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COMPETITIVE EXCLUSION IN A MULTI-STRAIN SIS
EPIDEMIC MODEL ON COMPLEX NETWORKS

JUNYUAN YANG, TOSHIKAZU KUNIYA, XIAOFENG LUO

ABSTRACT. In this article, we propose an infection age-structured multi-strain
SIS epidemic model on complex networks. We obtain the reproduction num-
bers for each strain by using the classical theory of renewal equations, and we
define the basic reproduction number Rg for the whole system by the max-
imum of them. We prove that if Rg < 1, then the disease-free equilibrium
of the model is globally asymptotically stable, whereas if Rg > 1, then there
exists an endemic equilibrium in which only one strain with the largest repro-
duction number survives. Moreover, under an additional assumption that the
recovery rate is homogeneous, we prove that such an endemic equilibrium is
globally asymptotically stable. Interestingly, our theoretical results imply that
the competitive exclusion can occur in a sense that only one strain with the
largest reproduction number survives.

1. INTRODUCTION

Multi-strain epidemic models are systems of ordinary or partial differential equa-
tions, in which the infected population is subdivided into several homogeneous
groups according to the type of strain of a pathogenic agent. In multi-strain epi-
demic models, the competitive exclusion often occurs, which means that only one
strain dominates the other strains and persists alone (see [15] Section 8.1.3]). Bre-
mermann and Thieme [2] studied a multi-strain SIR epidemic model, which is a
system of ordinary differential equations and regarded as a modified Anderson and
May model of host parasite dynamics. They showed that the competitive exclusion
can occur in their model in a sense that only one strain with the largest reproduc-
tion number survives. Since their work, various multi-strain epidemic models have
been studied from the viewpoint of the competitive exclusion (see, for instance,
[3L 5L [16]).

To make epidemic models more realistic, taking into account the heterogene-
ity of contact patterns of each individual is essentially important. For instance,
Dalziel et al. [4] clarified that the heterogeneity of contact patterns can limit the
emergence and spread of influenza. To take into account it in the modelling, the
complex network structure plays an important role. So far, one-strain epidemic
models have mainly been studied on complex networks (see, for instance, [I4]). To
our knowledge, there have been less studies on multi-strain epidemic models on
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complex networks. Wu et al. [25] [26], studied two-strain epidemic models on com-
plex networks from the viewpoint of the competitive exclusion, and showed that the
mutation and superinfection can lead to the coexistence of strains. In this paper,
we aim to clarify the dynamics of a more general m(€ N)-strain epidemic model on
complex networks.

In the epidemic modelling, infection age is also an important factor, which means
the time elapsed since the infection. Most of the previous epidemic models on com-
plex networks were systems of ODEs with constant coefficients, and infection age
has not been considered. In these models, it is implicitly assumed that both of the
transmission and recovery processes satisfy the Markov property, that is, the wait-
ing time between two events of these processes obeys the exponential distribution.
However, many empirical data have shown that non-Markovian distributions such
as the log-normal distribution ([§]) and the Gamma distribution [19] are often more
realistic. Infection age enables us to consider such non-Markovian distributions. In
this article, we focus on an infection age-structured multi-compartment system of
PDEs, for which we need a more rigorous and advanced mathematical analysis.
Through the analysis, we aim to investigate the possibility of the competitive ex-
clusion in our general framework.

In mathematical epidemiology, the basic reproduction number Rg is known as
the expected value of secondary cases produced by a typical infected individual
during its entire period of infectiousness in a fully susceptible population (see, for
instance, [0, 13]). Ro is important as it is an indicator of the epidemic size. Mathe-
matically, R is defined by the spectral radius of the next generation operator (see,
for instance, [7]). However, it is often difficult to obtain the explicit formulation
of Ry for epidemic models with general forms. In this paper, we first define the
reproduction numbers for each strain based on the classical theory of renewal equa-
tions, and then define the basic reproduction number Ry for the whole system by
the maximum of them. In terms of Ry, we investigate the global dynamics of our
model. Specifically, we prove that if Ry < 1, then the disease-free equilibrium of the
model is globally asymptotically stable, whereas if Ry > 1, then the model has an
endemic equilibrium in which only one strain with the largest reproduction number
persists. Moreover, under an additional assumption that the recovery rate is ho-
mogeneous, we prove that such an endemic equilibrium is globally asymptotically
stable if Ry > 1. Interestingly, our theoretical results imply that the competitive
exclusion can occur in a global sense in our model.

The rest of this paper is organized as follows. In Section[2] we propose our model
and give some basic assumptions. In Section [3|, we define the basic reproduction
number Ry by the maximum of the reproduction numbers R;y for each strain
je{1,2,...,m}. In Section we prove the asymptotic smoothness of the solution
semiflow and the existence of a compact attractor, which are needed for the global
stability analysis in the subsequent sections. In Section | we prove the global
asymptotic stability of the disease-free equilibrium for Ry < 1 by constructing a
Lyapunov function and applying the invariance principle. In Section [6 we assume
without loss of generality that Rg = Rqp, and prove that if Ry = R19 > 1, then
there exists an endemic equilibrium in which only strain 1 persists. We further
prove the uniform persistence of the system for Ry = Ri9 > 1, which is needed
to construct a Lyapunov function for the proof of the global asymptotic stability
of the endemic equilibrium. Under the additional assumption as stated above, we
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prove the global asymptotic stability of it for Rg = Rip > 1. In Section [7] we
perform numerical simulation to illustrate our theoretical results, which show that
the competitive exclusion can occur in the cases of two-strain and three-strain.
Finally, Section [§]is devoted to the discussion.

2. MODEL FORMULATION

Let S(t) and I(t) denote the number of susceptible and infected nodes at time
t, respectively. Following [14], a basic SIS epidemic model on an arbitrary network
is formulated as follows:

450 _ _gisn(t) +~1(8),
dd ]t(t) (2.1)
—5 = A181(t) 1),

where t > 0, [SI] denotes the average number of edges connecting susceptible and
infected nodes, and 8 and  denote the transmission and recovery rates, respec-
tively. Let N be the total number of nodes in the network, which is constant as
[S(t) 4+ I(t)]" = 0 holds for solutions in ([2.). If the network is homogeneous, that
is, the degree of every node is equal to n, then the average number of infected nodes
connected to one susceptible node is given by nI/N. Therefore, [SI] is described
as follows.

[SI](t) = nS(t)%, t>0. (2.2)
Hence, model can be rewritten to the classical SIS epidemic model (see, for
instance, [1]). By considering the heterogeneity of degree k € N,, = {1,2,...,n},
n € N of each node, system (2.1)-(2.2) can be generalized to the following model
on complex networks (see, for instance [20]).

dSk(t) _ —BISeI)(t) + Y1k (1),
b . (2.3)
= BISLIN() = VI(2),

where t > 0, k € N,,, Si(t) and I;(¢) denote the number of susceptible and infected
nodes with degree k € N,, at time ¢t > 0, respectively. [SiI] is given by

[SiI](t) = ksk(t)M t>0, keN,, (2.4)

Z?:l IN

where N; denotes the total number of nodes with degree [ € N,,, which is constant
as [Sk(t) + I(t)] = 0 holds for all k € N,, for solutions in (2.3). [27] incorporated
the infection age into system —, and studied the following one-strain SIS
epidemic model on complex networks.

dSk(t)
dt

—~kSUOG() + [ (a)in(t a)da,

Oig(t,a) = Oik(t,a) . .
at + aa - _W(G’)Zk(t7 a’)’

ir(t,0) = kSk(t)O(i(t, -)),
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where t > 0, a > 0, k € N,,, and

- % > () /OOO Blayin(t,a)da, i(t,) = (ia(t, ), ialt, ), . in(t, ),
=1

oo

S~

~ N, ,
=Y (), pk) =55 Ne=Si()+ [ ix(a)da, keN,,
=1

N = En:Nk.
k=1

Here, i (t, a) denotes the number of infected nodes with degree k € N,, and infection
age a > 0 at time ¢ > 0. $(a) and v(a) denote the age-specific transmission and
recovery rates, respectively. In this paper, we consider a generalization of system
to the following multi-strain SIS epidemic model on complex networks.

ds =
k()z—kSk ()0t +Z/ v;(a)iji(t, a)da,
j=1

ot aa = 77j(a)ijk(t’a)v
ijk(t, 0) = kSk(t)0;(i;(t, ),
fort >0,a>0,j €M, and k € N,,. Here M = {1,2,...,m} and

ij(tv') - (ijl(t")viﬂ(ta')v' .- ’ijn(t,'))v t>0,jeM,

o [ " B(@wi(a)de, jEM,
=1

¥ = (1,02, ) € (L'(Ry))", Z (2.7)
p(k) = %7 Ny = Sk(+) + Z/OO ip(a)da, keN,, N= N,..
— Jo

=

—

Here, i;,(t,a) denotes the number of nodes infected by strain j € M with degree
k € N, and infection age a > 0 at time ¢t > 0. (;(a) and v;(a) denote the age-
specific transmission rate and recovery rate for infected nodes with strain j € M.
We make the following assumptions.

Assumption 2.1.
(i) Bj(-) € L(Ry) and v;(-) € L(Ry) for all j € M.
(ii) B;(-) is Lipschitz continuous on R with Lipschitz constant Lg, > 0 for all
JjEeM.
(iii) There exists 7, >0 such that v;(a) > 7, for all @ > 0 and j € M.

Let 3; := €8S SUPye[0,00) Bj(a) < 00 and 7; 1= esssup,¢(o,o0) Vj(a) < oo for all
j € M. By integrating the second equation in (2.6), we have
d (oo}

dt/ooo ijk(t,a)da = ESk(t)0;(i;(t,-)) —/0 vi(a)ij(t,a)da, j €M, k€N,.
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Note that i (t, +00) = 0 for all t > 0, j € M and k € N,, by Assumption [2.1] (iii).
Hence,

% [Sk(t) + Z Aw ijk(t,a)da] = 07 ke Nn,
Jj=1

and thus, Nj is constant for all £ € N,,. In what follows, without loss of gen-
erality, we assume that Ny is normalized as 1 for all k¥ € N,,. Then, Sg(:) =
1= [5 k(- a)da for all k € N,, and hence, (2.6) can be rewritten as follows

Oiji(t,a) | Oij(t,a)
5 + % = —v;(a)ijk(t, a),

e(t.0) = K[1= 3 [ it a)aal 0,6,

fort>0,a>0,j€M, and k € N,,.
We consider the following initial condition for ([2.8)),

i%(0,7) = ijuo(-) € L1 (0,00), j €M, k €N,,.

(2.8)

For the sake of simplicity, we use the following notation in the rest of this paper.

X= (@)™ folx=33 / ik(@lda, ¥ = (Win()) gy, € X,

j=1 k=1

X(t) ) ZlQ(t ) Zln(t )7i21(t7') Zmn( )) € X t> 0,

111
/ ﬁ] ij t CL) b]k(t) = ijk(tao)a .] € M7 ke Nna t> Oa

mi(a) =e” Jov@de e M, a> 0.

3. THE BASIC REPRODUCTION NUMBER Ry

In this section, we define the basic reproduction number Rq for system .
Obviously, always has the unique disease-free equilibrium Fy = (0,0,...,0) €
X. Linearizing system around the disease-free equilibrium FEy, we obtain the
following system in the disease invasion phase.

01k (t,a 01k (t,a )
jka(t ) ¢ ag(a ) (@)isk(t,a), (3.1)
ijk(tv 0) = ke)] (i] (tv ))7

fort >0,a >0, 7€M, and k € N,,. Integrating the first equation in (2.8]) or (3.1))
along the characteristic line ¢ — a = ¢ (constant), we have

Lt a) = {bjk(t —a)mj(a), t>a,

ijko(a - t) W;r(]‘a(a_)t)7 t<a,

(3.2)

fort >0,a>0,7 €M, and k € N,,. By substituting (3.2) into the second equation
in (3.1), we obtain the following Volterra integral equation (see, for instance, [12]).

<Z> Z Ip(l) /0 Bi(a)bji(t — a)mj(a)da + g;i(t), (3.3)
=1
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where t >0, 7 € M, k € N,,, and

7T .
gir(t le / B;(a)ijio(a—t) (;(_)t)da t>0,j €M, keN,.

Multiplying both sides of (3.3) by kp(k)/(k), and summing on k from 1 to n, we
have that for all ¢ > 0,

O(b5(1) = [ Wi@B(bs (¢~ a)da+ £, <, )
where
= %le(l)w, @ =(1,02,--.,¢n) ER, (3.5)
=1

b;(t) = (bj1(t),bj2(t), -, bjn(?)),  f5(t) = % Y Epgu(t), ¢=0,jeM,
=1

Vj(a ):ﬁﬂg( a)rja), a>0,j€M, (*)=> p(l)
=1

Since (3.4) can be regarded as a renewal equation for strain j € M, we obtain
the reproduction number R ;o for strain j by using the classical theory of renewal
equations as follows.

0o k2
RjO:/O U,(s)ds = <<k K; / Bj(a)mj(a)da, j € M.

Note that

(k) _ X () _ XL Py il&. (3.6)

(k) i () Z?:1 l% =1 =1 IV

Since kNy/ Y p_; kNi, k € N,, denotes the proportion of edges with degree k in
total edges, implies that (k?)/(k) is equal to the average number of edges
in the network. Besides, m;(a), j € M denotes the survival probability for one
infected node with strain j to age a. Consequently, Rjo = ((k?)/(k))K; represents
the average number of secondary infected nodes produced by one typical infected
node with strain j during its infectious period in the network. Using Rjo, 7 € M,
the next generation operator for system is defined by matrix diag; < jgm(Rj0)~
Hence, the basic reproduction number R for system , which is the spectral
radius of the next generation operator, is obtained as follows.

RO = maX{RjO}jeM = maX{Rlo, Rgo, e 7Rm0}. (37)

4. ASYMPTOTIC SMOOTHNESS OF THE SOLUTION SEMIFLOW

In this section, we show the asymptotic smoothness of the solution semiflow and
the existence of a compact attractor, which are needed for the global stability anal-
ysis in Sections 5] and [6] It is easy to see that system generates a continuous
semiflow @ : R} x X — X, defined by

O(t,Xo) = X(t) = (i11(t,*),912(t, ), - -y imn(t, ), >0, (4.1)
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where X = (i110(+),%120(*), - - - , tmno(+)) € X. Let us define the following set.
Q={X)= (11055 tmn(-)) € Xy : Z/ ij(,a)da <1 VkeN,},

where X denotes the positive cone of X.

Lemma 4.1.
(i) 2 is positively invariant for system (2.8)), that is, ®(t,Q2) C Q for all t
(ii) For any solution ®(t,Xo) = X(t) with Xo € Q, inequalities K (t)
and bj(t) < Bk hold for allt >0, j € M and k € N,,.

> 0.
< B
Proof. (i) Let X € Q. The nonnegativity of ®(¢,Xo) = X(¢) for all t > 0 is a

simple matter and we omit the proof. By integrating the first equation in (2.8]), for
all 7 € M and k € N,,, we have

i /Omijk“’“)d“ =k[1- i | inteata]estise - [ @it e

Let Yi(+) ] 1 fo ik (-, a)da for all k € N,,. From the above equality, we have

d}?ft(t) k[1—Y(t ; 0,(i;(t,-)) — Z/O vi(a)iji(t,a)da, keN,. (4.2)

By the way of contradiction, suppose that there exist a t* > 0 and a k* € N,, such
that Y (¢t) < 1 for all ¢ € [0,t*) and k € N, Y3+ (t*) = 1 and Y/.(t*) > 0. From
(4.2), we have

dY*t*
e Z/ v;(a)ijp(t*,a)da <0,

which is a contradiction. Thus, Yx(t) = 37", Jo ik(t,a)da < 1 for all t > 0 and
k € N, provided Xy € . This implies that ®(¢,Q) for all ¢ > 0, and thus, § is
positively invariant.

(ii) From (i), we see that fo ijx(t,a)da < 1for allt >0, j € Mand k € N,.
Hence, by Assumption - , we have

bik(t SBTZ / zjltada<ﬁj le

for allt > 0, j € M and k € N,,. This completes the proof. O

Next, we prove the asymptotic smoothness of semiflow ® with Xo € . Based
on Proposition 3.13 in [23], we decompose ® into two operators: ® = o+ ®, where

‘i)(f7X0) = (’zll(tv ')7212(t7 ')7 e 7im’n(t> ))a t Z 07 XO € Qa

&)(ta XO) = (gll(t, '),EIQ(t, ‘)7 cee ,Z‘mn(t, ))a t 2 O, XO € Qv

A 0, t>a, ~ iik(t,a), t>a,
ij(f7a) = { ij(t,a) = { J ( )

ik(t,a), t<a, 0, t<a,

(4.3)
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fort >0,a >0, 7€M, and k € N,. To prove the asymptotic smoothness of ¢, we
use the following lemma.

Lemma 4.2 ([23] Proposition 3.1.3]). Let ® and ® be defined as in (4.3). Suppose
that ® and ® satisfy the following properties:

(i) There exists a function 6 : Ry x Ry — Ry such that for any r > 0,
limy 400 0(t,7) = 0 and H<i>(t,X0)HX < O(t,r) for all t > 0, provided
Xollx<r.

(ii) For all t > 0, ®(t,-) maps any bounded set of Q into a set with compact
closure in X.

Then {®(t,Xp) : t > 0} has compact closure in X.
We also use the following lemma.

Lemma 4.3. bji(-) is Lipschitz continuous on Ry for all j € M and k € N,,. That
is, there exists Lipschitz constant Ly, > 0 for all j € M and k € N,, such that

|bjk(t+h) - jk(t)| < Lbjkh, t>0, h>0, 5eM, keN,.

Proof. Let Yi(-), k € N,, be defined as in the proof of Lemma From (4.2)), we
have

]di’;t(t)\ < k[1 —Yk(t)]Z@J i(t +Z/ v;(a)ijk(t, a)da

I (4.4)
SkZBj+Z’7j:ZLYk, t>0, keN,.
1 J=1

J
This implies that Yj(-) is Lipschitz continuous on R with Lipschitz constant Ly, >
T

0 for all k € N,,. For any ¢t > 0 and h > 0, we then have
bk (t + ) — bik(t)]

k n . '

‘W{[l—Yk (t+h)] Z / B;(a)iz(t + h,a)da

—[1=Yi(t) /6] zjltada}‘
SW“Yk(t—'—h) Yi(t lzllp /53 )iji(t+ h,a)da

+[ +Yk(t)]l§_;lp(l)‘/o Bi(a)iji(t + h, a)da — /Ooo @-(a)ijl(t,a)da‘}

k _ n h ‘
< E{Lnﬂj(ldh + 2;@@(1)/0 B;(a)iji(t + h,a)da

; 2i 0] [ @i+ harda— [ 5 @i(c.a)ial}

=

<k>{Lykﬁj< Yh + 232 (k%) h+221p ‘/ Bj(a+ h)ij(t+ h,a+ h)da
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/BJ zjlta)da‘}

il >h+2ﬁ2<k2h+2zzp | [ e mite. ) 2R

~ (k) mj(a)

- /Ooo @-(a)z’jl(t,a)da‘}

< <:>{Lykﬂj<k:>h + 232 (K%)h

+ 2Zn:zp(1) /OOO Bi(a+ h)’W - l‘ijl(t,a)da

+22zp / 185a+h) — B;(a)liz(t,a)da

L _ ~ ~
< @(Lykﬂﬂk) +23%(k?) + 28,7, (k) + 2Lg, (k))h
=: Ly, h, jEM, keN,,

where we use Assumption (ii), Lemma (ii) and the facts that

e —e V| <|z—yl, zyeRy, (k)= 1p()

(a+h
it +hoa+h) = ijk(t,a)m, t,a,h €Ry, j €M, k € Ny,
m;(a)
Loy, = o (L By (k) + 252 (k%) + 2B;7;(k) + 2L, (K)), j € M, k € Ny

(k)

This completes the proof.

da

(]

Using Lemmas [£.2) and [£.3] we prove the following proposition on the asymptotic

smoothness of semlﬂow D,

Proposition 4.4. Let ® be the solution semiflow defined by (4.1)). ® is asymptot-

ically smooth.

Proof. Tt is sufficient to show that the assumptions in Lemma hold (see also
[10, Lemma 3.2.3] and [I8 Theorem 5.1]). For any r > 0, let us consider X, € Q

such that ||Xg||x < r. Using (3.2)), we obtain

||(I>tX0 |X—ZZ/ ijfa

j=1k=1
= m;(a)
[ it 0 e

‘ o0
e X / ijk0(a)da
- 0

[ Xollx < e 2r, >0,

I
NERD
M:

1k

1

<.
Il

NE
iNgE

"‘?r

1
A

('Dk)

<

where v := minjey 7, >0 Hence, Lemma (i) holds for O(t,r) = e 2'r.
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Next, we show Lemma 4.2 (ii). Let C' C © be a bounded set such that || X|[|x < r
for a fixed upper bound r > 0 and for any X € C. It is sufficient to show that
the following four conditions hold for all ¢ > 0, j € M and k € N,, (see also [I8]
Theorem 5.2]).

(a) supx,ec fo. %zk(t,a)da < 00;

(b) limy— oo [, ijx(t, a)da = 0 uniformly in X, € C;

(¢) limy,_o+ |ij(t, @+ h) —i(t,a)|da = 0 uniformly in X, € C;
(d) limy_o+ foh ijx(t,a)da = 0 uniformly in X, € C.

From (3.2, Assumption and Lemma We have

. Bike L% t>a,
ijk(t,a)é {ﬂ] € T a

0, t<a,
fort >0,a>0,j €M, and k € N,,. Then, we easily see that conditions (a), (b)
and (d) hold. For any fixed t > 0, let h € (0,¢). By Lemma [4.3] we have

/O T (b o+ h) — Lt a)|da
t—h t

< /0 |bjk(t —a— h)m;(a+ h) —bjr(t — a)mj(a)|da + /tih bjr(t — a)mj(a)da
t—h

g/o bt — a — h)|m;(a+ h) — 7;(a)|da

t—h
+/ Ibu(t — a— h) — byu(t — a)|m;(a)da + B;kh
0
~ t—h t—h ~
ﬂjk/ |mj(a+ h) fﬂ'j(a)|da+Lbjkh/ mj(a)da + B;kh
0 0
< (Bj7k(t — h) + Ly, (t — h) + Bjk)h, j €M, k €N,.

Since the right-hand side of this inequality is independent of Xy € C' and converges
to zero as h — 0+, (¢) immediately holds. This completes the proof. O

IN

From Lemma [£.1] and Proposition [£.4] we see that ® is point dissipative, even-
tually bounded and asymptotically smooth. Hence, from [21, Theorem 2.33], we
obtain the following proposition.

Proposition 4.5. There exists a compact attractor A of bounded sets in €.

5. GLOBAL STABILITY OF THE DISEASE-FREE EQUILIBRIUM FOR Rg < 1

In this section, we investigate the global asymptotic stability of the disease-
free equilibrium Ey = (0,0,...,0) € Q of system (2.6) for Ry < 1. On the local
asymptotic stability of Fy for Ry < 1, we establish the following theorem.

Theorem 5.1. If Ry < 1, then the disease-free equilibrium Eq = (0,0,...,0) €
is locally asymptotically stable.

Proof. We consider the linearized system (3.1)). Substituting i, (¢, a) = y;jx(a)e*,
j €M, k €N, into (3.1) and dividing both sides by e*, we have

dy;x(a)

/\yjk(a) + da == (a)yjk(a)’ (51)

Yik(0) = kO;(y; (),
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fora >0, j € M, and k € N,,. Here y,;(-) = (y;1(-),yj2(-), - - ., Yjn(:)) for all j € M.
Integrating the first equation in (5.1]), we have

yijk(a) = yjk(O)wj(a)e_’\“, a>0,jeM, keN,. (5.2)
Substituting (5.2)) into the second equation in (5.1]), we have

Y5k (0 Z K;(Nyn(0), jeM, keN,, (5.3)

where m, j € M denotes the Laplace transform of 5;(-)m;(-); that is,

A) :/0 Bj(a)m;(a)e **da, j € M.

Multiplying both sides of (5.3)) by kp(k)/(k), and summing on k from 1 to n, we
have

~ 2 —_— .
6(y;(0) = S EMOw;0), jem (5.4
If ©(y;(0)) # 0 for some j € M, we cancel it from both sides of and obtain
_ B
=g KO (5.5)

We claim that all characteristic roots of (5.5) have negative real parts. By way of
contradiction, we assume that (5.5) has a root Ao with positive real part. Then, we
have

S Kj(Ao)| S Rjo < 1,

which contradicts (5.5)). Therefore, the claim is true.

If ©(y;(0)) = 0 for all j € M, then it follows from and that yx(a) = 0
for all j € M and k € N,,. This case can be ruled out since i, (¢, a) = y;(a)eM =0
for all j € M and k € N,,, and there is no perturbation from Ej. This completes
the proof. ([

On the global asymptotic stability of the disease-free equilibrium Ej for Ry < 1,
we establish the following theorem.

Theorem 5.2. If Ry < 1, then the disease-free equilibrium Ey = (0,0,...,0) € Q
is globally asymptotically stable in Q.

Proof. Let us define

a) = /Oo ﬁj(s):i(z) ds, a>0, j€M. (5.6)

Note that under Assumption [2.]] n a;(+) is finite on Ry for all j € M, and
a;(0) = K;, d(a)=aj(a)yj(a) —Bij(a), a>0, j€M.

J

Let us define a Lyapunov function as follows.

ZZ otk / i(@)ijk(t,a)da, t>0.

j=1k=1




12 J. YANG, T. KUNIYA, X. LUO EJDE-2019/06

Differentiating V() along the solution trajectory of system (2.8)), we have

%it) B Z 2 k];f) /Ooo a;(a)ij(t, a)da

j=1k=1
NN ReR) 2 Oigk(t a)
- ;; K; /0 ajla) =5, —da (5.7)
- ZZ kl;((—]_g) /Ooo a;(a) { - W - 'Yj(a)ijk(t,a)} da, t>0.
j=1k=1 J

Calculating the integration by parts, we have

| @ - 2D i)
0

8ijk(t a

_ [ @) T ()
= _/0 aj(a) %0 da /0 aj(a)v;(a)ij(t, a)da
= —aj(a)ik(t,a |0 /0 a;(a)ijk(t,a)da—/o a;(a)y;(a)ijx(t, a)da

o0 (5.8)
= 0, (0)i(t.0) = [ B@)ipt.0)d
1—2/ z]ktada i (15(t / Bj(a)ijr(t,a)da
< K;jkO;( / Bi(a)ijk(t,a)da, t>0, €M, keN,.
From and (| -, we obtain
dv " k
T <32 [w290565500) — W, 6,00, )]
=t ’ (5.9)

= Zm:(Rjo - 1)%6%(%(& ), 20

If Rg < 1, it follows from that V'(t) < 0 with equality holding if and only
if 4;5(t,-) = 0 for all j € M and k € N,,. This implies that the largest positive
invariant subset M of set {(ijx)(j remxn, € 2: V' =0} is a singleton {Ep}. Since
positive orbit U;>o{®(t, Xo)} is precompact in 2 by Proposition we can apply
the invariance principles stated in [22], Theorem 4.2 in Chapter IV] to conclude that
Ey is globally asymptotically stable in . This completes the proof. O

Theorem implies that all strains will die out if none of their reproduction
numbers is greater than or equal to 1.
6. COMPETITIVE EXCLUSION FOR Rg > 1

In this section, we study the occurrence of the competitive exclusion for Rg > 1.
Without loss of generality, we can assume that the reproduction number Rq¢ for
strain 1 is the largest; that is,

Ro = Ijile%fﬂi{Rjo} = max{Ri0,R20,-- -, Rmo} = Rio-
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We now investigate the existence of an endemic equilibrium of (2.8)) in which only
strain 1 persists. Let us consider the system

Vi) _ o (@)ige(a), .
wam:kﬁ—;;A ijx(a)da] €5 (3;(),

for a > 0, j € M, and k € N,,. Here i;(-) = (4;1(-), j2(), ... ijn(-)) for all j € M.
Let us denote

EY = (i11(),132(), - - -, i1,,(+),0,...,0) € @
the endemic equilibrium in which only strain 1 persists. In what follows, we call E}
the strain 1 dominant equilibrium. Since the entries of E satisfy (6.1]), we have

i1e(@) = i1, (0)m (a),
iiu0) = k1= [ gl i)

for a > 0, and k € N,,; where i(-) = (431(-),45(-), - .., i5,(-)). On the existence of
E7, we have the following theorem.

(6.2)

Theorem 6.1. If Rg = Rig > 1, then system (2.8) has the unique strain 1 domi-
nant equilibrium Ef = (i5,(:),455("),-..,15,(-),0,...,0) € Q.

Proof. Let us define
o0 1 n
I, = / m(ada and (0) = 7 3 1) 0) (6.3)
0 =1

Substituting the first equation in (6.2)) into the second equation in (6.2)), we have
115:(0) = k(1 — T1147,(0)) K147(0), k€ N, (6.4)
and hence,
. kK445 (0)
i11(0) = =
1+ kI K13 (0)
Substituting (6.5)) into the second equation in (6.3)), we have

o1 1K 1i3(0)
1n(0) = ;lp(l) 1+ I, K13 (0)

keN,. (6.5)

Dividing both side of this equation by i3 (0), we have
1 " l2p(l)K1

(k) — 1410 K443 (0)
Let us define

1 — Pp()K,
F(z)=— —_—, eR.
@)= ; 1L Kz
If there exists a positive root #* > 0 such that F(z*) = 1, then z* = 47(0) and
hence, it follows from (6.5 and the first equation in (6.2]) that the strain 1 dominant
equilibrium EY exists in Q. Since F'(x) is monotone decreasing on = and converges
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to zero as x — 400, the positive root «* uniquely exists if and only if F(0) > 1. In
fact, we have
F(0) = 1 Zn:lzp(l)Kl = @Kl =TRio > 1.
k) 2= ")

This completes the proof. ([
Next, we prove the locally asymptotic stability of the strain 1 dominant equilib-

rium Ef for Ry = Rip > 1 and v1(a) =1 > 0.

Theorem 6.2. If Rg = Rip > 1 and v1(a) = y1 > 0, then the strain 1 dominant
equilibrium ETY = (i11(-),172(:), . .,35,(-),0,...,0) € Q is locally asymptotically
stable.

Proof. Let us define the perturbation from the strain 1 dominant equilibrium E7
by
Yik(t, a) = Zblk(tv a) - Z’Tk(a)a
yjk(taa) :ijk(taa)7 .] EM\{1}7
For t >0, a > 0, and k € N,,. By linearizing system (2.8) around E7, we have, for
allt>0,a>0and k € N,

Oy1k(t,a) | Oyik(t,a)
ot Oa
nilt.0) =K1 = [ iiy(@dal@nt.) - SRS | vt oy

Oy;x(t,a) N Oy;x(t,a)
ot Oa

in(t.0) = K[1 = [T iiua)da] 05yt ). €M),

where y;(¢,-) = (y;1(t, ), yj2(t, <), . ., yjn(t, ) for all j € M. Substituting y;x(t, a)
= yjr(a)e* for all j € M and k € N,, into all equations in and dividing both
sides of each equation by e, for all @ > 0 and k € N,,, we have

=-m (a)ylk(tv a)7

(6.6)

= —y;(a)yk(t,a), j €M\ {1},

WD (r 1 @)) (o),
yik(0) = k|1 - / " iua)da] ©4(31 () k01 (51 ()) g / " ye(a)da o
dy;k(a)

= — (A (@)yr(a), € M\ {1},

i@ =k[1= [ isy(da] 0w, e m\ (1)

where y;(-) = (y;1(:),y52(-), ..., Yjn(-)) for all j € M. From the first and third
equations in ([6.7]), we obtain

yir(a) = yir(0)mi(a)e ™, a>0, j €M, k € N,. (6.8)
Substituting into the last equation in , we obtain

(0 = k1= [ i@ dd] OB, G M\ (1) kEN,.  (69)
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Multiplying both sides of by kp(k)/(k), and summing on k from 1 to n, we
obtain

80,00 = gy -0~ [ it Sy, ONGT, g €M (1) 610

If O(y;(0)) # 0 for some j € M\ {1}, we cancel it from both sides of (6.10) and
obtain

—

- éﬁpm 1= [T i@ad 0. (6.11)

Multiplying both sides of the second equation in (6.2]) by kp(k)/(k), and dividing
both sides by i7(0) after summing on % from 1 to n, we have

= e [ iwaa s (612)
=1

We claim that all characteristic roots of (6.11]) have negative real parts. On the
contrary, we assume that there exists a root \g with positive real part. It follows

from and ( - ) that

n

1= %Zlp(l)[l_/omi;l(a)da}m>\

n

< % S 2p() {1 - /Oooi’{l(a)da} K;

=1

< <Z%ZJ p(0) [1 - /Oooi“{l(a)da}Kl —1,

which is a contradiction. Therefore, the claim is true.

If O(y;(0)) = 0 for all j € M\ {1}, then from we have that y;;(0) = 0 for
all j € M\ {1} and k € N,,. From (6.8), we then have that y;;(a) = 0 for all a > 0,
j €M\ {1} and k € N,,. Hence, the second equation in can be rewritten as

3

oo

i) = k[t = [ iigla)dalenn() - KO0 [ mnlada, ke,

0
Substituting into the right-hand side of this equation, we have

@ = k[t~ [ ity ) - S0, ke,
Hence, we have
o0 =L O T g
T+ =5

Multiplying both sides of (6.13)) by kp(k)/{k), and summing on k from 1 to n, we
have

—

- — [ (a)da] K1 () ~
S0 = 7 Z o RN gy ). 1)
L+ =5
O(y1(0)) = 0, then from (6.13) we have y11(0) = 0 for all k € N,, and hence, from
a

, y1x(a) = 0 for all @ > 0 and k € N,,. We can rule out this case since there
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is no perturbation from EY. Thus, O(y1(0)) # 0. Dividing both sides of (6.14) by
O(y1(0)), we have

1 = it (a)da| K1 ()
LS K I )

ENHO)
)i 1+§+7m

We claim that all characteristic roots of have negative real parts. On the
contrary, suppose that there exists a root )\0 of (6.15) with positive real part. Using

(6.12)), we have

(6.15)

| 1 z":k%(k)[l—ff i;k<a>da]m>‘

1 ALENEHO)

k= Ao+71
1 O >,
< Zk%(k‘)[l - / itp(a)da] Ky =1,
0

which is a contradiction. Therefore, the claim is true. This completes the proof. O

To construct a Lyapunov function for the proof of the global asymptotic stability
of the strain 1 dominant equilibrium E;, we need to show the uniform persistence of
system with respect to a function p; defined below in 7 which implies the
force of infection by strain 1. To this end, we first define the function p: X — R

by
p(D(t, X)) Z Z k2p( / ijx(t, a)da.

_7 1 k=1
We easily see that if Rg = R1p > 1, then there exists a nonempty interval (a1,a1) C
R such that 1 (a) > 0 for all @ € (a1, a;). Thus, the following set can not be empty
if Rg = Rio > 1,

Q1 = {X() = (i12(+), -+ s imn (7)) € Q2 /000 Pr(a)irk (-, a)da > Ofor some k}.

Following the definition in [21], we call system (2.8]) uniformly weakly p-persistent
in Q4 if there exists an € > 0 such that

lim sup p(®(¢, Xo)) = hm sup Z Z E?p( / ik (t,a)da > €, (6.16)

t—o0 J 1k=1

provided Xy € 3. Moreover, we call system (2.8) uniformly strongly p-persistent
in € if there exists an € > 0 such that

liminf p(®(t, Xp)) = hmlnf Z Z E2p( / ik (t, a)da > €,

t—o00 t—o0
j 1 k=1

provided X € 7. We next prove the uniform weak p-persistence of system (2.8))
for Ro=TRqio > 1.

Proposition 6.3. If Ry = Rip > 1, then system (2.8) is uniformly weakly p-
persistent in €.

Proof. Since Ry = R1p > 1, there exist sufficiently small € > 0 and A > 0 such that

(<<’j>> )R > 1 (6.17)
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For such ¢ > 0, we prove that inequality (6.16)) holds. On the contrary, suppose
that (6.16)) does not hold. Then, there exists a sufficiently large ¢y > 0 such that

ZZk2 / ik (t,a)da <€,

] 1 k=1
for all t > tg. From the second equation in (2.8)), we have
b1k (t)
= i1%(¢,0)

172/ zjktada le / G1(a)iy(t, a)d
1 - Z/ ik (t, a) da le / B1(a)m1(a)by(t — a)da
ki1 —Z/ ik (t, a)d / B1(a)mi(a bl(t—a))da k€N,

where by(-) = (b11(+),b12(+), ..., b1, (+)). Multiplying both sides by kp(k)/(k), and

summing on k from 1 to n, we have

(6.18)

t

= <@ — e) | ﬂ1(a)7r1(a)é(b1(t —a))da, Vi=to.

Without loss of generality, we can assume that ¢y = 0 by taking X(to) = P(to, Xo)
as the new initial value Xg. Then, since the boundedness of ©(b(¢)) follows from
Lemma we can take the Laplace transform of (6.19) for A > 0, and obtain

O(b1(N) = (~77 — K1(N)O(b1(N), (6.20)

It is easy to see from the positivity of the solution that é(m) > 0 for any
Xy € Q;. Hence, dividing both sides of (6.20) by © (b1 (X)), we have
(k%)
1> ( f E)Kl(A),
(k)
which contradicts (6.17). This completes the proof. O
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To prove the uniform strong p-persistence of system (2.8)) for Rog = Ri9 > 1,
we will use [2I, Theorem 5.2] (see also [I8, Section 8]). For this purpose, let us
consider a total trajectory of semiflow ®, which is a function Y : R — X such that
Y(t+s)=®(s,Y(t)) for all t € R and s € R,. In the total trajectory, we have
ijk(t, a) = ijk(t - a,())ﬂj(a) = jk(t — a)ﬂj(a), j € M, ke Nn, (621)
forallt e R and a € Ry

Lemma 6.4. For a total trajectory Y (+), the following inequality holds.

1- / ijk(t,a)da > o teR, keN,. (6.22)
Z ! ij 1/8J

Proof. For all t € R, we have
d [
5[1 —Z/O zjk(t7a)da}
Z 1J 1—2/ zjktada +WZ/ zjkta

27—(k26j+7)[1—2/0 isn(t,a)da], k€N,

Hence, for arbitrary fixed » € R and for all ¢t > r, we have

1_2/ ijk(t,a)da > 1_2/ Z]”ada —(k 7y Bi+)(t—)

[1 —(kZJ 1ﬁ7+7)(t "‘)] ke Nn

k Zj:l Bi+v
Taking r — —o0, we obtain (6.22)) for all ¢ € R. This completes the proof. a

Now, we need the following additional assumption.

Assumption 6.5. For all j € M, there exists a nonempty interval (a;,a;) C Ry
such that 3;(a) > 0 for all a € (aj;, a;).

It is easy to see that above assumption holds if Rjo > 0 for all j € M. Under
Assumption we next prove the following lemma (see also |21, Lemma 9.12] and
[18, Proposition 9]).

Lemma 6.6. Suppose that Assumption holds. For each fized j € M, bjx(-) for
total trajectory Y () is identically zero on R for all k € N,,, or it is strictly positive
on R for allk € N,.

Proof. Let us fix j € M and let bj(t) = (bj1(t),bj2(t),...,bjn(t)). Suppose that
there exists a t1 € R such that O(b;(t)) = 0 for all ¢ < ¢;. Then, from the second
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equation in (2.8), we have

bik(t) = K[1 =3 /OOO isi(t,a)dal % N0 /OOO B;(a)byu(t — a)m;(a)da
j=1 1=1
=k :1 - Z /OOO ik (t, a)da: /OOO Bj(a)m;(a)O(bj(t — a))da

=k :1 — z_: /000 ik (t, a)da: /0 B Bj(a)mi(a)O(b;(t — a))da (6.23)

g@@ééwxrw»m

t ~
= B]]C/O G(bj(a))da, ke Nn,

for all ¢ > t;. Multiplying both sides by kp(k)/(k), and summing on k from 1 to n,
we have

~ 2
ewx»<@ﬁﬁéewmmm,

for all ¢ > ;. From the Gronwall inequality, we see that ©(b;(t)) = 0 for all t > t;.
Thus, O(b;(t)) = 0 for all t € R, and this implies that b;x(+) is identically zero on
R for all £ € N,,.

Suppose that does not exist ¢; € R such that ©(b;(t)) = 0 for all ¢ < ¢;. Then,
there exists a monotone decreasing sequence {t}sen towards —oo as £ — +o0o such
that ©(b;(t;)) > 0 for all £ € N. From the second equality in and Lemma

we have

bjr(t) > O(i;(t,a))da, teR, keN,. (6.24)

Tk 1ﬁj+7/ Pila

Multiplying both sides by kp(k)/(k), and summing on k from 1 to n, we have

O(b;(t)) > O(i;(t,a))da

B> J1@+w/ Bita

RO J1@+w/7% mila

b;(t —a))da + O(b;(t)), teR,

where
R <k:2>1 00 -
O(b;(t)) = WS 5 1) /t B;(a)m;i(a)O(b;(t — a))da, te€R.

Let Jo(t) = O(b;(t +t,)) and Jy(t) = O(b;(t + t;)) for t € R and £ € N. From the

above inequality, we have
(k%)

(FY(n 32711 B +7)

Since J;(0) = O(b;(t;)) > 0 and Jy(-) is continuous at 0, it follows from [21}

Corollary B.6] that there exists a ¢ > 0, which does not depend on j, such that

Jo(t) = O(b;(t +t)) > 0 for all t > c. That is, ©O(b;(t)) > 0 for all t > ¢ + t,.
Taking ¢ — 400, t, — —oo and hence, O(b;(t)) > 0 for all t € R. This implies

Jo(t) > /Ot Bj(a)mj(a)Jo(t — a)da + Jo(t), tER, LER.
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that ©(b;(-)) is strictly positive on R. From (6.24) and Assumption we see
that bjx(-) is strictly positive on R for all £ € N,,. This completes the proof. ([

From Propositions and and Lemma we can apply [2T, Theorem 5.2]
to prove the following proposition, which states the uniform strong p-persistence of

system ([2.8)).
Proposition 6.7. If Rg = Rig > 1 and Assumption holds, then system (2.8))
is uniformly strongly p-persistent in ;.

Let us define the function p; : X — R, which implies the force of infection by
strain 1:

P1 (CI)((‘,, X_Q)) =06, (il (t, )) = % Z lp(l) /000 01 (a)iu(t, a)da, teR. (625)
=1

To construct a Lyapunov function below, we need the uniform strong p;-persistence
of system (2.8) in Q; for Rg = R1p > 1. To this end, we apply [2I], Corollary 4.22]
to prove the following proposition.

Proposition 6.8. If Ry = Rig > 1 and Assumption holds, then system (2.8))
is uniformly strongly p1-persistent in 1.

Proof. Let Y(-) be a total trajectory with precompact range such that
tig]ll;p(Y(t)) >0 and Y(0)=Xoe€ .

We then have
P Y (0)) = O61(i1 (0 = 71 E /3 a)i1;(0,a)da 0
1( ( )) 1(11( 7)) <k> l 1lp(l)/0 1( ) 1l( ’ ) >U.

Hence, from [2I), Corollary 4.22], there exists an ¢y > 0 such that
ltierinf p1(2(t, Xo)) = eo,

provided Xg € ;. This implies that system (2.8)) is uniformly strongly pi-
persistent in €. This completes the proof. O

From [2I, Theorem 5.7] (see also [I8, Theorem 8.3]), it follows that if Ry =
Rio > 1 and Assumption hold, then the compact attractor A (see Proposition
4.5) includes a stable persistent attractor 4;. From Lemma and Proposition
we see that for a total trajectory Y (-) in A;, there exists an ¢y > 0 such that
> mk—17

k> i B+
Hence, from Lemma and Theorem we have

0< 4 < Z'llk(ta a) _ ilk(t*aao) < ﬁlk < o0, (6.26)
i1,(0) i1k (a) i1,(0) i1,(0)
fort € R, a > 0, and k € N,,; provided Rg = R19 > 1 and Assumption hold.
By , we can construct the Lyapunov function Vig(+), k € N,, defined below.

To prove the global asymptotic stability of the strain 1 dominant equilibrium
E7, we make the following additional assumption, which implies that the recovery
rate is homogeneous.

i1k(t,0) = by (1) ec=¢€1 >0, teR, keN,,.

Assumption 6.9. y;(a) =y >0for alla >0 and j € M.
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For the sake of simplicity, we now consider the equations of Sk, k € N, in (2.6).
Under Assumption the equations of Si, k € N,, can be simplified as follows.

dSk = [Z@ ij(t,) +7v|Sk(t), keN,. (6.27)

Let S =1-—
the equation

o iip(a)da for all k € N,,. Then, under Assumption it satisfies

0=~—[kO1(i7(:)) + 7] S;, keN,. (6.28)
We finally establish the following theorem on the global asymptotic stability of the
strain 1 dominant equilibrium E} for Rg = Rio > 1.

Theorem 6.10. Suppose that Assumptions and [6.9 hold. If Ry = Rip > 1
and Rio > Rjo for all j € M\ {1}, then the strain 1 dominant equilibrium Ef =
(151(), 152 (4)y -4 35,(4), 0,...0) € Q is globally asymptotically stable in .

Proof. Let Y(-) be a total trajectory in A; and Sg(-) = 1 = 371, [(% 451 (-, a)da,
k € N,,, which satisfies (6.27)). In what follows, for simplicity, we write Sk (t) as S
and i,,(t,a) as i for all j € M and k € N,,. We construct the Lyapunov function

Vik(t) = Sig ( )+k

Sk - i1
) ;lp(l)/o au(a)g(= (a))dm teR, keN,,

where ay;(a f Bi(o)i5,(o)do, a>0,1€N,,. By Lemma and (6.26)), Vi, (t)
is bounded for all t € R and k € N,. Using (6.27)-(6.28), the derivative of V1k(t)
along the solution trajectory is calculated as

S 1 1\ Oiyy
Z /a” )(i*(a)_a>ﬁd“

1

<7k
- (- )[ K210 + 5]

+k ’“le / o )(Zul()—.l)[ 85; viuda

1
:( g:) (Si — Sk) + ( —g’;) [@1 if(1)S; — Z@ i;(t }
s Z /OOM )[ig(iy{it;))]da (6.29)
Sy Sy § U
=5 (2 g g) THSE - S0 0650 )

o _ g Skiu i1
* 1_7]“_ - 4+ - d
b0 [ @@ - g~ gt + o

= 111(¢,0) 117
; JAECECIE 0 ) @)

*
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— 7S; (2 5 s*) +E(SE — Sp) Z@ () (6.30)
S* Skiy ill(t,O)
+k Sk Ip( / B1(a)it + -
Z ' i S Sklll(a’) i1,(0)
Z11211(0)
n- 31
+ln Z,u(t o (a)}da, keN (6.31)
Note that from and .,
> kp(k) Si K =1 (6.32)
st (k)
and hence,
> k(b Z ) [ i
- 0
= Zk‘Q k Z Kllll t 0
=1 (6.33)
—le )ig(t,0) = Zk‘p )i1x(t,0)
. Ski
- Zk%(k) ) / Br(a)it(a) e—m=—da.
— 0 Srif,(a)
Let
Vi(t) = > kp(k)Vin(t).
k=1
Then, from (6.31) and (6.33] -, we have
av;
dt
= ’Yka Sk (2 - i - 7) ZkQ k) Z@j(ij(tv )) (634)
j=2
. S5 i143,(0)
+ k2p(k) 2k zz/ ()1 -2k 40— da.
; p( ) k‘> ; p() 0 ﬂl(a)lll(a)[ Sk nlll(t70)zil(a)] a

For the last term in the right-hand side of (6.34]), we have again from (6.32]) that

n

. e SE L i (0)
> Kph) g S1p0) [ @it~ g+ G
_ - 2 Sk - > a)i* (a _iTl(O) _ﬁ illifz(o) a
_kz_:ﬂk g k) ;lp(l)/o Arlayi(a)]2 i (0) Sk iu(tao)i’{z(a)]d
= We Sty h a)ij;(a _ 5k niimfl(o) a
-3 w )k’;lzzlzm/o @it~ 5+ D g
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- é’“zﬂ’f) i> glpw / " B@in@[2- % +In (tlo)(ol)()]d
- kﬁ:_lkp(k) K(t,0) ’Uziog)
_ ékzp(l@) o ézw) [ awi]- 5 SO
+In m] da
j: w3 izp ) [ @i - agh) - g<5*9k(;(0‘)))()>
S A
g: <S/;> lzn;lp / Arla)in(a <§’;> g(%ﬂda
R ool oy e
For the last term in the right-hand side of (6:35), we have
3 S oo (w51 )
- ;ik%(k) <57$ Ip( er r)K1it, (0 (1 Z;lf:ib(;) W lZEt(O())))
:éfﬂmi’ﬁfia‘?—m%giia‘?» o
where
iS¢

vg = E2p(k)p(1)

G KE Dm0 0), kL€ N
r=1

Since vy, k,l € Nn is bymmetrlc the right-hand side of (6.36]) is equal to zero.
Hence, combining (6.34) and -, we obtain

dVl ka Sk(Q_%_i)JFZkQ )(Sk — Sk) Z@ (i;(%,-))
" ;kzp(k)?k >0 [ si] o) 67

- 9<W)}da.
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It is easy to see from the arithmetic-geometric mean and the positivity of g(-)
that the first and third terms in the right-hand side of (6.37)) are nonpositive. To
evaluate the second term, we define the following Lyapunov functions for strain

j €M\ {1}.

Vi) = 16 k) [ es@inttade, e (1),

J =1

where a;(a) is defined as in (5.6). Based on the proof of Theorem we obtain

Zk2 05:0,6,(1.)) — We, (k). jeM\ ). (6.38)

Hence, from and (6.37), we obtain the derivative of the Lyapunov function
Vi(t) =371, J( ) as follows,

dv
dt
_ ; i
_ * S* Sk 4l <k>
B ”;’““’“”k( ~a-%)- g &, :)

+ D RR)(SE = S0 D 0,(i5(t) + D0 S Kp(k)SkO; s (1))

k=1 j=2 j=2 k=1

+;k2p(/¢><k—’f>;mu) 0 51<a>m<a>[—g(—’;)—g(m)}da

:”ykzzzlkp(k)sk( 75’7:757;) ( >;(E* Kj)@j(lj(t, ))
) Sk Sy Swi*, (0)iy;
g S ) [ oo -o(5) o (R e

Since Ri1p > R for all j € M\ {1}, we have Ky > K for all j € M\ {1}. Hence,
we see that V’ < 0, and thus, the alpha limit set of Y (:) must be contained in
M, which is the largest invariant subset of {(ijr)(jx)emxn, € 1 : V' = 0}. The
equality V' = 0 holds if and only if

Sk(t) =S VkeN,,

ill(t,a) _ ill(t — a,O) _ i1k(t70)

i1,(a) i1,(0) i1(0)
ijk(t,a)=0 VjeM\{1},keN,.

Vk,1 €N, (6.39)

Thus, we can conclude that M = {E}}. Since V(-) is non-increasing, 0 < V(Y (t))
< V(E;) =0 for all t € R. This implies that A; = {E7}, and therefore, the strain
1 dominant equilibrium EY is globally asymptotically stable. This completes the
proof. [
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Note that the discussion in this section still holds even if we assume that the
reproduction number Ry for any strain j € M\ {1} is the largest. In conclusion,
Theorem [6.10[implies that the competitive exclusion can occur in our general model
on complex networks in a sense that only one strain with the largest reproduction
number survives.

7. NUMERICAL SIMULATION

7.1. Two-strain case. In this section, we perform numerical simulation to il-
lustrate our theoretical results. We first consider the two-strain case, that is,
M = {1,2}. We assume that the maximum degree of the network is 15, that
is, N, = Ny5 = {1,2,...,15}. In this case, p(k) = Ni/N = 1/15. We fix the
following parameters.

m(a) =v(a)=y=2, [i(a)=pF1(1+sina), Oo(a)=pF2e7% a>0, (7.1)

where §1 and (5 are positive constants. Note that these parameters satisfy Assump-
tions 2.1} [6-5] and [6-:9] In the numerical simulation, we assume that there exists a
maximum age a; = 10. This choice seems reasonable as the survival probability at
a; is almost zero (e7 7% = 2% &~ 2.0612 x 107Y). Let us define the total number
of nodes infected by strain 1 and 2 by

aT af
La(t) = / ine(ba)da,  Lon(t) = / in(ta)da, >0, keNg,  (72)
0 0

respectively. The initial condition is chosen as, for a € [0, a+],

X X I (0 I5 (0
a0 IQk(O) = 7 ilk,(oaa) = 1k( )7 i2k(07a) = Qk( )7 k S N157
2 2 at at

L(0) =

where X € (0,1) denotes the uniform random variable.

First, we set #; = 0.13 and B2 = 0.27. In this case, we have R ~ 0.9403 < 1
and Rog ~ 0.9299 < 1, and hence, Ry = R19 < 1. We see from Theorem [5.2] that
the disease-free equilibrium FEj is globally asymptotically stable. In fact, Figure
(a) shows that both of the numbers of nodes infected by strain 1 (I1x(t), k € Ni5)
and strain 2 (I3x(t), k € Ny5) converge to zero as time evolves.

Second, we set 81 = 0.17 and (35 = 0.34. In this case, we have R ~ 1.2296 > 1
and Roo ~ 1.1709 > 1, and hence, Rg = Ryip > 1. We see from Theorem [6.10]
that the strain 1 dominant equilibrium Ej is globally asymptotically stable. In
fact, Figure|l| (b) shows that the numbers of nodes infected by strain 1 converge to
positive values as time evolves, whereas the numbers of nodes infected by strain 2
converge to zero as time evolves.

Finally, we set 81 = 0.16 and (B3 = 0.36. In this case, we have Rqig =~ 1.1573 > 1
and Rop ~ 1.2398 > 1, and hence, Ry = Rog > 1. From Theorem [6.10]and the last
argument in Section [6] we see that the strain 2 dominant equilibrium is globally
asymptotically stable in this case. In fact, Figure [1| (c) shows that the numbers of
nodes infected by strain 1 converge to zero as time evolves, whereas the numbers
of nodes infected by strain 2 converge to positive values as time evolves.

In conclusion, all examples in Figure [I] illustrate our theoretical results, and the
competitive exclusion occurs in Figure [1f (b)-(c).
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Density of infected nodes

Density of infected nodes
Density of infected nodes

FIGURE 1. Time variation of I1x(t) (red) and Isx(t) (blue), k €
Nis. (a) 51 = 0.13 and /82 =0.27 (Ro = R0 ~ 0.9403 < 1) (b)
ﬂl = 0.17 and ﬂz =0.34 (RO = RlO ~ 1.2296 > RQO ~ 1.1709 >
1). (c) B1 = 0.16 and f2 = 0.36 (Rg = Roo ~ 1.2398 > Rip ~
1.1573 > 1).

7.2. Three-strain case. We next consider the three-strain case; that is, M =
{1,2,3}. We assume that the maximum degree of the network is 10, that is, N,, =
Nip = {1,2,...,10}. In this case, p(k) = Ni/N = 1/10. In addition to and
, we fix the following parameters.

a
) :> 07
14+a “=

ay
ng(t) = / igk(t, a)da, t >0, k € Ny,
0

y3(a) =v =2, [z(a) =053

where 33 is a positive constant, and a4 is fixed to be 10 as in Section Note

that v3(a) and 33(a) satisfy Assumptions and The initial condition is
chosen as follows.

X X X
Ilk(o) = ?7 IQk(O) = Ev I3k(0) = Ea ke N107
I1.(0 I51. (0 15 (0
i1%6(0,a) = 1(0) ), i9(0,a) = 2( ), i5(0,a) = 3k ), a €[0,a4], k € Nyg.
GJT aT CLT

First, we set 81 = 0.2, B = 0.41 and B3 = 0.97. In this case, we have
Rio ~ 0.9799 < 1, Ry ~ 0.9565 < 1 and R3p ~ 0.9416 < 1, and hence,
Ro = Rig < 1. From Theorem we see that the disease-free equilibrium FEj
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is globally asymptotically stable in this case. In fact, Figure|2| (a) shows that all of
the numbers of infected nodes converge to zero as time evolves.

o
w

I (k=1,2,..:,10)

sk (k=1,2,..:,10)

Loy (k=1,2,..,10)

Density of infected nodes
Density of infected nodes
o
IS}

Density of infected nodes
Density of infected nodes

FIGURE 2. Time variation of I1;(t) (red), Iox(t) (blue) and I5x(t)
(green), k € Nyp. (a) f1 = 0.2, B2 = 041 and B3 = 0.97 (Ry =
Rio ~ 0.9799 < 1). (b) B = 0.25, f2 = 0.5 and 5 = 1.2 (Ro =
Rio ~ 1.2249 > Rop ~ 1.1665 > Rap ~ 1.1648 > 1). (c) 1 =
024, 62 = 0.52 and ﬂg =12 (RO = RQO ~ 1.2132 > Rl()
1.1759 > Rag ~ 1.1648 > 1). (d) By = 0.24, B2 = 0.5 and B3 = 1.3
(RO =Rgo ~ 1.2619 > Rq19 ~ 1.1759 > Rog ~ 1.1165 > 1).

%

Second, we set 81 = 0.25, B2 = 0.5 and (3 = 1.2. In this case, we have R =~
1.2249 > 1, Rog =~ 1.1665 > 1 and R3g ~ 1.1648 > 1, and hence, Rg = R19 > 1.
From Theorem we see that the strain 1 dominant equilibrium Fj is globally
asymptotically stable in this case. In fact, Figure[2] (b) shows that the numbers of
nodes infected by strain 1 converges to positive values as time evolves, whereas the
numbers of nodes infected by other strains converge to zero as time evolves.

Third, we set 81 = 0.24, 35 = 0.52 and (3 = 1.2. In this case, we have Rig =~
1.1759 > 1, Rog ~ 1.2132 > 1 and R3¢ =~ 1.1648 > 1, and hence, Ry = Raoo > 1.
From Theorem and the last argument in Section [6] we see that the strain 2
dominant equilibrium is globally asymptotically stable in this case. In fact, Figure[2]
(c) shows that the numbers of nodes infected by strain 2 converge to positive values
as time evolves, whereas the numbers of nodes infected by other strains converge
to zero as time evolves.

Finally, we set 81 = 0.24, B3 = 0.5 and 3 = 1.3. In this case, we have Rig =
1.1759 > 1, Rop = 1.1665 > 1 and R3g ~ 1.2619 > 1, and hence, Ry = R3g > 1.
From Theorem [6.10] and the last argument in Section [6] we see that the strain 3
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dominant equilibrium is globally asymptotically stable in this case. In fact, Figure
(d) shows that the numbers of nodes infected by strain 3 converge to positive
values as time evolves, whereas the numbers of nodes infected by other strains
converge to zero as time evolves. In conclusion, all examples in Figure [2 illustrate
our theoretical results, and the competitive exclusion occurs in Figure [2| (b)-(d).

8. DISCUSSION

In this paper, we have constructed an infection age-structured multi-strain SIS
epidemic model on complex networks. We have defined the reproduction num-
bers R o for each strain j € M by using the classical theory of renewal equations,
and defined the basic reproduction number Ry for the whole system by the max-
imum Ry = max{Rjo}jem = max{R10,R20,--.,Rmo} of them. We have proved
the asymptotic smoothness of solution semiflow ® (see Proposition and the
existence of a compact attractor A (see Proposition , which are needed for
the global stability analysis in Sections [5] and [f] We have proved that if Ry < 1,
then the disease-free equilibrium Ey = (0,0,...,0) € Q of system is glob-
ally asymptotically stable (see Theorem , whereas if Ryp = Ri1g > 1, then the
strain 1 dominant equilibrium EY = (i71(),455(),--.,%},(:),0,...,0) € Q exists
(see Theorem . Moreover, under the additional assumption that the recovery
rate is homogeneous (see Assumption , we have proved that if Rg = Ry > 1,
then the strain 1 dominant equilibrium E7 is globally asymptotically stable (see
Theorem . For the proof, we have constructed the Lyapunov function Vig(-),
k € N,,, which is bounded by virtue of the uniform p;-persistence of system
(see Proposition [6.8)).

Since the discussion in Section@still holds even if we assume that Rg = Rjo > 1
for any strain j € M\ {1}, our theoretical results imply that the competitive
exclusion can occur in our model in the sense that only one strain with the largest
reproduction number survives. Numerical examples in Section [7] have supported
this statement for the cases of two-strain (see Figure and three strain (see Figure
. From our theoretical results, we can conjecture that the complex network
structure and the infection age structure may not essentially affect the occurrence
of the competitive exclusion in multi-strain epidemic models. However, we have
needed the additional assumption to prove Theorem that the recovery rate is
homogeneous, and it will be left as an open problem that whether the competitive
exclusion can still occur even when the recovery rate is given by general function
7v;(a) for all @ > 0 and j € M.

From previous studies, we can conjecture that mechanisms such as mutation [24],
reinfection [I7] and superinfection [26] [I1] can lead to the coexistence of multiple
strains in our model. As they will make the model more difficult to analyze, these
topics will also be left as open problems, which are important from both of the
mathematical and biological points of view.
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