(r), ¢ = 1,2,...,m, are nondecreasing
on [0,00), we may assume that b > 1/2 in (4.4). Put b = 1 —a, a € (0,1/2).
Integrating (4.5) over [0,7], we have

T = — P7, i ald > 17/ i ald . 46
)= o /my (@i (@)™ de 2 TN < nife)tde. (46)
Let 7 > 0 be fixed. We take y;41 € RN, i =1,2,...,m, such that
Uj Yi = max Uj X ( = max U; x ),
+1(Yi+1) o +1(z) o +1(z)

and take z;,1 € RV, i = 1,2,...,m, such that z;,1 = My;;1, 0 < M < 1, and
|yit1 — zi41] = ar. Then we can see that
/ Uit1 (z)dx > / U1 (z)de, 1=1,2,...,m,
lz|<r |z—zit1]<2ar
and using Lemma 4.3, we obtain

(o7
/ wipr(x)de > C’irN( max Ui+1(1‘)>
|t—zi41|<2ar

|z—zi41|<ar

= Cir™ {1 (yiy1) ™

:C’irN< max ui+1(:1c)>

|z|=(1—a)r
> CiT‘N’UH_l((l — a)r)ai,

where i = 1,2,...,m and C; = C;(N, a;,a) > 0 are constants. ;jFrom this estimate
and (4.6) we obtain (4.4). Thus the proof is complete. O

Proof of Theorem 4.1. Assume that (4.2) holds. Then there exist positive constants
C;>0,i=1,2,...,m, and Ry > 0 such that

Ci
Pi(z) > P for |x| > Ry.
So that o
Pi(r) > TTl for r > Ry. (4.7
Without loss of generality we may assume that ig = 1. Suppose to the contrary
that (4.1) has a nonnegative nontrivial entire solution (u1,us,...,u,) satisfying
(4.3) with i9 = 1. Then, by Lemma 4.2, its spherical mean (@1, @a, . .., @y, ) satisfies
(4.4).

We choose the constant b < 1 in (4.4) such that 1 < b=2™ < AY?, where p is
the number appearing in (4.3). We first show that

lim @, (r) = oo, (4.8)
r—00
and
a1 (Ir) > Lay (r)*  near + oo (4.9)

where L > 0 is some constant and { = b=2™.
Integrating (4.4) on [0, r], we have

.
a;(r) > u;(0) + C’i/ P (8)uiy1(bs)¥ds, r>0, i=1,2,....m. (4.10)
0
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Since (u1,us,...,uy,) is nonnegative and nontrivial, for some point z, € RV we
have w;(x,) > 0 for some i € {1,2,...,m}; that is @;(ry) > 0, r. = |z.]. We may
assume that 7. > Ry. Therefore, we see from (4.10) that @;(r) > 0 for r > r,.

Let r > r,/b be large enough. Integrating (4.4) over [br,r], from (4.7) and the
monotonicity of u; we have
() = () 2 G [ sPa(s)iia (bs)"ds

br
r

Zéiai+1(b2’l“)m’/ Sl_AidS
b

T

1—b2> oy,
: Uiq1 (D%r)™ir? A

e

namely,
ai(r) > Or® N (W), i=1,2,...,m, (4.11)

where C' is some positive constant. Notice that (4.11) is still valid even though
i =2 (with C = Cjlogb™1).
From (4.11), by iteration, it follows that

T

ay(r) > Cr_Alﬂl(meT)A, r> Ham

where C' > 0 is some constant. From the assumption A; < 0, we obtain (4.9).
The inequality (4.4) with i =1 and (4.11) imply

) (r) > Cr™ Py, (r)a (02D A (4.12)

where

m—1 Jj—1
T=1+ Z {(2—)\1+j)Ha1+k} :>\1—1—A1.
j=1

k=0

Integrating (4.12) over [ry,7], b= D+lr > 1. we have
ay(r) > a1(ry) + C/ §T P (s)ay (b2~ DHg)Ads
T1

> ay(r) + Cﬂl(b2(m71)+1r1)‘4/ sTM s,

T1

From the assumption A; < 0, we can see that 7—\; > —1, which implies that (4.8)
holds. Let 7 be large so that

L0, (7) > e, (4.13)
and

a1 (Ir) > Lay(r)?, r>7, (4.14)
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where L > 0 is the constant appearing in (4.9). It is possible to choose such an 7
by (4.8) and (4.9). For k € N, from (4.14) we obtain

uy (I*7) > Ly (1F717)4

> L1+Aﬂ1 (lk72,’;)A2

Y]

k—1 _
> pIHAT AT g

"
1 Ak
a2 G
Hence we see from (4.13) that
iy (I°F) > L™ 77 exp A*. (4.15)

Let r > 7. Then we can find that there exists a unique positive integer k = k(r)
such that I*7 < r < I*+17. Thus k satisfies

logr —log 7

k> 1.

log!
It follows therefore from (4.15) that
(r) > @ (I*7) > L™ 7 exp AF
>L AT e><p{/1_1131g;;_1 ~A11(3§;} (4.16)
LA exp {Ai RS o } .

On the other hand, because ui(x) = O(exp |z|?) as |z| — oo, we obviously have
a1(r) = O(expr?) as r — oo.

Since log A/ logl = log A/logb=2™ > p from our choice of b, (4.16) gives a contra-
diction. The proof is complete. (I

Remark 4.4. (i) When m = 2, Theorem 4.1 reduces to [13, Theorem 1]. However,
the proof given here is simpler than in [13].

(ii) As described in Remark 2.3, in the case m = 2, the nonnegative entire solution
(u1,ug) of (4.1) satisfies

ui(z) < Clz|?* and us(z) < C|z]??*  at oo

without the assumptions «; > 1 and as > 1 under the condition (4.2). From this
fact and (4.8), we can see that if (A1, A2) satisfies A; < 0, then the system (4.1) does
not have nonnegative nontrivial entire solutions. Therefore, we find that Theorem
2.7 holds without the assumptions a; > 1 and as > 1. So we conjecture that the
conclusion of Theorem 2.7 holds without the assumptions «; > 1,7 =1,2,...,m.
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