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IMPULSIVE FRACTIONAL FUNCTIONAL DIFFERENTIAL
EQUATIONS WITH A WEAKLY CONTINUOUS
NONLINEARITY

YEJUAN WANG, FENGSHUANG GAO, PETER KLOEDEN

Commumnicated by Zhaosheng Feng

ABSTRACT. A general theorem on the local and global existence of solutions
is established for an impulsive fractional delay differential equation with Ca-
puto fractional substantial derivative in a separable Hilbert space under the
assumption that the nonlinear term is weakly continuous. The uniqueness of
solutions is also considered under an additional Lipschitz assumption.

1. INTRODUCTION

Fractional differential equations have been used to establish a more accurate
model in diverse fields such as engineering, physics, chemistry, signal analysis and
economics. It is applied widely in nonlinear oscillations of earthquakes, physical
phenomena like seepage flow in porous media and in fluid dynamic traffic models.
We refer the reader to [I3] [15] 16}, [I7] for more details on fractional calculus. In
2006, the concept of fractional substantial derivative was presented by Friedrich et
al. in [I0] when they considered retardation effects in Kramers-Fokker-Planck type
equations. Carmi et al. [5] used them to study the distribution of functionals of
anomalous diffusion trajectories. The fractional substantial integral is defined by
8, 19

b id _ 1 ‘ v—1_—pB(xz—T1) d 0
U@ = g7 [ @t e @ w0
and in the similar way [6], the Caputo fractional substantial derivative is defined
as
D{f(x) = I{[DY f(2)], v=m—np,
where (3 is a constant or a function independent of x, say ((y), m is the smallest
integer that exceeds u, and

D= (a% + ﬁ)m =(D+pB)™.

In the previous decades, the theory of impulsive differential equations has been
studied with great interests mainly due to the important role such equations play
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in studying evolution processes that are subject to abrupt changes in their states,
such as changes of populations, transmission of diseases, and so on. The reader is
referred to [1] 2, [14] for the basic theory of impulsive differential equations.

In this paper we establish some global existence theorems for impulsive fractional
delay differential equations on Hilbert spaces. These results will be used by us in [18]
to investigate the asymptotic behavior of lattice models involving such equations.
The global existence of mild solutions to impulsive fractional functional differential
equations was discussed in [6l [11], while in [I2] the existence and uniqueness of
solutions for impulsive fractional functional differential equations were considered.
In addition, the Cauchy problem for fractional impulsive differential equations with
delay was addressed in [19]. Moreover, Benchohra and Berhoun [3] investigated
the existence of solutions for impulsive fractional differential equations with state-
dependent delay.

We consider the global existence of solutions of impulsive functional differential
equations with Caputo fractional substantial time derivative

Dgu(t) = f(t,ue), >0, t# 1,
u(s) = ¢(s), Vs € [~h,0], (1.1)
u(tl) —uty) = L(u(ty)), k=1,2,...

in the separable Hilbert space X, where D¢ is the Caputo fractional substantial
derivative with 0 < o < 1 and 8 > 0. We assume that the nonlinear term f
is weakly continuous in bounded sets. This concept was given in [4] and delay
differential equations in Banach spaces with a classical derivative were treated. In
addition, we prove the uniqueness of solutions of under Lipschitz conditions.

This article is structured as follows. Notation, some basic definitions and pre-
liminary results are given in the next section, and then, in Section 3 we present
theorems of the local and global existence and also uniqueness of solutions for
in a separable Hilbert space. Proofs of these theorems are then given in Sections 4,
5 and 6.

2. PRELIMINARIES

Let X be a separable Hilbert space with norm || - || and inner product (-,-). Let
PC; :== PC([-h,t]; X), h > 0, t > 0, be a Banach space of all such functions  :
[—h,t] — X, which are continuous everywhere except for a finite number of points
te, k = 1,2,...,m, at which u(t}) and u(t;) exist and u(ty) = u(t; ), endowed
with the norm

lullpc, = sup_Jlu(s)]|.
—h<s<t
For any v € PCr = PC([-h,T);X), we denote by u,; the element of PCy =
PC([—h,0]; X) defined by u,(0) = u(t +0), 8 € [—h,0]. Here I, € C(X,X) for
each k, u(t{) = limp,_o u(ty + h) and u(t; ) = limp—o u(ty — h) represent the right
and left-hand limits of u(t) at t = tj, respectively.

Let X* be the dual space of X with the pairing between X and X* denoted by
(-,-), and let X, be the space X endowed with the weak topology. We consider the
space PCy , = PC([—h,0]; X,y). Let t > 0 and {u}}>2, be a given sequence. We
say that ui — u; € PCy,, in PCy,, if it satisfies

(1) for any s € [—h,0] with t + s # ty, for k=1,2,...,

u"(t+sp) —u(t+s) in X, asn — oo
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for any sequence {s,}22; with s, — s;
(2) for any s € [—h,0] with ¢t + s = t; for some k =1,2,...,

u(t+s,) —u(t+s) in X, asn— oo

for any sequence {s,}%2; with s, < s and s, — s. We say that the
function f : [0,00) x PCy — X is weakly continuous in bounded sets for
each ¢t € [0,00) if u — w in PCy , and |[u"||pc, < M for all n € N, imply
that f(t,u™) — f(t,u) in X, and we say that the function g : X — X is
weakly continuous in bounded sets if v — v in X, and [[v"| < M for all
n € N, imply that g(v™) — g(v) in X,,.

Definition 2.1. A function u € PCrp is called a solution of initial value problem
(L.1) if u(t) = ¢(t) for t € [—h,0] with ¢ € PCy, and, for t € [0,T7], u(t) satisfies
the integral equation

$(0)e™" + iy [t =) te PO f(rou)dr, te [0,

(u(ty) + I (u ( D))t
Le=B=) f(r,u,)dr, t € (t,ta],

&

ufty — § +ta i

(u(ty) + I (u(ty,))) e~ Alt=tm)
ity S, (8= 1) e P f (7w )dr t € (tm, T),

where t,, = max{ty : t, < T,k =0,1,2,...} and ¢, = 0. Here and elsewhere T’
denotes the Gamma function.

Lemma 2.2. A function u € PCr is a solution of initial value problem if
and only if
o(t), t € [—h,0],
$(0)e™ % + k5 fo (t = m) e D f(r us)dr, te [0,4],
¢(0)e ﬁt+11( (ty))e Pt
+@ 0 (tl — 1) e BT (1, u, )dT
u(t) =+t Ji, (6= 7)1 e P f(7,up)dr te(tt), (21)

A0 T Ll e
+F(a D he l.f;fk ) tk — 1) e AU f (7 uy)dr
+F(a Lm t _ T)O‘ Le—B(t— 7’)f(7'7 u.,-)dT, t e (tm,T],

Proof. Assume that u is a solution of the initial value problem (l.1). Then by
Definition we obtain
1

u(t) = (b(O)e_Bt + @ /Ot(t - T)O‘_le_ﬁ(t_T)f(T, ur)dr, ift €[0,tq],

u(t) :(¢(0)€7’6t1 + ﬁ /Otl(h — ) le A=) p(r, UT)dT) e~ Alt—t1)

1 t
I —\),—B(t—t1) / _ ya—1_-B(t—7) B
FR@E e e [ ) e D (i
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1 £
=¢(0)e ™" + I (u(ty))e P01 4 m/o (t1 —7)* e P f(r uy )dr
t
+ ﬁ/ (t— 7')0“_16_5“_7)]“(7'7 ur)dr, if t € (t1,ta],
t1

u(t) =p(0)e ™+ Ii(u(ty ))e 7=t
k=1

1 «— /tk 1 Bt
+ = (t —7)* e ) f(7,up)dr (2:2)
F(a) ]; te—1
Lo 1,-B(t-7)
+ —/ t—m) e P f(ryup)dr, it € (tm, T
INE) o,
In a similar way, if (2.1) holds, then we can prove that u is the solution of (1.1)),
and thus the proof of this lemma is complete. ([

Definition 2.3. A set A is said to be quasi-equicontinuous in [0,7] if for any
e > 0, there exists ¢’ > 0 such that if u € A, k € N, 51,89 € (tg—1,tx] N[0,7] and
|s1 — s2] < &, then ||u(s1) — u(s2)|| < e.

Theorem 2.4 (Leray-Schauder fixed point theorem). Let F' be a continuous and
compact mapping of a Banach space X into itself, such that the set

{r e X :x=AFz for some0 <\ <1}
is bounded. Then F has a fized point.

3. EXISTENCE THEOREMS

In this section, we consider the existence and uniqueness of global solutions of
the initial value problem . First we state some assumptions for the functions
f and Ik in .

(H1) The function f : [0,00) x PCy — X is weakly continuous in bounded

sets for each t € [0,00), and there exist Ko > 0 and a function K; €
LY7([0,00), Ry ) with 4 < a such that

I, )| < K1(t) + K2||9¥||pc, for all p € PCy and t € [0, 00).

(H2) The functions I : X — X are weakly continuous in bounded sets and there
exist J1, Jo > 0 such that

k()] < Ji||lz|| + J2 for all z € X and k € N.

(H3) 6 = SupkEN{tk —tp—1} < 00, n = infren{ty —tx—1} > 0.
(H4) There exists M; > 0 such that

1t @) = F(& ) < Millp = ¢llpo,  for all ¢, ¢ € PCy and ¢ € [0, 00).
(H5) There exists N > 0 such that
Ik (x) — I(y)|| < Nz —y|| forallz,ye€ X and k € N.

In the sequel C' denotes an arbitrary positive constant, which may be different
from line to line and even in the same line. We now state a theorem regarding the
local existence of solutions for problem (1.1).
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Theorem 3.1. Assume that X is a separable Hilbert space, and conditions (H1)—
(H3) are satisfied. Then for every ¢ € PCy, initial value problem (1.1 has at least
one solution defined on [0,b] with b > t1, where t1 is given by (1.1)).

Theorem 3.2. Assume the conditions of Theorem [3.d Then for every ¢ € PCy,
initial value problem (1.1) has at least one solution defined on [0,00) in the sense

of Definition [2.1]
We will also prove the uniqueness of solutions.

Theorem 3.3. Assume the hypotheses of Theorem[3.l Also, suppose that the con-

ditions (H4), (H5) are satisfied. Then for every ¢ € PCy, problem (1.1)) possesses
a unique solution u(-) defined on [0,00) in the sense of Definition

4. PROOF OF THEOREM [3.1]

Since X is separable, there exists a family of elements {e;}52; of X which are
orthonormal in X. Let X(,) = span{ei,...,e,} in X and P ¢ X — X(p) is an
orthonormal projector. Fix some ¢ € PCy, and let u,, = Pyu, ¢, = P,¢. By
Lemma [2.2] for every n we introduce the mapping 7,, : PC, — PC}, defined by

¢n(t)7 te [—h,O],

(Thun)(t) = dn(0)e™% + Do<ti<t Py (un (t; ) Je P 0)
"'ﬁ 2 0<ty<t ftif,l (te — 1) Le PP, f(7, s )dT
trgy S (= 1) e PP, f(7 upy )dr, t € [0,b],
(4.1)
where t,, = max{ty : tx < t,k =0,1,2,...} and tp = 0. Now we show that the
operator T;, is continuous and completely continuous. Since the proof of the case
m = 0 is similar, we assume m > 1.

Step 1: 7,, maps bounded sets into bounded sets in PC}. Indeed, it is
enough to show that for any p > 0, there exists a positive constant p’ such that for
each u, € B(p) one has sup,c( ) [|[Tnun(t)|| < p’, where

B(p) = {un € PCy : un(t) = ¢n(t) on [=h,0] and sup, [un(®) < p}-
te|0,

Let u,, € B(p), by (H1) and (H2) we obtain for each ¢ € [0, ],
(Tun) (1)l

< 60 (0)le” ‘“+f > / — 7)o e B f (7, )

0<tk <t/tr-1

1/t a1 —B(t—r
g =R )

+ Z || P I (un (£ )) | e

0<tp<t

< 16O + Foos Z / (1~ 7)) (K (7) 4 Kaop) dr
th—1

+ Z (le + Jg)e_ﬂ(t_tk)
k=1
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. ﬁ /tt (i - T)a_le—ﬁ(t—r) (Kl (1) + K2p) dr. (4.2)

We proceed to estimate the three last terms in (4.2)). First, by (H3) we have

K2p a —B(t—T7 ! a—1_—pB(t—7
Z/tk 1 - 1o—B(t )dTJr/t (t—r7) lo—h(t )dT)

m

KQp (f:/tk _5(t_‘r)d(t )a + /t —5(t—7)d(t )a)
= e k=T e -7
F(Oé + ]') k=1 te—1 tm
o~ Kep ~Bli—tx1) " ~Blt—7)
K —te-1)"e U+ (tr —7)% Tdr
’; MNa+1) ( ths )
+ Kzl) ( Jee—Alt=tm +ﬁ/ yeeBt- T)dT) (4.3)
(a+1)

P,2p m . B
< te — 5 1)%eBm—k+1)n t—tm)®
_F(a+1)(g<k k—1)"e + ( )

=1
t—tom,
+ ﬂZ/ 2% P dz + ﬂ/ zae_ﬁzdz)
0

t—tK—1
Kopd©efn . Ksp
~ D(a+1)(efnr—1) Be’

and in the similar way,

m

m Bn
Z B Bl e
kil(le_FJQ)e ﬁ(t tk) S (J1P+J2) ké 16 5( k)77 S (J1p+ JQ)W (4.4)

Define Kf = (fOOO(Kl(t))l/"/dt)v. Then, using Hélder’s inequality, (H1) and (H3),

we obtain

ﬁ Z/ ' (tx — T)aflefﬁ(th)Kl(T)dT + ﬁ /tm (t — T)ailei'@(tiT)Kl(T)dT

k=1"tk-1
1 m 2 a1 —B(t—7) 1—v bk vy
A s
k=1 tk—1 te—1

v (/tt (t—T)Twleﬁl(th)dT)l_w(/tt (K1 (7))

< L zm:/tk (ty — )i e 152 +/t (t— )i e 157 )177
< k—T)l e T —T)T e -7 dr
F(a) k=1 te—1 tm
m tr t ~
(X / (Fy () dr + / (K1) ar)
k=1 th—1 tm
K} A R /tk —8(—7)
S (_ e 1=~ d(tk — T) 1—v
[(a) ;0—7 th
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* — —

m a*’y —B(m+1—k)n a—vy
L= S

k=1
m tr . CBlta t o s 1—
+L(Z/ (te — 1) e )d7+/ (t-n) e i ar))
L=y th ¢
k=1""'k—1 m
Ki( 177)1_7 M ey —Bmi1l—k)n a—ny
] 5 T L 595
I(«) kzzl
U t_tk 1 a— t_tnL oa— —Bz 1_7
+LZ/ T p Zl—leﬁdz)
L=~ k=17t tk 1—7vJo
< Kf (1_75% 6% N ﬁ T Oz+1 2’)/) >1—’y (45)
= Tla) \a —~ e%—l Ol—ﬁ/(i)athzv . .

It then follows from (4.2))—(4.5) that for any n € N, u,, € B(p) and t € [0, b],

_Bn_ +1 27
1 — Y o=y el- ,8 ( ) 1=y KT
Toun)(B)]] <||(0 ( 51 )
IO <O + (=05 e+ 25 Ee)
Kypd®eln Kyp  JipePn JoePn

Tla+1)(ef1—1)  po " ePr—1 ePn—1
Therefore, T, u,, € B(p').

Step 2: T, maps bounded sets into quasi-equicontinuous sets of PCj,. Let
B(p) be a bounded set of PCj, as in Step 1. We show that T,,(B(p)) = {Thun :
u, € B(p)} is a quasi-equicontinuous family of functions, that is, for any ¢ > 0
there exists ¢’ > 0 such that if n € N, s1, 89 € (t—1, tx] N[—h, ] and |s1 — 52| < &,
then ||(Thun)(s2) — (Thun)(s1)]] < e.

Since the proof of the case m = 0 is similar, we assume that ¢, < s1 < so2 < tp41
for some m € {1,2,...}. Then from (H1)-(H3) and (4.1), for all n € N and
un € B(p) we obtain that

[(Tnun)(s2) = (Toun)(s1)]|

< pn(0)lle™ — e 13 || Puli(un(t)) [l P62 7)1 — emBlorms2)
k=1

123
/ (tr — T)a_le_g(SQ_T)H - 6_5(51_52)|Hpnf(7'7 un.,-)HdT

k=1"tk-1
1 * 1 1
+a7 ), (51 = 7)1e7 20070 — (53 = 7)2 20D ) | Py (7, )
1 7;12 1
") / (52 = 1) e TP (7, )
s1

m
< ple B — e B (Jyp e B)|L e o] Y et

+ 1 Z/ —)e- 16—5(82—7)(8—5(81—52) —1) (Kl(r) + Kgp) dr
tp—1
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1 s1
+ m /tm ((81 — r)ateBlsimm) _ (s2 — 7)0_16_5(52_7)) (K1 (1) + Kgp)dr
b / sz = 7)o le Bl ) (K1(7) + Kap )
Ta) /., 2 1 2

Bn
< ple™P52 — B 4 (Jip+ Jo)|1 — e Pls1=52)] [f

+ F1 + Es> + Es. (4.6)
For F1, by the similar argument as in and ., we have
E < 0(676(51752) — 1) — 0 as sy — s1. (4.7)

For Ej, by Holder’s inequality and (H1), we obtain
1 S1
< - _ —1 _ a—1
Ey o) / ((sl 7)Y = (89— 17) ) (Kl(T) + Kgp)dT

Fi / So—T) (6_5(51_7) — e_B(SZ_T)) (Kl(T) + Kgp)dT

S1

SF(L)(/M (51— 7)1 — (s — 1) 1)117d7)1W(/tm (Kl(T))l/’ydT>A/
+ (1()[(/ 9 — 7)1 (efﬁ(SrT) _ 67,6(5277)) ﬁd’r)l_v
t
/tm 1) de)w + 15((23 /:(51 —7) 7 = (s2 = 1) Hdr
(52 _g)e-l (6—5(31—7') _ 6‘5(32‘7))d7

@
@\

m

- a—+1

i Hiler s / (e ) (48)
<R S )
_;;;)<;_;<52_51y—:>w ol

ﬁffp) (53— 1)1 (B(s3 — 1) + 052 — 51))

— 0 as sy — sq,
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o(s2—s1) -0

where limg, s, 0 ( pr—

For Es5, by Holder’s inequality and (H1), we find that
1 52 a=1 —B(sy—7) 1—y 52 v
E3 < —(/ (53— )= e™ 15 dr) (/ (K (7)) dr )
L) \ s, ]

1
K 52
+ 20 / (s9 — T)O‘*lefﬁ(SZ*T)dT

ra) Jo (4.9)
Kf 1- il = a—y & _ e’
< F(a)(a—w) (52— s1) +F(a+1)(82 s1)

— 0 as sy — s71.
Therefore, (4.6))-(4.9) imply that T;,(B(p)) is quasi-equicontinuous.

Step 3: T, is continuous. Let {uﬁl}é’il be a sequence such that v/, — v in PC,
as j — oo. Since for any 7 € [0, ],
lur = vrllpcy = sup |uf, (1 +6) = v(7 +0)]
0€[—h,0]
. ) (4.10)
< sup |jul,(t) —v(t)]| =0 asj— oo,
te(0,b]
by the weak continuity of the nonlinear terms f and I, we obtain that for any
T € [0,b],

lim P, f(r,u ) = P,f(7,v,;), (4.11)
Jj—00
and for each k € N,
lim P, Iy (ul (t;) = PoIi(v(ty)). (4.12)
j*}OO

On the other hand, by (H1) and (4.10) we conclude that for all 7 € [0,b] and j
sufficiently large,

1P f (7)) = Puf (7,07l < 2K1(7) + Kalu, [l P, + Kzlor |l pe
S 2K1(T) + C + 2K2||’U||pcb.

Then, by (4.3)-(4.5)), (4.11) and (4.13)), we deduce from Lebesgue’s theorem that

(4.13)

tr )
lim (t — 1) e PP, f(1,ul ) — Puf(r,v.)|| =0, (4.14)
IO St
and .
lim (t — 1) Le PP, f(r,ul ) — P f(7,v.)| = 0. (4.15)
J—00

tm

Then by (4.1), (4.12) and (4.14)-(4.15)), we find that for any ¢ € [0, d],
[(Tuf,)(8) = (Tov) (2
< 3 IPaLe(ud (1)) = Pali(o(ty)l

0<tp<t

1 th .
b X[ e D B~ Paf )l
I(a) 0<tp<t”tr—1
1

t
o) / (t =) e PP f (7, ugr) = Puf (7, 07)lldT — 0
tm

(4.16)
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as j — o0o. By the proof of Step 2, we see that {T},u, 524 1s a quasi-equicontinuous
family of functions. Hence, the Arzela-Ascoli theorem yields T,,u/, — T,,v in PC}.

As a consequence of Steps 1-3, and the Arzela-Ascoli theorem, we can conclude
that T}, : PC([—h,b]; X)) — PC([—h,b]; X(5) is continuous and completely con-

tinuous.

Step 4: A priori bounds. We show there exists an openset U C PC([—h, b]; X(,,))
with u, # AT,u, for A € (0,1) and u, € OU. Let u, € PC([—h,b]; X(,)) and
tp = AT uy, for some 0 < A < 1. Then for each t € [0, ] we have

Un(f):A{ebn(O)e*ﬁW ST Puli(un(ty))e Pt

O<tr<t
1 b
b X[ e e Rt )
(@) 0<tp<t”th—1
+ 1 /t (t— T)a_le_ﬂ(t_T)P f(ru )dT}
F(a) tm n b nTt b)

where t,, = max{ty : ty < t,k =0,1,2,...}. For t € [0,t1], replacing ¢ by ¢t + 6
(where 6 € [—h,0]) in (4.17), and arguing as in the proof of (4.5), in view of (H1),
(H3) and Hélder’s inequality, we obtain

Jun(t +0)]
serey . L [0 1 —B(t+0—7)
< — o a—1_-— -7
< 6Ol + o / (t+0—7)"e (K1) + Kallunsll ey ) dr
1 t+0 a1 —B(t+6-7) 1—y
< 0)|le— B+ / 40— )Tve 17  d
< I6@le™ )+ s ([ ro-n)ise )
t+6
x (/ (Kl(T))l/’YdT)FY (4.18)
0
K, t+0 a1 N\NI=v/ [P0 _suie-n Uy o \7
+@(/O (t+0—7) = ar) (/0 T une |1, dr )

—B(t+6—71)

t+6 L ~
< lolle 4 01+ 5 ([ e unrlar)
0

where we have used the notation

] atl-2y
o K (1—75%+ g I=2) )1—7
1 (o) \a—~ a—v(%)all:fv )
Ky 1—7 1=y
> = 0T,
Cs F(a)(a—’y)

Note that if t + 6 < 0, then
lun(t +0)| = l[¢n(t + O) < 6]l Pey < ISl pcye 7.
Therefore,

t
_ —B(t—71) ol
Junilc, < e éllpc,e +Cf + C3e ([ =5 funrllp,ar)
0
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and

o il 4, <87 1012, + 85O 405 [ funel
where we have used the notation
C; =35 (Cy)es
Applying Gronwall’s inequality, we have for ¢ € [0, ¢4],

. w
H“nt”ygo <2x 37 e ||g||UT G- R)

PCy
_ _ 14 elG-21 (4.19)
T M (CORAR Seal(ery Lile Ry
Eye
vy
and thus
lun(t) |17 < 2 x 3'5 e 5 (|||, (G0

*_ B

1—y 1=y *1+ ‘Cs_;ltl « (420)
+3TOD 37 (O G = DI
5_ 3

For t € (t1,t2], similar to (4.18) and (4.19)), in view of (H1)-(H3), we find for ¢t + 6
> t1 (where 6 € [—h,0]) that

lun (t+ O < Nlun(t7) + Ii(un (7)) e+

t+6
" T / (t+0 = 1) e DN f(r )l dr
1

< (1 + ) |Jun (t7)||ePEFO1) 1 gy o= Blt+0—1) (4.21)

1 t+6 S
—_— _ a1, —p(t+0—7
+ I'(a) /tl (t+0—7)"""e (Kl(r) +K2||unT||PCO>d7-

< (14 Jo)|Jun(ty)||e P10 4 Joe=Alt+0-t) 4 O

t+6
—B(t+6—7) Y
+c;(/ e Humn}fgom) .

t1
Hence,

1— ] B(t—tq1)
lun(t + O] < 375 (1 + J)YV e [Jun (i) Ve 7 -
— b se-n (4.22)
+3%(J2+c;‘)1”+0;;/ e~ 7 ||um|\}3/god7.

t1

It follows from (4.19) and (4.20) that if ¢ € (¢1,t2] and t 4+ 6 < t1, then we have

lun(t+0)[1/7 < 2 x 3°5 5 [|p|| 4 G390 4 3557 ()1
14 el =21tt0)

1—v
+375 (CDYCs
ERge

(4.23)

< De-its0-),
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Using 0 € [—h,0] we get from ([4.22)) and (4.23) that

Bh Bty

e une| By <375 (14 J) Y Dje T 5 375 (o + C) e

t
BT
€3 [ € lun 43,

t1

(4.24)

By using Gronwall’s inequality, we have that for ¢ € (¢1, to],

unel| M <2 x 355 (14 1) /7Dy e G- 4 3557 (1, 4 o)1/
PCy 1 1
| 4 (i1t (4.25)

)

+35 (Lt e

2-cs]

and consequently,

[[n (152)||1/7

<2 3 5 (1 + Jl)l/“/D*e W’Le(C* )(t2—t1) (4 26)
1 *\1/v iz *\1/7 *]‘ _~_e|c§—%‘(t2—t1) _ *
+3 7 (Jo+CHYT+37 (J2+CT)CS = Dj3.

In a similar way as above, we obtain that for t € (¢, tymy1] with m > 2,

el <2 x 375 (14 J) Y7 D™ (G =0tm) L 3552 (1, 4 )1/
14 el G —51t—tm) (4.27)
2-c31

+35 (L + OV

and

||un(tm+1)||1/’y

<23 (14 1) D e el b to) 4 3557 (1, 4 071 (4.28)
14 G551 tmer—tm) '

-
+377 (L+C)MCs oo
5~ Gl

_ *
- Derl'

For convenience, let

Br =2x3 7 (1+ 1)/ e,

14 elGi-516
ERgen

Then by using mathematical induction, we find for m > 2 that

By =35 (Jo+ COYT 435 (Jp + OO0

D:TL S BTD:”_Ie(C§7%)(t?rb*tvn—l) _|_ B;

< (By"1e(Ci=Dtn—t pr 4 g 26(0;7%)(tm7tk)(31<)m—k. (4.29)

k=2
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Note that (H3) implies (m — 1)n < t,, —t1 < (m —1)§ and (m — k)n < t,, —tr <
(m — k)d. It follows from (4.29) that

D;, < (By) ™7 elGm D=t Dy 4 By 3 (G D tn—ti) By

a k=2
(C*_7 l“Bl )(tm— 7:1)1)*—'—32 Zelc*_7 lnBll(tm —tr)
o 4.30
«_ B, InBY . B 1;1131 ( )
< (= 2+ =)t ftl)D*jLBQZem B B (ks
k=2
In BY
ST TRIL S T =242 2 (1)
Se(s ) e

1= els -2+ 7008
Therefore, by (4.27)) and (4.30) we deduce that for ¢ € (£, tmy1] with m > 2,

lundll g, < BiD,e @~ =tm) 1 g

In B1 In B1

=0 pr | gelCi- S+ S ¢

< CelCs—5 S+

Combining this with (4.19)), (4.20)) and (4.25)), we obtain that for all ¢ > 0,

8, InBY
lunelle, < CllgllEE,e @3 + 0 + . (4:31)
Hence, we can find a W* > 0 such that for all ¢ € [0, ],

[unillpc, < W™

Set

U= {un € PC([=h,b]; X(n)) : unllPc, < W™+ 1}
Note that T, : U — PC([=h,b]; X(,)) is continuous and completely continuous.
From the choice of U, there is no u, € oU such that u, = \T,,(u,) for A € (0,1).

As a consequence of Theorem we deduce that T}, has a fixed point u,, in U,
which is a local solution of (1.1) in X(,,.

Step 5: Existence of local solutions for (1.1) in X. We pass now to the case
of a general separable Hilbert space X. We form the approximating equations

DSun(t) = Po(f(t,unt)), t>0,t#tg,
Un(s) = (bn(s): Vs € [7h70]’ (432)
U (8F) — un(ty) = Po(Ii(un(ty))), k=1,2,....

It follows from the preceding discussion that we may find a solution w, of the
approximating equation on 0 < ¢t < b such that for all n € N,

sup |Jun(t)]| < C, (4.33)

t€[0,b]
and for t,s € (ty, tmy1] for each m € {0,1,2,...}, we have

|t (t) — un(s)|| < Cle™Pt —e=P%| + C|t — s|*77. (4.34)
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Since X is a Hilbert space, from (4.33) we deduce that for any ¢ € [0, 8], {un(t)}52,
is relatively compact in X,,. Using the diagonal method one can choose a sub-
sequence of {u,(-)}52; and a function u : (Q U {tx}72,) N [0,8] — X such that
un (t) — u(t) in X, for any t € (QU {tx}72;) N[0,b]. Since
[u(t) = u(s)|| < liminf [u"(t) = u"(s)|| < Cle™ — e | + CJt — s[>
for all t,s € QN (tm, tmy1] and for each m € {0,1,2,...}, the function u can be
extended to a piecewise continuous function (denote again u : [0,b] — X) such that
Ju(t) — u(s)]| < Cle™ — e8| + Clt — 52 (4.35)

for all ¢, s € (tm,tm+y1] and for each m € {0,1,2,...}.

We shall prove that u,(so) — u(so) in X,,. Indeed, for any so € ((tm,tm+1) \
Q) N[0, ] for some m € {0,1,2,...} and v € X*, we have
(un(s0) —u(s0),v) = (un(s0) —un(sm), v) + (Un(sm) —u(sm), v) + (u(sm) —u(so), v),

where s, € Q are such that s,, — sg. For any ¢ > 0 there exist m(e) and
N(m(e),e) such that for all n > N,

[(un(50) = un(sm), 0)] < [lun(s0) = ta(sm)ll0]| < %

[(u(sm) — u(s0), )] < [lu(sm) — u(so)llllv]l < %

| (tn (5m) — u(sm),v)| < %

Thus, |[(un(so) — u(so),v)| < &, and consequently u,(sg) — u(sg) in X,,. In fact,
we have that for any so € [0,0] \ {tx}52,
Un(Sn) — u(so) in Xy, if s, — so, (4.36)
and for sg =t N[0, ] for some k =1,2,...,
Un(8n) = u(sg) in X, if s, < 59 and s, — $o. (4.37)
By a similar argument, and can be obtained from the equality
(un(sn) = u(so),v) = (Un(sn) — un(s0),v) + (un(so) — u(so), v).

Then and imply that for any 7 € [0,b] and s € [—h,0], un-(sp) =
un (T 4+ 8p) = w(T +5) = ur(s) in Xy, for 7+ s, — 74+ 5 € [0,0] \ {tp}72, or
T+ 8, = 7+swith 7+ s € {tx}32, and s, < s, so that u,; — u, in PC .

Finally, we show that u(-) is a solution of (L.1]). For this aim we will pass to the
limit in the integral

(b”(t)? le [_h7 0]7
G (0)e™P + 302y i Puio(un(ty; ))eP0—t)

up(t) = t
+ﬁ D 0<ty<t j\tlf—l (ty — 1) Le BT P F(T, Upy dT
ity L (=TT e FEIP, f (7w )dr t e [0,8],
where ¢, = max{ty : k =0,1,2,...,tx <t}. Since f and I} are weakly continuous
in bounded sets, for any 7 € [0,¢] we have
f(Tytns) — f(r,ur) in X, as n — oo, (4.38)

and for each k,
I (un(t,)) — Ir(u(t;)) in X, as n — oo. (4.39)
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Using the Riesz representation theorem, we obtain that for any v € X, there exists
an element w € X corresponding to v such that

(u,v) = (u,w) forallu e X,
in view of || f(7, un,)|| < Ki(7) + K2C and || I (un(t;,))|| < J1C + J2, we have
|<Pnf(7—7 unT)’ U> - <f(7—’ un7)7v>| = |(Pnf(7—a Um’) - f(T7 Un'r)»"”)'
= |(f (7 uns), (I = Po)w)| < (K1 (7) + K20) (I = Pr)w|| — 0
as n — oo, and
[Pk (un(ty,)), v) = (T (un(ty,)), v)| < (LC+ L)[|(I — Po)w| — 0 (4.41)

as n — oo. Then by (4.38), (4.40) and Lebesgue’s theorem we obtain for any
v € X* that

(4.40)

tr
([ = e R (i)

tr—1

tr
= / (ty — T)O‘_le_ﬂ(t_ﬂ (Pnf (T, tnr),v)dT
th—1

" (4.42)
- (te —7)* e P (f(r,ur), v)dr
th—1
tr
= </ (tx — 7_)(17167;3(1577)]@(7_7 UT)dT,’U>,
tp—1

and in a similar way,

</t (t — 1)L PU=T P F (7, Uy )dr, v>
e (4.43)
— </t (t — 1) Le U= £ (7, U.,-)dT,U>.

m

Therefore, (4.39)) and (4.41)-(4.43) imply that for any v € X*,
(u(t),v) = (w(0)e™ 0) + Y (Iu(u(ty )e 7=, )

0<tp<t

Z </tk (tg —T)O‘flefﬁ(t”)f(r, u-,—)dT,U>

0<tp<t 7tk

NS
I'(a)

bt ([ = e ),

As v € X* is arbitrary, we get the equality
u(t) = ¢(0)e ™ + > I(ulty))e )

O<tp<t
1 3 . 1,—B(t—7)
4+ / (ty — 1) e P (1, us)dr
I'(a) 0<tp<t?th-1
1 /t 1 B
+— t— 1) e B f (7w )dr for all t € [0,D)].
o) tm( ) (T ur) [0, 0]

This completes the proof of Theorem [3.1



16 Y. WANG, F. GAO, P. KLOEDEN EJDE-2017/285

5. PROOF OF THEOREM

Proof. Thanks to Theorem we there exists at least one solution u(Y)(t) such
that

o(t). te .0l
(1) _
! m_{wme“+nbﬂ@—ﬂ“%5“ﬂﬂn¢%w,tenml o

Arguing as in the proof of Theorem [3.1} we obtain the existence of u(?) (t) satisfying
uM(t), t € [t1 — h,t],
uP () = § D () + L (D (7)) ePl—t) (5.2)
+ﬁ fttl (t - T)a_le_ﬁ(t_T)f(Ta u‘(l'z))dTa te (t17 tQ]
Continuing in this way, we obtain a global solution of (1.1]) in the sense of Definition
21 O
6. PROOF OF THEOREM

By Theorem there exists at least one solution defined on [0,00). We will
show that this solution is unique.

If u(-), v(-) are two solutions of problem with the initial value ¢, then for
t € [0, 1], by Definition 2.1 and (H4), we get

u(t) —v M t — ) e P |y, — v T
Jut) = o)) < g5 [ 6= fur —velpcydr. (6.)

Let § € [—h,0]. Replacing t by t+ 6 in (6.1)), noticing that ||u(t+6) —v(t+6)|| =0
if t+6 < 0, and for ¢t + 0 > 0, using Holder’s inequality we have

lu(t +0) — v(t + )|
t+6 1/p
< %(/0 (t+0—r)rar)” (/0

where p, ¢ > 1, (¢ — 1)p > —1 and % + % = 1. Thus,

t+0 1/q
P, v dr)

lue = villpe, = sup u(t +0) —v(t + 0)]|
0e[—h,0]
quaq—l
< 1
~ Ia)(pa —p+1
By Gronwall’s inequality we find that
lus — vi]lpc, =0 for all t € [0,t4]. (6.2)

¢
h _ _
)q/peﬁq /Oe Pa(t T)HuT—UTH?;CDdT.

By using mathematical induction and arguing in a similar way as above, in view of

H5) and (6.2]), we obtain that for t € (,,, tya1] with m > 1,
+
Mq(saq—l t B .
e vl

(pa—p+1
Again by Gronwall’s inequality, we have that
lue — vi|lpc, =0 for all t € (L, tmy1]- (6.3)

_ q
Hut vt“PCg < F‘I(a)

Since m is arbitrary, we deduce that u = v.
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