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QUALITATIVE PROPERTIES OF SOLUTIONS TO SEMILINEAR
HEAT EQUATIONS WITH SINGULAR INITIAL DATA

JUNJIE LI

ABSTRACT. This article concerns the nonnegative solutions to the Cauchy
problem

ut — Au+ bz, H)uPlu =0 in RY x (0, 00),
u(z,0) = ug(x) in RV,

We investigate how the comparison principle, extinction in finite time, in-
stantaneous shrinking of support, and existence of solutions depend on the
behaviour of the coefficient b(z, t).

1. INTRODUCTION

In this paper we investigate the qualitative properties of the nonnegative solu-
tions to the Cauchy problem

Lu :=u; — Au+ b(z, t)|ulPfu =0 in RY x (0,00), (1.1)
u(z,0) = uo(x) in RY, (1.2)

where 0 < p < 1, b(z,t) > 0, and ug(x) satisfies the hypothesis
(Hl) UO(:E) € C(RN\{O})a 0< uO(Z) S f(ZL') = f0+ wa‘}co in RN (fO Z 07 fl > 07

ko > 0)

Note that for any positive number ¢, when ky is large, f(z) ¢ L{ (RY). So to give

loc
a proper definition of the solution to , is the first thing to be consider.
Moreover, due to the singularity of the initial value, solutions to , are in
general unbounded, and the singularity at £ = 0 cannot be “kill” for ¢ > 0 even
if b(z,t) possesses some kind of singularity at = 0; see for instance the following

example:

Example 1.1. Let b(xz,t) = (ko(ko + 2 — N))/(Ja|fo(=P)*+2) with kg +2 > N
and u(x,0) = 1/(|z|*). Then u(x,t) = |;p\1ko is a classical solution to (|L.1)) in
(RM\ {0}) x (0, 00).

Due to these facts, we give the definition of solution to ([1.1]), (1.2 as follows.
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Definition 1.2. By a solution to problem (1.1]), (1.2]) we mean a function u(z,t) €
C((RN \ {0}) x [0,00)) N CZL((RN \ {0}) x (0,00)) satisfying classically (1.1]) in
(RY\ {0}) x (0, 00)) with u(z,0) = ug(z) in (R™\ {0}).

One sees that this definition allows solutions of (|1.1]), (1.2]) take their potential

singular points only at © = 0. Does problem (1.1)), (1.2) have such a solution?
Although we do not know at the moment the precise and proper conditions im-
posed on b(z,t) under which problem 7 is global solvable in the sense of
Definition we give in Section 4 a positive answer when b(z, t) satisfies certain
conditions. One also believe that if b(x,t) is only nonnegative such phenomena
as comparison principle, extinction in finite time and instantaneous shrinking of
support for solutions cease to hold. Our aim in this paper is to give suitable condi-
tions on b(x,t) under which the above mentioned phenomena are valid, i.e., we are
mainly interested in the following: What conditions we add on b(x,t) so that
(a) Comparison principles for subsolutions and supersolutions of hold.
(b) The solution u(zx,t) of has the property of instantaneous shrinking of
the support (the support of u(z,t) is bounded for ¢ > 0 although the initial
value wug(x) is positive every where).
(¢) The solution of (1.1)) becomes extinct in finite time.
(d) Problem (L.I)), (1.2) has a global solution.

There are many results on (a)—(d) when initial value ug(2) does not possess singular
points; see [3] [5, [7, @, 1] for (a); [IL 6, [7, &, 10, I1] for (b) and (c); and [3} [7, [, 1]
for (d). The reader can find further references therein. However, when initial value
up(z) is subject to (H1), to our knowledge there are few developments in these
direction. As is known to all, the comparison principle is one of the cornerstones in
dealing with phenomena (b) and (c). We establish, in the next section, a comparison
principle when b(x,t) is under some conditions. We also state a negative result on
comparison principles. From this negative result one can see that the comparison
principle is not valid when the singularity of b(x,t) is not very “strong”. These
results and their proofs are of interest in themselves. The study of phenomena
(b) and (c) is the subject of Section 3. Section 4 is devoted to global existence
problems.

2. COMPARISON PRINCIPLE

In the sequel we use €g, Rg and b; (i = 0,1) to denote different positive constants,
their values may change from one place to the next. The statement that a constant
depends only on the data means that this constant can be determined in terms of
N, p, fo, f1 and kg. We also use B,(xg) to denote the ball in RY of radius r and
centered at xg.

Definition 2.1. For My > fo, 0 < Ty < o0, Fpy, (To) is the set of all nonnegative
functions u(z,t) in C((RN \ {0}) x [0,Tp)) N CEL((RN \ {0}) x (0,Tp)) satistying

u(z,t) < Mo + |$f|1ko in R\ {0}) x [0, Tp). (2.1)
Theorem 2.2 (Comparison Principle). Assume 0 < p < 1, and let u*(z,t) €

Far, (To) satisfy
£Lu® >0 in (RV\ {0}) x (0, Tp),

u(2,0) <ut(2,0) in RV {0}. (2.2)
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(a) If ko < N —2 and b(z,t) > 0 in (RN \ {0}) x [0,Tp), then
u” (2, 1) <ul(z,t)  in (RY\ {0}) x [0,Tp);
(b) if kg > N —2, and for k > ko, Ry > 0,

o i (BrO\OD x0T,y

0 in (RY'\ Bg, (0)) x [0,Tp),
then u™(z,t) < ut(z,t) in (RN \ {0}) x [0, Tp).

Proof. Suppose the contrary, then there exists a point (z°,t%) € (R™V\{0}) x (0, Tp)
such that

b(x,t) >

u” (2°,%) — uT(2°,¢%) = 2a > 0. (2.4)
Let 6 € (0,1) and A\g > 1 be fixed, and set
|x|ko+90 L
————u(z,t), #0, te|0,Tp),
vt = Qe o e
0, x =0, te0,Tp),

w(x,t) = e)“)(to_t)(v_ (z,t) —vT(2,1), E={(z,t) € RN x (0,t];w(z,t) > 0}.
From the hypotheses, one easily see that v*(z,t) € C(RY x [0,7p)) N CZL (RN \
{0}) X (OaTO)) and

lim v®(z,t) =0 uniformly in ¢ € [0,). (2.5)

|z|—o0

A straightforward calculation yields

(vE — AvE + 2b;(z)vE) i *
+ v+ 2 vy ) == —
T et
4 {c(x)vi n (]fo + 90)(k0|;|-290 +2— N)Ui
z|Fo+bo 1—
|x|k°+0‘J 1-p + +
> i{_( k0+2«90 ) b(l’,t)(’l) )p + c(m)v
(1+]z[?)
(ko + 60)(ko + 00 +2 — N)vi}

|z[?

in (RN \ {0}) x (0,Tp), where

bl(l‘) _ (ko + 90)331' (k‘o + 200)$i

P 1+ RP
(ko +200)(N — 2ko — 200) (ko + 200)(2 — ko — 26p)| x|
elo) = 2 - 2)2 .
L+ el (1+ [f?)
Therefore,
- 2.6
< —Aow — Ph(a thw + N (ko + 200)w + (ko +00)(ko + 6o +2-N) = (26)

|z[?
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in E, where we have used the elementary inequality:
o> Pla=b
S
Case i) kg > N — 2. In view of (2.3), (2.6) and u™ € Fpy,(Tp), we first fix 0y and
R € (0, Ry) small enough such that

plat) ko(k+2— N)fl™? o (ko +00)(ko + 60 +2 — N)

fora>b>0.

2.7
(W@ ) = (Mo + ) lafbe 0+ 2P @1)
n (Bg(0)\ {0}) x (0,£°], and then take )\ satisfying
ko +6¢)(ko + 06 2—N
Do > ot Bo)(ko + b + )+(k0+200)(N+3k0+400+2), (2.8)

R2
to obtain w; — Aw + 2b;(x)w,, < 0in E.

Case ii) kg < N — 2. This time we choose \g as in (2.8)) and 6y small enough such
that kg + 6p +2 — N < 0. Then from (2.6 we get

— Aw +2b;(z)wy, <0 in E.
Thus, we have for small 6y and large Ao,
— Aw + 2b;(x)w <0 in E. (2.9)
For any ¢t € (0,¢°], if , w(z,t) attains its positive maximum at z(¢) ((2.5) implies
that w(x,t) cannot attain its positive maximum at infinity), then by (2.9) we deduce
we(z(t),t) < 0. (2.10)
We introduce now the function

W(t) = sup w(z,t).

zEeRN
From w(z,0) < 0 and (2.4),
W(t%) > 2a, W(0) <0. (2.11)
Set
t* = inf{t € [0,t°}; W(r) > a,7 € (¢,1°]}. (2.12)
By and the continuity of W (t) on {t € [0,t°]; W (t) > %}, we have
0<t* <t and W(t*) = a. (2.13)

From the proof of [4, Theorem 4.5], one can easily see that W (t) is Lipschitz
continuous on [t*, Y] and

W' (t) < wy(z(t),t) a.e. in [t*,1°], (2.14)
Where z(t) is a point € RV \ {0} satisfying w(x(t),t) = W(t). Therefore, from

and (2.14),
W'(t) <0 a.e. in [t*,t%],

which implies a = W (¢*) > W (t°) > 2a, a contradiction. O

For the case kg > N — 2 we do not know at the moment in a certain sense a
precise or a sharp condition on b(x, t) under which the comparison principle remains
valid. However, we have the following negative result.
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Theorem 2.3. Assume kg > N —2, N > 4 and 0 < p < 1. Suppose that for
positive constants €gy, by, b1, and Ry,

1

bo(1 + |$‘N_2)1—P < bz, t) < by(1+ W)l—f’ (2.15)
in (Br,(0)\ {0}) x [0,Tp), and
b(z,t) > e in (RY\ Bg,(0)) x [0, Tp). (2.16)

Then there exist u™ € Fyy, (Ty) satisfying [2.2) and a point (2°,t°) € (RV \ {0}) x
(0,Tp) such that
u™ (2°,1%) > uT(2°,1°), (2.17)
where Mo = fo if fo > 0; My > 0 if fo =0.
Proof. If not, then we have for any pair u® € Fyy, (Tp) satisfying (2.2)),
u”(z,t) <ul(2,t) in (RY\ {0}) x [0, Tp). (2.18)
Let a, 3 and f € (0,1) be fixed, denote ay = max{a,0} and set

f w * £ 1 o
W(QQ —|zP)y, U*(x.t)=F(1+ W)(l -pt)5,  (2.19)
where w =2/(1 —p), o0 =1/(1 —p).

We may choose f small enough such that V*, U* are in Fyy, (c0). One can easily
verify

Vi(z) =

LV* = (a® — |z*)47(

f x w(w — 1’2 f
f )P|:b( 7t) 4 ( 1)| | ( f )lfp

2|V -2 Q2P Q2w [V -2
2w(N—4), f
- S () @ 1) (2:20)
o everr d p[bl@t) foiep
< (OZ |51?| )+ (‘xlN_Q) [ 2w a2(w—1) (|$|N_2) ]7
and
1 - 1

LU = (1-pt)7 [f(l + W)]p[b(%t) — Bo(f(1+ W))lfp]» (2.21)

where @ = 2w min{2w — 2, N — 4}. From (2.15)), (2.16), (2.20) and (2.21)), it easily
follows

LV* <0 in (RV\ {0}) x (0,00),
LU*>0 in (RY\ {0}) x (0, 00),

provided that o and 3 are small enough. Hence by V*(z) < U*(z,0) in RV \ {0}
and (2.18)),

V¥ (x) U (1) in (RY\{0}) x [0,7], (2.22)
where ¢* = min{1, Z}. One can establish step by step on ¢ that
V(@) SU(,t)  in (RM\{0}) x [0, 00), (2.23)

in particular,
f * *
e (@ )R =Vi(@) U@, 1) =0, t>

this yields a contradiction. (I
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3. INSTANTANEOUS SHRINKING OF THE SUPPORT: EXTINCTION PROPERTIES

For an arbitrary nonnegative continuous function v(z,t) defined in (R \ {0}) x
[0,75)(0 < Ty < 00), we set

&(t;v) = sup{|z|;v(z,t) > 0}, ¢ €[0,Tp). (3.1)

Definition 3.1. Assume that 0 < v(z,t) € C((RV\{0})x[0,7p)), and £(0;v) = oo.
We say that instantaneous shrinking of support occurs for v if there exists 7 > 0
such that £(t;v) < oo for all t € (0, 7].

Definition 3.2. Assume that 0 < v(z,t) € C((RY \ {0}) x [0,00)), we say that
extinction in finite time occurs for v if there exists Ty > 0 such that v(z,¢) =0 in
(RY\ {0}) x [Ty, 00).

We begin with a theorem on the instantaneous shrinking of support property.

Theorem 3.3. Assume that 0 < p < 1 and (Hy) hold, and let u(x,t) € Faz, (To)
be a solution of (L.1), (L.2). If b(x,t) satisfies, in addition to b(x,t) >0 in (RV \
{0}) x [0, To),

b(z,t) = h(la) (@) in (RN \ Br,(0)) x [0,Ty), (3.2)

where Ry > 0,h(r) is a positive non-decreasing C?-function in [Ry, o) satisfying
for some positive constant hg,
lim A(r) = oo,
r—00 (3.3)
R (r)+ |0 (r)] < hoh(r), r € [Rg,0).

Then instantaneous shrinking of support occurs for w. Further,
1
E(tu) < h’l(@% vie (0,7],

where (3 is a positive constant depending only on p; T is small enough, and h~'(a) =
sup{r; h(r) = a}.

Proof. Denote w = %, and let 8 € (0,1) and Iy > Ry + 1 be fixed. We introduce
the function

Uz, t) = 2f(z)(1 — Bth(|x]))y := 2f(x) 2% (z, 1).
We wish to prove that for small 7 > 0 and large [y,

u(z,t) <U(x,t) in {|z| > lo} x [0,7]. (3.4)

From the definition of A=1(-), one can see that h_l(é) > |y for t € (0, 7], provided
that 7 is small enough. Hence the assertion of the theorem easily follows from ([3.4)).
Set

* = {(,0) € (RY \ By(0)) x (0,To); Z(x,t) > 0}.
It is obvious that U(x,t) € C*L((RN \ {0}) x [0,Tp)), 0 < Z(z,t) < 1in Q* and
LU =0 in (RN \ By, (0)) x (0,7p) \ Q*. A straightforward calculation yields

ko (K - N
LU = ~2upn(afa) 7~ 2! L iz
- mﬂth'zwl — 2w(w — 1)(Bth')* 27 (3:5)

2w(N —1)

+ 28twh” fZ9 " + ]

Bth' fZ9~Y 4 2Pb fP 74P,
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By (3.2), and (3.5)), we get

. k()(k'o + 2) . 2wk0h0
12 lo

—w(w —1)h2 — how + %ﬂ)]

LU > 2fZ*?[-wph(|z|)

>0 inQ,
(3.6)
provided that 8 is small and [y is large. jFrom U(x,0) > u(x,0) on |z| =l and
the continuity of U and u, there exists 7 = 7(lp) > 0 such that

u(z,t) < Uz, t), |z| =lo, t €[0,7]. (3.7)
From (3.6)), (3.7) and U(x,0) > u(z,0) in RY¥\ By, (0), an application of the standard
comparison principle immediately leads to the desired estimate (3.4)). ([

The next theorem demonstrates that the hypothesis lim,_,, h(r) = co in Theo-
rem [3.3]is in a certain sense sharp.

Theorem 3.4. Assume 0 < p < 1. Let u € Fpy,(To) be a solution of (1.1)), (1.2)
with ug(x) = f(x), and suppose that for a positive constant by,

0 < b(z,t) < b f'P(x) in (RN \ Bg,(0)) x [0, Tp). (3.8)

Then there exist positive constants H and T (H depends only on the data, Ry and
bi; T is small enough) such that

u(z,t) > @(1 - Ht)fp in (RN '\ Bg,(0)) x [0, 7]. (3.9)

In particular, instantaneous shrinking of support does not occur for u.

Proof. . Let H > 0 be fixed , consider the function

e N e AU e

In view of (3.8]), a direct calculation gives

LV = 7H0fzap _ ko(ko +2 - N)fl 77 + (i)prUP
2 2[x[2 o 2 (310)
H N '
< pzor( B2 R B

2 2R§+27

in (RN \ Bg,(0)) x (0,Tp), provided H is large enough. Since u(z,0) > V(z,0)
when |z| = Ry, arguing similarly as in the proof of Theorem one can easily see
the validity of (3.9)) for small 7 > 0. O

We pass now to the extinction in finite time phenomenon. We distinguish two
cases: ko < N —2 and kg > N — 2.

Theorem 3.5 (Case kg < N —2). Assume 0 < p <1 and that (H1) holds, and let
u € Far,(00) be a solution to (L.1), (1.2). If

b(z,t) > bof " P(x) in (RN \ {0}) x [0,00) (bg > 0), (3.11)

then extinction in finite time occurs for u.
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Proof. Let 8 be fixed, and consider the function

Ul ) = f@)1- 507 (0= 1), (3.12)
A quick calculation gives
LU = (1 - Bt)[-Bof(z) — flkO(ﬁf',ifg_ ) (1 — Bt)4 +b(z, t) fP(z)]. (3.13)

Then by the hypotheses, we have
LU > (1= pt)TP f(z)(=Bo + bo) > 0,
provided 3 is small enough. Hence by Theorem [2.2
u(z,t) < U(z,t) in (RN )\ {0}) x [0, 00),
which implies u(z,t) =0 in (RY \ {0}) x [%, 00). O

Theorem 3.6 (Case kg > N —2). Assume p, ug(z) and u(z,t) are as in Theorem
[3-8l Suppose that for positive constants k > ko, Ry and €o,

ko(k+2—N)fi™P .

M%ﬂz{pMW1w2znw%m»\mnxmm» (510
€0 in (RN \ Bg,(0)) x [0,00).

Then extinction in finite time occurs for u.

Proof. This time we introduce the function

7 fi - 1
Ue.t) = o+ Zya-pt 0= 1),
where
fo :fo+1+(2f1k0(k°+27N))1/p. (3.15)

60R§0+2

First, by the hypotheses and (3.15]), one can see in (R \ Bg,(0)) x (0, ),

LU = (1 - Bt)7*{=Bo(fo + |xflko) _ flko((?lzi— N) (1— Br).
+M%M%+ﬁi}?
i N i (3.16)
>u—mﬁ%¢am+£g—ﬁ“@§j'm+mﬁ}
op 3 bil fofg
> (1= {=Bo(fo+ S5) + =5}
R T2
Next, in (Bg,(0)) x (0, 00),
= ko(k+2—N)fi=?
LU > (107 { ot )+ -0 I o).

From ([3.16)) and (3.17]), one can easily conclude
LU >0 in (RY\ {0}) x (0, 00),
provided 3 is small enough. Thus, by comparison

u(z,t) < Uz, t) in (RY\ {0}) x [0, 00). (3.18)
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The assertion of the theorem follows immediately from (3.18)) and the definition of
U(zx,t). O

The following negative result shows that in a certain sense the condition b(z,t) >
€0 > 0 in (RN \ Bg,(0)) x [0,00) in (3.14)) is necessary.

Theorem 3.7. Assume kg > N — 2 and % < p <1, and let u in Fpz (c0) be a
solution of (L.1), (1.2) with ug(z) = f(x). If

ko(k+2—N)fl ™7

b(z,t) > P2

in (Br,(0) \ {0}) x [0, 00), (3.19)

and
0 < b(z,t) < g(lz)f'"P(x) in (R \ Bg,(0)) x [0,00), (3.20)
where g(r) is a positive non-increasing C*-function in [Ry,00) satisfying
lim ¢(r) =0,
3.21)
g (r . (
010 < g0g(r) i [Bo.o0) (a0 > 0)
Then extinction in finite time does not occur for u.

Proof. Let v be large enough such that (1—yg(|z|))+ > 0 implies |z| > Ry. Consider
the function

Vi, t) = f(z)(1 =+ Dg(|2]))] = f(2)2°(2,) (0= -—).
Since 3 <p <1, V(z,t) € C*((RN\ {0}) x [0,00)). Set

Q" ={(z,t) € RV \{0}) x (0,00); Z(x,t) > 0}.

It is obvious that LV = 0 in (RY \ {0}) x (0,00) \ @ and Q* C (RN \ Bg, (0)) x
(0,00). Now, we compute in Q*,

fiko(ko +2—N) _ 20kofiy(1 +1)g'(|2])

LV = £(2)277 (e, ) [=org(Jel) = S s = ) L
— oo~ D1+ g (|2)*Z 7 (2,8) + o (N ~ 1ﬂ<1+|’;>|~ff<|fﬂ|>
+oy(1+t)g"(Jz]) + m]

(3.22)

Then by (3.19)—(3.22), we have
LV < f(2) 27 (x, t)[=ovg(|z]) + o90(2ko + Dg(|z]) + g(|])] <0,

provided + is large enough. Hence from (3.19) and (3.20)), an application of Theorem
2.2 yields

u(z,t) > V(z,t) in (RV\ {0}) x [0, 00). (3.23)
From the definition of V(x,t) and lim,_ . g(r) = 0, we see that for any T' > 0,

there exists a point x = z(T) € RY \ {0} such that V(z,T) > 0, whence by (3.23)
u(z, T) > 0. O

For the case kg < N — 2 we have the following result.
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Theorem 3.8. Assume kg < N —2 and 3+ < p < 1. Let u(z,t) € Fp(c0) be a

solution to the problem (L.1), (1.2) with uo(z) = f(x). If

0 < bz, t) < blffxé(x) in (RM\ {0}) x [0,00) (by > 0). (3.24)

Then extinction in finite time does not occur for u.

Proof. We introduce the function

Waw:ﬂma—gai:fwwﬂaw<o L

where «y is a large constant to be chosen. A simple calculation yields
LV

o op ko(ko+2—N)f1 ., 20(N — 4)~vt op
= @27 e t) = S 2 ) - S @) 27 )
_dole—1) doko fr

(V) f(2) 2772 (2, t) + NZ7P(x,t) + bz, t) f*(2) 27 (x, 1).

]
Then by (3.24)), we have for large ~

LV < J@)27 @ 0{ - + =

and hence by comparison, u(x,t) > V(z,t) in (RN \ {0}) x [0,00). The remaining
of the proof is as before. O

oot

ko(N +4 b
( +O’)+80’+|qj2}§0,

4. EXISTENCE
We begin with a global existence result.
Theorem 4.1. Assume that 0 < p <1 and (H1) hold, and suppose that b(x,t) €
oo (RN \ {0}) x [0,00)) (a0 € (0, 1)) satisfies
ko(ko+2—N)4f1 % .
bt > | om0 (Bro(0)\{0) x [0,0),
~ o in (RN \ B, (0)) x [0, ).

Then there ezists a solution u(x,t) € Fpr,(c0) to (L.1), (1.2) for some constant M,
depending only on the data and Ry.

(4.1)

Proof. . For any large n, let u,(z,t) be the unique solution of the approximated
problem

(tn)t — Aty + by (2, 1) |un [P u, =0 in B, (0) x (0,n?], (4.2)
Un(x,t) =0 on dB,(0) x (0,n?], (4.3)
Un (2,0) = up n ()Y (x) in By(0). (4.4)

Here ¢, () is a smooth cutoff function in B, (0) satisfying 0 < ¢, < 1, ¢, (x) =0
on 9B, (0) and ¢, (z) = 1 in B,_1(0); uon(x) and b, (z,t) are, respectively, the
smooth approximation of ug(x) and b(z,t) satisfying

lim ug, () = ug(z) in RV \ {0},

h (4.5)

0< < - inRV
= UO,n(x) > fO + (|x|2 N n—Q)kTO mn R
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lim by (z,t) = b(z,t) in (R \ {0}) x [0, 00) (4.6)

n—oo

and

Rolkot2=N)afi 50 B (0)\ {0
= , R, x |0, 00),
bu(@,t) > Q (ef4n=2) "2 (0 [0
0 in (RN \ By, (0)) [0, 50).
Clearly, up(z,t) > 0 in B,(0) x [0,n%]. To estimate the upper bound of wuy,(z,t),
we introduce the function

Un(z,t) = M + fig(\/|z]?2 + n=2), (4.8)

where M > fo is a large constant to be fixed, and

(4.7)

1 o _ko+l
) O0<r<ry:= 72(130_‘_3)]%0,
_ko(ko+1)® /. Rg\3 ko+3 Ro
g(r) = 12050+ ( 2) Bkt )0 0 <rsgh (4.9)
ko+3 Rq
— En T‘ > 5 -
3(ko+1)rg0 2

It is readily to verify that g(r) € C?(0,00). From the definition of g(r), we compute

Mg(r)’ 0<r<r,

T

rg"(r) + (N =1)g'(r) < 4 C, ro <r< o (4.10)
0, r> %,
where C' depends only on N, kg, and Ry; and
|z[?

ﬁgﬂ( V|| +n=2)

LU, = b,(z,t)UR(z,t) — fl{ |2 +
N _ |1'|2 / z|12 + -2
Rrrn? Gap ol Ve +n7) (4.11)

> by (2, U (2, 1) — ——2 [/ + 2" (/o2 + 0 D)

+ (N = Dg'(V]z[> +n72)].
By 7 we have for large M,
LU, >0 in B,(0) x (0,n?],

and hence by comparison,

fi

un(x,t) < Up(a,t) < 2M + B

in (B,(0)\ {0}) x [0,n?]. (4.12)

From this equation, according to the well-known interior estimates of solutions and
their continuity module (see for instance [2} [3, [9]), it follows that for any [ > 2 and
n > 1+ 4, we have

<, (413)

HunHCHal,H‘%(Q” =
i (,) — un (2, 1)) < willz — '] + [t — ']2) (4.14)
for all (z,1), (2/,t') € Q;, where Q; = (By(0) \ By,(0)) x [&,1%], Qi = (By(0) \

Bi1(0)) x [0,1%]; a1 (> 0) is independent of n and I, C; and w;(r) are independent
of n, and w;(r) tends to zero as r | 0.
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The above estimates together with Arzela’s lemma and a diagonal argument
imply that there exists a function u(z,t) € Fag,(00) (Mo = 2M) such that, after
extracting a subsequence if necessary,

lim u,(2,t) = u(z,t) in (RY\ {0}) x [0, c0),
and u(x,t) solves (1.1)), (1.2)) in the classical sense. O
From Theorems [2.2] and [£.1] we have the following statement.

Corollary 4.2. Assume 0 < p < 1 and (H1) hold, and suppose that b(x,t) €
Coo 3 (RN \ {0}) x [0,00)), ag € (0,1), satisfies:

(a) For ko < N —2, b(z,t) >0 in (RV\ {0}) x [0, 00)

(b) For ko> N —2, k> ko,

ko(k+2—N)fi=P .
ooty > | St in (Bry(0)\ (0}) x 0,00),

0 in (RY \ By, (0)) x [0, 50).
Then problem (1.1), (1.2)) is uniquely solvable in F g, (c0) for some My > fo.
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