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UNIFORM REGULARITY OF FULLY COMPRESSIBLE
HALL-MHD SYSTEMS

JISHAN FAN, YONG ZHOU
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ABSTRACT. In this article we study a fully compressible Hall-MHD system.
These equations include shear viscosity, bulk viscosity of the flow, and heat
conductivity and resistivity coefficients. We prove uniform regularity esti-
mates.

1. INTRODUCTION
In this article we consider the fully compressible Hall- MHD system [17],
Op + div(pu) = 0, (1.1)

O (pu) +div(pu @ u) + Vp — pAu — (A + p)Vdivu =rotb x b + paa—:), (1.2)

O(pe) + div(pue) — div(kV0) = g|Vu + Va2 + X(divu)? + 5| rot b)?,  (1.3)

Ob + rot(b x u) + £ rot (M) = nAb, (1.4)
divb =0 in T x (0,00), (1.5)
(paua97b)('50) = (P07U0a907b0) in TS' (16)

Here p,u,p,e, 0 and b denote the density, velocity, pressure, internal energy, tem-
perature, and magnetic field, respectively. The physical constants g and A are the
shear viscosity and bulk viscosity of the flow and satisfy u > 0 and A\ + %u > 0.
Kk > 0 is the heat conductivity. 1 > 0 is the resistivity coefficient. w is a given
function. ¢ is a Hall-constant. Vu” is the transpose of the Vu. For simplicity, we
consider the case that the fluid is a polytropic ideal gas; that is

e:=Cyl, p:=Rpb

with Cy > 0 and R being the specific heat at constant volume and the generic gas
constant, respectively.

Applications of the Hall-MHD system cover a very wide range of physical objects,
for example, magnetic reconnection in space plasmas, star formation, neutron stars,
and geo-dynamo. For well-posedness, regularity and decay properties, and related
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incompressible models, we refer to works [5] 61 [7, [T0L [TT], 20, 21, 22], 23] and references

therein.

When the Hall effect term rot (%) is neglected, the system — reduces
to the well-known fully compressible MHD system, which has been studied in [2] [4],
[8, @, [12], [13] [14]. The existence of local strong solution was proved by Fan-Yu [9].
Fan-Yu [8], Ducomet-Feireisl [4] and Hu-Wang [12, [13] established the global weak
solutions. The low Mach number limit problem was studied by Jiang-Ju-Li-Xin [14]
in R? and Cui-Ou-Ren [2] in a bounded domain.

Before stating our main results, we recall the existence of local smooth solutions

to (L.1)-(L.6). Since the system (L.1)-(1.6) is parabolic-hyperbolic, we have the

following result.

Proposition 1.1 ([19]). Let po,uo,00,bo € H? and 1/Cy < po, 0o for a positive
constant Cy. Then - has a unique smooth solution (p,u,0,b) satisfying
p € CH[0,T); H>Y), u,0,b € C*([0,T); H372), £ = 0,1, and 1/C < p, 0 for some
0<T <o0.

The aim of this article is to prove uniform regularity estimates in (X, u, k,7), as
stated in the following theorem.

Theorem 1.2. Let €2 < Cn and w € C([0,1; HY), 0 < u < 1,0 < A+ pu < 1,
0<n<1,0<K<1,0< g <po, 0o < Co, po,uo,bo,00 € H*(T?) with divby =0
in T3. Let (p,u,b,0) be the unique local smooth solutions to (L.1)-(1.5). Then

(o, u,b,0)(-,t) ||z < C  in [0,T] (1.7)
holds for some positive constants C and Ty (< T) independent of A\, u,n and k.

Remark 1.3. By the uniform estimates, one can easily take the limits of A, u, 7
and k to zero, hence we omit the details here.

Our estimates are uniform in e with a := (A, 4,7, k) while the ones in existence
results of Hall-MHD depend on a.

We define

M(t) =1+ fwlleqonas + s {160,06)C, 7l ae + 900,722
) =T ) (1.8)
10807z +11 (e + (o)

Here we note that v :=u — w.
Theorem 1.4. For any t € [0,1], we have
M(t) < Co(Mo) exp(tC(M)) (1.9)
for some nondecreasing continuous functions Co(-) and C(-).
From it follows that [T, B [16]
M(t) <C. (1.10)

In the following proofs, we will use the bilinear commutator and product estimates
due to Kato-Ponce [15],

ID*(fg) = fD*gllLr < CUIV Lo ID* gllLar + llgllLe= 1D fllze=),  (1.11)
1D*(f9)ller < C(f o [D%gllLar + [[D° fllze2[|gll Loz ), (1.12)
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with s >0 and § = -+ - = - + .

We only need to show Theorem@ which is given in the next section. Our proof
consists of two steps. In step 1, we give the lower order estimates and in step 2, we
show the higher order estimates.

2. PROOF oF THEOREM [L.4]

Step 1. Lower order estimates. First, testing (1.1)) by p?~!, we see that

1d 1
qdi pldr = —(1 - 6) /pq divudz < || div || /pqu,
and thus
g lPllze < Ildivulzlpllzs,
which gives
¢
ol < lpollsesp ([ faivular). (21)
0
In the limit as ¢ — 400, we obtain
ol < [lpollLoe exp(tC(M)). (2.2)

It follows from (1.1]) that
1 1 1
O-+u-V=— =divu = 0. (2.3)
P p P
Testing (2.3) by (%)qil, we find that

1d q 1iq .. 1,1 .
—)de=(1+- / =) divudz < (1+ =)= |9, || div || o,
e Crar=a+2) [ () (0 g aiva
and therefore q -
1
TN L‘ZS 1"‘* —||La divu Lo,
gl < (1 )l el divl
which gives
1 1 I
1=l < 1= Noexp (14 =) [ divallp~ar)
P Po q’ Jo
and we have ) )
=1z < | — ||z~ exp(tC(M)) (2.4)
P Po

by letting ¢ — +oc.

Testing (1.3) by #9=! and using (1.1]) and denoting @ to be the right-hand side
of (1.3]), we obtain
Cy d

q dt

/Q@q e — /p@q_l div udx
(M) Qlzallp 07" + Cll div ul |/ 90] %,

pidx + K / Vo -Vl

and therefore

d .
@Ilpl/qﬁllm < CMD|Qlzs + Cll div | L= [|p" 0 s,
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which, similarly to (2.2)), implies
10]| Lo < Co(My) exp(tC(M)). (2.5)

Multiplying (|1.3) by 0% . &, we deduce that

1 1 k1 R divu Q 1.
- Vot — A= — - < —p=divu. 2.
POig + pu Ve*cv 02 oo T ey, S oyl (26)
Similarly to (2.5)), testing (2.6) by (%)q_l, we have

1d q R Lyg . R 1.4
S p(g) dz < oy p(a) divudz < C—V||d1vu||Loo/p(5) dz,

and thus
1
||§||Loo < Co(Mo) exp(tC(M)). (2.7)

It is easy to verify that

d
T / lv2dx = 2/v8tvdm <22 ||Ov|| L2 < C(M),
which implies
[|v]| L2 < Co(Mp) exp(tC(M)). (2.8)
Testing ([1.3) by b, we obtain

1
5%/\b|2dx+n/|Vb|2dx:—/(u-Vb—b-Vu—i—bdivu)bdac
:—/(1|b|2divu—b.vu-b)dx
2
< C||Vul < [bllZ. < C(M),

which leads to

6]|32 + n/o /|Vb|2dxdr < Co(My) exp(tC(M)). (2.9)

Step 2. Higher order estimates. The equation (1.1))-(1.3)) can be rewritten in the
symmetric form

0 0
;@p + ;u -Vp+6divu =0, (2.10)
PO+ pu - Vo + pVO +60Vp — pAv — (A + p)Vdive = r+rotb x b,  (2.11)

§8t9+8u-v(‘)7§

. 1
7 9A9 +pdivu = gQ, (2.12)

where we have taken R = Cy = 1 for simplicity, and

r=pAw+ A+ p)Vdivw — pu - V. (2.13)
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Taking D3 on (2.10)), testing by D3p, using (1.1)), (1.11)) and (1.12)), we obtain
1d [6
% (D3 da:+/9D3 divuD?pdx

= —/ {D‘n’(fatp) — QD?’@tp} D3pdx
p p
— / [Dg(gu . V,o) — Qu . VD%} D3pdx
p p
— /(D3(9 divu) — D3 divu) D3 pdx
1 0\ 3 2 4 3.\ 3
+§/6t(;)(D p) dx—/(;u-VD p)D pdx
o 4 2.14
< C(I9 e~ 1D%0pl +19upll = 1D°7 2 ) 1D 2 214)
Ou Ou
+O(I9 2 o~ 1Dl + [l 1D° 22 22 ) 1D

+ C(IVOl| = |D?ul| 2 + [Vl L= | D?6]| 22) | D?pl 2

+ €10 = 1Dl + CIV 22 1Dl
< C(M)(ID*0pl 12 + [|0epll =) + O (M) + C(M)H@t%HLw
1
+3 / 5 (D*0)%da
Here we have used the estimate [18]:
10" 22 < CONID*pl12 < CO).
Applying D? to ), testing by D?0,v, using ) and -, we obtain
2dt/m"’ 2dz + A;’“‘(i (D? divv)de+/p|D28tv|2dx
=— / D?Vp - D*0yvdx — /D2(pu - V) - D?0yvdx
- /[DQ(patv) — pD*00]D?*0yvdx + /D2r - D*0pvdx
+/D2(b-Vb— %V|b|2)D28tvdx

< C|ID°pl| 2| D*pvll 2 + Cllpl e [l 2 0]l 112 | D* Oy 2
+C([Vpll= DO L2 + 0wl Lo | D? pl|2) | D*Opv]] 12

1D 2 D00l + 107 (b- Vb~ S0 |2 D002
< C(M)||D?0l|2 + C(M)(| Dyl 2 + 850 o) | D2 D] 2
< C(M)|| D20yl 2 + C(M)(|0ywl| 17| D20 127

+ [100] 22 + 100]| 21 D20r0 ]| 35 | D2y 2
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< C(M)|D*dyol|z= + CM)(ID*0p0] 12 + | D*Byol|72) | D* o] .2
1
< B /p|D23tv|2dx—|—C(M),
which gives
t
/ /|D28tv|2da:d7' < Co(My) exp(tC(M)). (2.15)
0
Applying D? on (2.11)), testing by D?v, using (L.1)), and (|1.12)), we have
1
5% p|D3v|?dx + ,u/ |D*o2dz + (A + p) /(D3 divv)?dz
+ /pD3V0 - D¥vdz + /QVD?’p - D*vdx + /(b x D®rot b) D*vdx
=-— /(D3(p8tv) — pD39,v)D3vdx — /(D3(pu V) — pu - VD3v)D3vdx
- / (D3(pV0) — pVD30) D3vdx — / (D3*(0Vp) — 0V D?p)D3vdx

+ / D3rD3vdx — / (D3(b x rot b) — b x D3rot b)D3vdz

(2.16)
< C(IVpllL=lID?0p0| 12 + |0pvl| L |D?pll £2) | D*v] | 2

+ C(IVollz= 1 D*(pu) L2 + IV (pu) | o= [| D% 0]l 2) | D] .2
+ C(IVpllz= D% 12 + VO] = | D pll 2) | D] 2
+C(IVOl L= |D?pll 22 + [V pll = [ D0l 12) | D0l 12 + C(M)
+ %HD%II%z + C|Vb| | D?b]| 2 [ Do 2
< C(M) + C(M) (| D?*0pvl| 2 + [|0pv]| ) + %HD%II%z
< C(M) + | D*0pl32 + £ D o).
Applying D? on (1.4), testing by D3b, using (1.11)) and (1.12)), we have
1d
o / |D3b]2dx + 77/ |D*b|*dx + /(b x D*u)D? rot bdx
= —/(D3(b x u) — D*b x u — b x D*u)D?rot bdz
3 3 (b 3
— [ (D°bxu)D’rotbdx +& [ D (; X rotb)D rot bdz
= —/rot(D3(b x u) — D*b x u — b x D*u)D3bdx + /(ng x D®rot b)udx
= f/rot(DS(b x 1) — D3b x u — b x D3u)D3bdx
1
+/ [§V\D3b|2 — (D*b- V)D?b|udz
2/b b
+§/ (Dd(f x rotb) _2x D3rotb>D3rotbdz
p p

= —/rot(D3(b x u) — D3b x u — b x D3u)D3bdx
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1
- 5/\D3b|2divudx—|—/D3b®D3b:Vudx
+§/ (D3(é X rotb) b X Dgrotb>D3r0tbdx
p p
< || rot(D3(b x u) — D3b x u — b x D3u)||12|| Db]| 2
1 .
+ 1D L2 | divul oo + [ D] 72 V| e
b 3 30 4
OV e 1D lze + Vbl 10°(C) 122 ) 1D
n
< 001 + LD

Here we have used that a - Va +a x rota = %V\a|2
Applying D? on . testing by D?0,0, using ) and -, we have

d
£ [topan / P|D20,6/%2

—/D2(pdivu)D28t9dx—/D2(pu-VG)D28t9dx
— /[DQ(patG) — pD26t9]D28t9dx + /DQQ - D%9,0dz  with Cy = 1)
< |D*(pdiv )| 12| D?0,0) 2 + | D*(pu - V)| 12| D20, .2
+ C(|Vpll =1 DOB 12 + [8:6] 1< | D?p]| £2) | D20,0 12 + | D>Q|| 12 || D28, .2
< C(M)||D20,0)| 12 + C(M)(|DB,8)| 2 + |0, =) | D*8;0]| 2
< C(M)||D28,8| 12 + C(M)(|0,0] 5| D28,0]1,5° + 10,8 2
+[10,0]1 511 D28,61|754) | D28, 1.2
1
<3 /p\DzatG\de—i-C(M),

which leads to
t
/ / D20,02dadr < Co(My) exp(tC(M)). (2.17)

Taking D? on , testing by D36, using (1.11)) and , we have
g g

%%/g(D39)2dz+n/%(D40)2dx+/pD3 divuD30dz
ve 3 3 3 1 1 3 3

_/[DS(gate) = §D36t9]D39dx+%/@(g)(D?’H)de

D? (%ve) - %vn‘ﬁ‘e] D30dx — %vn‘fo - D39da

/ (D3(pdivu) — pD3 divu)D30dx + / D3(= D?’edx
<& [ 5D"0yds + COD|VOI D%

00\3
=
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10 (15 = 106l + 1800 1D 22 ) 1D
+ C(IV 511 102040 2 + 9:0]| = | D*2 12 ) 1 D*0)] 1.2
P pu pu
+ 10~ 1% + C (195 e D0l 22 + 9001~ D5 22 ) 1D o2
+ CIVE 1w |D%61 + CIVple D%l + [ div ul o | Dl 2) | D6l 2
+ (I le=1D°Qls + QU< 1% 5122 ) 1D
K 1
< [ 5002+ C)+ COD(ID*D0]12 +08])
A+ .
+ E)D%u3, + 2B D divul2, + | D)2
2 2 16
1
< Z/a(D‘*Q)?dx +1D?8:0]% + C(M)
A+ .
+ ZID |2 + S E D divolF. + TLI DUl

Summing (2.14)), (2.16]) and the above inequality, we arrive at

1d [0
bl (f(D?’ )2+ p| D30[? + | D32 + (D36) )d:c—i— /\D4v|2dx
2 dt
Y
+% (D® div v)2dz + §/|D4b|2dx+§/§(D46‘)2dx

— / 0D divuD?pdx — / pD3V0 - D3udx — / D3V p - D3udx
- /pD3 divuD?*0dx + || D?*0sul|%2 + || D?*0:0]|32 + C(M)
+ /(b x D?rot b)D3wdx + /pD3V0 - D3wdx + /9D3Vp - D3wdzx
< /DSuDngde + /D3uD30Vpdx + || D?*0yul|?. + || D?0:0)|% + C (M)

+] / rot(b x D*w)D*bdz| + | / D*0 div(pD*w)dz| + | / D?pdiv(0Dw)dz|
< C(M) + [ D*0pul72 + || D*8,0]| 7.
Here we have used that
(b x D*rotb) - D*u + (b x D*u) - D*rotb =0
Using (2.15) and ( -, we have
1D (p,,b,6) (-, )| 2 < Co(Mo) exp(tC/(M)). (2.18)
On the other hand, from it follows that
10| 2 = H%(b - Vb — %V|b|2 + pAu+ A+ p)Vdive — Vp — pu - Vu)
< Co(Mo) exp(tC(M)).

=

(2.19)
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Similarly, we have

100> < Co(Mo) exp(tC(M)). (2.20)

Combining (2.4), (2.7), (2.8), (2.9), (2.18)), (2.19) and (2.20)), we conclude that
(1.10) holds. This completes the proof. O
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