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MULTIPLICITY AND ASYMPTOTIC BEHAVIOR OF
SOLUTIONS TO FRACTIONAL FIGURE-KIRCHHOFF TYPE
PROBLEMS WITH CRITICAL SOBOLEV-HARDY EXPONENT

XIAOLU LIN, SHENZHOU ZHENG

ABSTRACT. Let @ C RY be a bounded domain with smooth boundary and
0€Q For0<s<1,1<r<qg<p 0< a<ps< N and a positive
parameter A, we consider the fractional (p, ¢)-Laplacian problems involving a
critical Sobolev-Hardy exponent. This model comes from a nonlocal problem
of Kirchhoff type
py(a)—2
(a + 0[] P (—A)Su + (—A)Su = ‘“'MT” + Af(z)

u=0 inRV\Q,

where a,b > 0, ¢ < sr + N(1 —r/p), 0 € (1,p%(a)/p) and pk(a) is critical
Sobolev-Hardy exponent. For a given suitable f(z), we prove that there are
least two nontrivial solutions for small A, by way of the mountain pass theorem
and Ekeland’s variational principle. Furthermore, we prove that these two
solutions converge to two solutions of the limiting problem as a — 01. For
the limiting problem, we show the existence of infinitely many solutions, and
the sequence tends to zero when A belongs to a suitable range.

‘u‘r—Qu

|z

in Q,

1. INTRODUCTION

Let 0 <s<1,¢g<p<Zand Bs(z) = {y € RV : |2 — y| < §}. The fractional
t-Laplacian (—A)f with ¢ € {p, ¢} is defined (up to normalization factors) for any
r € RN with

o(z) — p(y)|* 2 (e(2) — ¢(y))
| — y|Nep

(=A)ip =2 lim dy Ve e CPRY).

§—0+ RN\ Bs ()
For further details on the fractional p-Laplacian, we can refer to [17, 22] and the
references therein. Let 2 C RY be a bounded domain with smooth boundary and
0 € Q. In this paper, we prove the existence of multiple solutions for Kirchhoff type

problem of fractional (p, ¢)-Laplacian, with 0 < a < sp and A a positive parameter,

|u|r—2u

. s O U .
(a+ bl ") (=) + (~A)ju = = %

q” |1.‘oc

u=0 in RV \Q,

+ Af(x)
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p(N=a) ~

where a,b > 0, r € [1,q) is a constants, 0 € (1,p;(a)/p) with pj(a) = 57> <

pi(0) = pk is the so-called critical Hardy-Sobolev exponent.

Nonlocal fractional operators arise in a quite natural way in contexts, such as
optimization, continuum mechanics, phase transition phenomena, and game theory;
see [4} 5l [I3] [I7] and the references therein. As we know, for the classical setting of
s = 1, problem reduces to a (p, q)-Laplacian elliptic problem of the form

—Apu—Aju=g(z,u) in
u=0 on 01,

where several and interesting results have been obtained by many authors [6] [7], [24],

25, [36]. For s =1 and p = ¢ = 2, He and Zou [21] proved the existence of infin-

itely many solutions to a singular elliptic problem involving critical Hardy-Sobolev

exponents. Subsequently, such a result has been extended to that of quasilinear

equations in [26]. For the setting of fractional p-Laplacian with p = ¢, Fiscella and

Mirzaee [20] established the existence of infinitely many solutions to the problem
ulPPu e fufP

—A)u— = in
(—A)yu—p |z]ps 2] + BE m s,

u=0 inRY\Q.

In particular, we would like to mention that Ambrosio and Isernia [3] also obtained
the existence of infinitely many solutions to the fractional (p, ¢)-Laplacian problem
involving critical Hardy-Sobolev exponents. To this end, the main point in the
study of these problems is due to the lack of compactness caused by the presence
of the critical Hardy-Sobolev exponent.

On the other hand, great interest recently has been devoted to Kichhoff type
equations in the past decades. For example, Xie and Chen [33] presented a mul-
tiplicity result on the Kirchhoff-type problems in the bounded domain by using
the Nehari manifold, fibering maps and Ljusternik-Schnirelmann category. Xiang
et al.[32] recently generalized the above fractional p-Laplacian analysis with the
subscritical growth to the Kichhoff type problem

p - *
@+b //]RQN |.T* |N+p)s d.]?dy)e 1)(_A);U:|U|ps(a)u+)\f(x) in IRN7

and they proved the existence of at least two different solutions to the above prob-
lem by way of a combination of mountain pass lemma and Ekeland variational
principle. It is a well-known fact that the Kirchhoff equation is related to the
following stationary analogue of equation

82u po ou 2 0%u —0
P o2 (( 2L)/0 | )a:ﬂ -
where p, pg, h, E, L are the constants which represent some physical meanings, re-
spectively. This is an extension of the classical D’Alembert wave equation by con-
sidering the effect of changes in the length of strings during the vibrations. The
Kichhoff equation received much attention due to Lions’ seminal work [27] where
he proposed an abstract framework to this kind of problems, see also for example
[1, 11] and the references therein.
As a natural extension of the above papers, we are mainly interested in searching
multiplicity of solutions to Problem . Our main point is here a combination of
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fractional double-phase problems of (p, ¢)-Kichhoff problems and critical Sobolev-
Hardy exponents. To the best of our knowledge, there is only few papers deal with
fractional (p, ¢)-Kichhoff type problems with critical Sobolev-Hardy exponents and
Hardy term. Our main aim is in an effort to handle the multiplicity of solutions
to Problem by comparison with the recent paper [3] regarding the existence
of solutions. Inspired by the papers in [34, B5], we additionally prefer to study
an asymptotic behavior of solutions to Problem . More precisely, we are to
show that there exists a sequence of many arbitrarily small solutions converging
to zero for the limit problem of by using a new version of the symmetric
mountain-pass lemma due to Kajikiya [23].

Before stating our main results, let us recall some related notations and useful
facts. For 0 < s < 1,1 < p < oo, we first recall some basic conclusions involved in
the fractional Sobolev space W*P(RY), for more details also see [§]. For u : RN — R
be a measurable function, we set

Ju(e) ()l |\
op = //RQN |x— |N+ps d:cdy) .

Then the fractional Sobolev space is
W*P(Q) = {u € LP(Q) : u is a measurable function and [u]s , < oo}

with the norm
1/p ) 1/p
ol = (B + ) et ful, o= ([ 1ulrae) ™.
]RN

Note that the fractional Sobolev space X := WP (Q) = {u € WP(Q)|u = 0,z €
RN\ Q} is equipped with the norm || - || = []s,, which is a uniformly convex
Banach space. As mentioned in Section 2 below, we know that W;?(Q) C W ?(€2)
for ¢ < p, which allows us to consider the problem easily in X. We are now
to give the definition of weak solution to (1.1)).

Definition 1.1. We say that v € X is a weak solution of ([1.1)), if u satisfies

ul" " 2uw

(0 + bllullO=P) (1, 0 + {11, 0 = {11, i, + A / f(@) dz,
Q

for all v € X, where

o= [ MU ) —ul) 062) = ) o
R2N

[

|z —y|Nep
o) // ) (u(e) — u(w) (ol) =v(w)
s R2N |x— |N+Sq ’

/ ju(e ma “u(e)o(s)

The energy functional I : X — R associated with problem is
1 1 0‘) \u|r
_*/f
2l

a b
I(w) = =|lul” + —|lul® + =[u]?
(u) pll I ap” | q[],q i@ Jo

Let us now make a necessary assumption on the function f(z),

(Al) f € L*(Q), and there are two positive constants w; and ws such that
0 <w; < fz) Sws < +o0,Vx € Q.
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It is clear that we can employ the argument used in [31] to prove that I(u) is
well-defined and of the class C1(X, R). Moreover, we see that any solution of the
problem is just a critical point of I(u). Therefore, we are now in a position
to state our first main results as follows.

Theorem 1.2. Assume that f(x) satisfies (Al). Then there exists a constant
A* > 0 such that problem has at least two nontrivial solutions u' and u?
satisfying

I(u?) <0 < I(ut), VYXe(0,\%).

To show the existence of at least two critical points of the energy functional.
We use the mountain pass theorem (cf. [2]) to prove the existence of solution u'
with I(u!) > 0, and employ Ekeland variational principle (cf.[18]) to show the
second solution u? with I(u?) < 0. Indeed, the techniques for finding the solutions
are partially borrowed from Cao, Li and Zhou’s work in [I0]. Here, a key point
of proving Theorem mainly stems from the critical nonlocal terms, where the
(PS). condition is verified by the concentration-compactness lemma developed by
Fiscella [19] and Mosconi [28].

Furthermore, an asymptotic behavior of the solutions of Problem obtained
by Theorem [T.2]is stated as follows.

Theorem 1.3. Let f(z) satisfy (Al). For A € (0,\*) and fized b > 0, if ul and u?
are two solutions of (1.1) obtained in Theorem , Then ul — u' and u? — u?
in X as a — 0T, where u' # u?, respectively, are two nontrivial solutions of the
problem

“2u |u|"~2u

)7 (— A+~ = T

S,p q |x|a

u=0 inRV\Q.

L imn €,

(1.2)

Our approach of proving asymptotic behavior of the solutions for problem
comes from the idea of the papers [30} [35]. By analyzing the convergence property
of u} and u? as a — 0T, we derive Theorem Finally, we state the existence of
infinitely many solutions of the problem (1.2]).

Theorem 1.4. Let f(z) satisfy (Al). Then there exists a constant A > 0 such that
(1.2) has infinitely many solutions for any X € (0, A).

The idea to prove Theorem is based on this argument developed by He and
Zou in [21I], where the authors proved the existence of infinitely many solutions
by combining a variant of the fractional concentration-compactness lemma (cf. [I9]
28]) and the symmetric mountain pass lemma (cf. [23]). Additionally, it is necessary
to introduce a truncated functional that allows us to apply the symmetric mountain
pass lemma in [23]. As its application of the above consequence, we know that the
critical points of the corresponding truncated functional are just the solutions of
the original problem . Finally, it is unavoidable that the presence of fractional
(p, q)-Laplacian operators makes our analysis more complicated so that we employ
a more delicate technique above to adapt our setting.

The rest of this paper is organized as follows. In Section 2, the variational
framework and some preliminaries are recalled. We devote Section 3 to show two
distinct nontrivial weak solutions for problem by using the mountain pass
theorem and Ekeland variational principle. In Section 4, the concentration of the
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weak solutions is considered. Finally, we focus on the existence of infinitely many
solutions of the problem (|1.2)) based on the symmetric mountain pass theorem in
Section 5.

2. PRELIMINARIES

We devote this section to state some related notation and useful facts. Let us
begin with recalling a few of elementary embedding inequalities.

Lemma 2.1 ([3]). For q < p, the embedding W*(2) — W 4(Q) is continuous,
.e., there exists a positive constant Cy such that

[u]s,q < Cylulsp for any u € WP (Q).

Lemma 2.2 (Hardy-Sobolev inequality, [12 [19]). For 0 < « < ps, there exists a
positive constant Cy, possibly depending only on N, p, s and a such that

1/p% () )|p 1/p
/|u \a?|0‘) //R?N |x— |N+Sp d:z:dy) (2.1)

for every u € X.

Consequently, this fractional Hardy-Sobolev embedding relation X < LPs(@) (Q,
|z|~%) is continuous, but not compact. Further, the best Hardy-Sobolev constant
H, is given by

[ulf,

inf uPs()  \ wr
wEW )\ (0} llullgz,

H, =

with [Ju||m, =

We remark that the number H, is strictly positive, and it coincides with the best
fractional Sobolev constant for &« = 0. The following embedding results has been
proved in [12] 19].

Lemma 2.3. For 0 < a < ps, let Q C RN be a bounded domain with smooth
boundary, and 0 € Q. Then for any 1 <r < p(N po;) and p < sr+ N(1— 7), there
ezxists a constant Cy, . = C(N,s,a,r,¢c) >0 such that

Jul”

dx <Crc
o lafr

ull,,

for any u € X. Moreover, the embedding X «— L"(Q,|z|™*) is compact.

In what follows, let us introduce the Brézis-Lieb type Lemma (cf. [3, Lemma
2.1]). We briefly prove it by a usual way due to the lack for the fractional Sobolev
version.

Lemma 2.4. If {u,}nen is bounded in WP (Q2), then, up to a subsequence, there
exists a function u in WP (Q) such that u, — w in W*P(Q) with

[up —ulf, = [Un]pp —[ 1y +0( ) (2.2)
2 = uallfe ) =l + o(1) (23)

lun — ullz,

Proof. Thanks to the Brézis-Lieb Lemma [9], we see that if {g, }nen C LP(RY) for
p € (1,00) is a bounded sequence such that g, — g a.e. in RY, then we have

|9n - g|ip(RN) = |gn|ip(]RN) - |9|I£p(RN) + On(l)'
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By taking
Cw@ ) () u()
oy w—y
we find that

[Un - u]g,p = [un]g,p - [u]g,p + 0(1)7
which leads to the desired result (2.2)). Similarly, we can obtain formula (2.3). O

Next, we recall the concentration-compactness principle for the version of frac-
tional p-Laplacian. The following definition can be found in [31].

Definition 2.5. Let M(RY) denote the finite nonnegative Borel measure space
in RY. For p € MRY) with p(RY) = |pllo, we say that p, — p weakly * in
MRN), if (1n, ) — (p,m) holds for all € Co(RY) as n — oo.

Let us recall the following fractional concentration-compactness lemma, see [19,
29].

Lemma 2.6. For 0 < o < sp, let {u,}tneny C D*P(RY) be a bounded sequence
satisfying

U, — u € D¥P(RY);

— p
/ |u”imz yh%ﬂi)'dy —pu weakly* in M(RY);
RN

PZ(a)|x|*0‘ — v weakly* in M(RN).

[tn

Then there exist a countable sequence of points {x;}jes C RY, the families of
positive numbers {u;}ics and {v;}jers such that

|u|Ps (@) |u
o=+ St [N e S,
JjeJ

Moreover,

i > Hal/f/p:(a) for all j € J,
where 5%. 1s the Dirac mass centered at x;.

Finally, the following proposition, which can be found in [32], is useful to our
main proofs.

Proposition 2.7. Assume that {u,} C DSP(RY) is the sequence given by Lemma
. Let g € RN be fived point, and ¢ be a smooth cut-off function such that
0<¢p<1,06=0 forxz € B§0), p =1 for x € B1(0) and |V¢| < 2. Then for any
e >0, we have

p
hmhmsup //R2N d)E’J | ¢€j( )) (IH dxdy)l/pzo,

n—00 T — |N+p9

where ¢ j(x) = p(*=2) for any x € RV,
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3. PROOF OF THEOREM

To show the existence of solutions for (1.1]), let us recall the following general
mountain pass theorem (cf. [2]), which allows us to find a (PS). sequence.

Theorem 3.1. Let E be a real Banach space, and J € C*(E, R) with J(0) = 0.
Suppose that

(i) there exists p,6 > 0 such that J(u) > ¢ for w € E with |ul|g = p;
(i) there exists e € E satisfying ||ullp > p such that J(e) < 0.

Then, for T' = {y € C*([0,1]; E) : v(0) = 0,7(1) = e} we have

= ] >
¢ $2§ 02t T(r(1) = 0.

and there exists a (PS). sequence {up}, C E.

Before employing the mountain pass theorem to prove Theorem we first
verify that the functional I possesses the mountain pass geometry (i) and (ii).

Lemma 3.2. Let f(-) satisfy Condition (A1). Then there exist Ao > 0 and two
positive constants 0y and p such that I(u) > §y > 0 (independent of a), for any
u € X with ||u]| = p and A € (0, Xo).

Proof. By (A1) and Lemma[2.3] for all u € X we have

_ JufPs(@) N\ r/pi(e)
/f(x)|x| c|u|rdx§wzor,c(/ _ dz) . (3.1)
Q o |z
Therefore,
b 1 ps (@) e ps (@) r/ps ()
I(u) > o~ lu]” - [l — 3225, (/ Ju dm) .
Op pila) Jo  |z|® r o |zl

It follows from the definition of H, that

b o L pr@/pp qpi(a)  wW2Cre
I(U) Z %HUH P mHa ) [U]s;p — )\THQ T/p[u];p
b 1 - * r.c _
> (L uporr - Lo ppyppiier=r - 38250 goss
Op pi(a) T
Let us define
1 —ps(a * T,.C 17—
g(t) = Lgorr — L peri@ i@ —r _ @20 gorp gy > o,
Op pi(a)

1
It is easy to check that for ¢t = t* = ( bp*:(a)(ep_r) )pz(ﬂ)fep one has
Y opHL " 7 (p2(a)—r)

WQCT,C
r

-\ H;™/P >0,

b(pi(a) — Op bp:(a)(Op —r psefx%p
o) = G ()
>0 Op(p3 (@) =7) NopHL P77 (px(a) — 1)
provided that

0< A< A =

bH;/”r<p:<a)—9p)< b (@) (0p — 1) )f
wrCr,ofp(pz(@) = 1) \opHI 7 /P (pr(a) — r)

Then the conclusion follows only by letting p = t* > 0 and §) = g(p)p” > 0. The
proof is complete. [
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Lemma 3.3. Let f(-) satisfy (Al). Then there exists a, > 0 such that for each
a € (0,a.), we have I(e) < 0 for some e € X with ||e|| > p, where p > 0 is shown
as in Lemma[32

Proof. Firstly, we notice that f(z) > 0 for a.e. x €  due to Condition (Al). Let
us choose a function ug € X such that

ps(a)

|uo
[luogll =1 and dx > 0.
pi(@) Jo o [zf*
Then
a b 1 1 * IUO pi(a)
I(tug) < —tP||luo||? + =t |ug | + ~t[ug? , — ——tP=(@ [ 20—
( p I Op q luoli pi(e) o |zl
By considering ¢ < p < fp < p%(«) we see that there exists ¢t > 1 large enough that
ltuo|| > p and I(tug) < 0. The proof is proved by letting e = tuy. O

With Lemmas [3.2 and Theorem in hand, the (PS). sequence of the
functional I(u) at the level

=1 >
c %Iel{“ max, I(y(t)) =0, >0

can be constructed, where the set of paths is defined by I' = {v € C*([0,1];X) :
7(0) = 0,7(1) = e}. In other words, there exists a sequence {u,} C X such that

I(up) = ¢ I'(u,) -0 asn — oco.

Definition 3.4. A sequence {u,}, C X is called a (PS). sequence, if I(u,) — ¢
and I'(u,) — 0. We say I satisfies (PS). condition if any (PS). sequence admits
a converging subsequence.

Lemma 3.5. Let f(-) satisfy (Al). If {un}n C X is a (PS) sequence, then there
exists C > 0 (independent of a and n) such that ||u,|| < C for every a € (0,a.).

Proof. Let {up }tneny C X be a Palais-Smale sequence of I, that is to say,
I(up) =c+o(1) and (I'(un),un) = o(1)||u,] asn — occ. (3.2)
Taking into account (Al), 1 <r < g < p and 6 € (1,p%(a)/p), we obtain
¢+ o(1)]|un

= I(un) — <II(Un)aun>

1
pi(a)
a b b 1 1 u|”
meWMW+(@‘imm)“”%‘(r‘mmﬂkﬁf“ﬁJﬂx

Il
—~
e
|

b b 1 1
> (o0 = = lunll = (- =~ ) n oo H P
p  pi(a) ro (@)
which implies that ||u,| < C' (independent of a) for all A > 0 because p > r. This
completes the proof. O

Lemma 3.6. Let f(-) satisfy (Al) and A > 0. Then there exists a. > 0 such that,
for each a € (0,a.), I(-) satisfies the (PS). condition in X for all

s 5()
ki

Op p}
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with

. — 1/(pi(a)—r
A Rt Y CRTEE SYE I T s R )

pi(a) r Op’\0p  pia)
Proof. Since {uy}, C X is bounded, up to a subsequence, there exists a function
u € X such that u,, — v in X. Hence, in view of Lemma there exist a countable
sequence of points {z;};ecs C RY and the families of positive numbers {ujtier,
{v;}jes such that as n — co we have

() = wn ()1 JECE
dy = p > d + T 3.3
L = [ oyt @9

and
Uy, P;‘(a)|x|fa Ny =

+) v, (3.4)

jeJ

in the sense of measure, where 0, is the Dirac measure concentrated at z;. More-

over,
P

j > Hov)* P for all j € J. (3.5)
Next, we prove that v; = 0 for all j € J. To this end, let x; be a singular
point of the measures p1, v, and m(||u,||) :== (a + bl|u,||®~YP). We define a cut-off
function ¢. j(z) := ¢(*=2L), where ¢ € C§°(12) is such that 0 < ¢(z) < 1, ¢(z) =
in B1(0), ¢(x) = 0 in RN \ B3(0) and |[V¢(x)| < 2. Obviously, {@e jtn}nen is
bounded in X. It follows from (I'(uy), ¢e,jun) — 0 that

() [ / ) el (10(2) = 0 () (925 (2) — ey Duale) ,

|z —y[Vee

|Un(x) - un(y)|q72 (Un(x) - un(y)) (Qbs,j (x) - ¢8,](y))un(x)
+ //RQN dx dy

o=y

+ m([un) // '“" prs) 6os(2) du dy (3.6)

//RZ’N |u7x_ |N+(qs)| ¢s,g( )dm dy
[ (@)@ () M
_/Q || d +)‘/ f(x dz + o(1).

kg

To the first term on the left hand side of the above formula (3.6)), according to
Proposition [2.7] we have

) p
hm hmsup //| pej(2 ‘ QOEJ(y))un(a:)‘ dl‘dy)l/p:().

n—o00 T — |N+ps

By employing Holder’s mequahty we obtain

m(”un”)// |t () = tn ()P 72 (un (€) — un(y)) (02,5 () — ¢ ;(y))un(z) dxdy‘

|z —y[Vres

|un _un(y)|p 1-5
<o( [ \Nﬂw e dy)

//RZN (¢ei(@ : _‘Ps|i{(+2s) (33)|p dacdy>1/p 57
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i P 1/p
< C // QOE’] — Pe (y))un(x)| dx dy) —0 ase—0,n— oo.
R2N |9C — y|NFps

From the second term on the left-hand side of (3.6)), similarly we obtain

// [un (@) — un()|7? (Un(2) — un(y)) (¢e.i (@) — ¢, (y)) un ()
R2N

|z — y|NFes

lim lim
e—0n—o0

dx dy

(3.8)

For the third term on the left hand side of (3.6)), it follows from a > 0 and (3.3)
that

un
lim hmsupm l|nll) // | |N+(1)5)| ¢e.j(x) da dy (3.9)
0
> 11m hmsupb // |un — Un(9)I” ¢e,i(@ )dxdy) (3.10)
n—00 ]R2N | +ps
>limb )| —— . i(x )da:dy—&-u‘)e:b,ue (3.11)
T e—=0 R2N |£C - y‘NJr:DS &.J J J° ’

In addition, by (3.4 . we obtain that

s(@) pi(a)
lim lim / |un |x|°‘ e,j(z) dz = lim/ %%,j(:ﬂ) dz+v; =v; (3.12)

e—0n—o0 e—=0 Jo

an

lim lim /f |un [un(@)I"e.s () dx—hm/f |u D) Gy (@ )dwf() (3.13)

e—=0n—oo |x|c e—0

where we used the fact that X — L"(RY, |z|7¢) is a compact embedding due to
Lemma 2.3

Now let us put (3.7)—(3.13]) into (3.6]) to obtain that

v; > bu?.
Therefore, v; > b,uf- > b(Hal/f/p:(a))e in accordance with (3.5)). This gives v; =0
pe (o)
or vj > (sz) pi(a)—0p

pl(a)
Next we prove by contradiction that it is impossible for v; > (bH z) ps(@)=67 for
j € J. Applying (A1), Lemma (3.5) and Young’s inequality we obtain

c= lim (I(un) - %(I/(Un)aun»

Jim,
()
> lim (= P+ (5~ ) [ e -
o) £
- %_p;w)( Qu||§ia)d$+vj)—A(i—elp)wzcr,c( i ")

1 e (pi(a) ~7)
=\, — AP M\ T
Op pz(a)) ! pi(a)

1 1 1 1 _\ T
Crc - _ T) £
x (wQ ’ (r Qp)(Gp pg(a))
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> ( 1 1 )(ng)p (a(> 20 )\pp<a(;¥)7c
257 - - 05
op  pi(a)
() pi ()

which contradicts ¢ < ((Tlp ~ 7ia ))(bHQ)P OET — Ari@=7Cy. Therefore v; = 0
for any j € J, and then

i |Un ps(a) \u ps(a

im

Moreover, using the Proposition (Brems—Lleb Lemma), we have

lim [ M dz=0. (3.14)

n—oo Jo |:1:‘O‘
Finally, we show that u, — u in X. Let {u,} be a (PS). sequence, then we
obtain
on(1) = (I'(un) = I'(w), un — u)
([ ) (st = w)s p = m(llun ) v, un —w),

+ (s i = u)s,q = (s tn = w)s,q)

T@) =2y |y |Ph ()~ _ (3.15)
Jr/ (|un|p Up — |u u)(un u)dx
Q ||
r—2 _ r—2 _
o ),
Q |z[©

For the fourth term on the right-hand side of (3.15]), we claim that

o Ll T 20) ()
11m

n—oo Jo |;E|a

dz = 0.

Indeed, since {u,} is uniformly bounded in X, this means that there exists a sub-
sequence of {uy} (still denoted by {u,}) and u € X such that

Up —u in X and in LP=(9)(Q, |z|~%),

(a)— *(a)— . ff;‘l)l —«
a2 P2 i L (0] ), (3.16)
U, = u a.e. in §,
"2y — Jul" "% in L7 (Q, |2]7°)
as n — oco. This yields
pi(@)=2y - —
i [ e ),
n—oo Jq |
iy — 1P (3.17)
= i 2l dx + o(1),
which together with ([3.14) implies
Uy |P5 ()2, — Uy — U
lim ( )( ) dx = 0. (3.18)
n—=o0 Jo ||
For the last term on the right-hand side of (3.15)), by (3.16]) we have
r—2 _ r—2 _
lim | f(z) (Jun | Zun = Jul™ ) (un =) | (3.19)

n—oo Jq |1‘|C
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To estimate the third term on the right-hand side, let us recall the well-known
Simon inequalities:

1§ —nl”
< {Czlv(|§p_2§ — [nlP=2n) (€ —n) for p > 2 (3.20)
~Lerer2e = mlr=2n) € = m]P P (gl + ) TP for 1< p <2,

for all £,n € RY, where C,, and C} are positive constants depending only on p.
Therefore, to the third term on the right hand side of (3.15)), we obtain

(U, U, — U5 g — (U, Up, — W s,q > 0. (3.21)

Let us now put (3.18), (3.19) and (3.21) into (3.15]), which yields the inequality

o(1) > m(||un||)(<umun - U>s,p — (U, up, — u>s7p)

+m([[unl) (s un = w)sp = m[[unll)(w, un = w)s,p.

(3.22)

Note that the {u,}, is uniformly bounded which lead to that w, — u in X, we
deduce that

i o )t — )y = 0, T (g [ 10, — ), = 0.
Hence

nlggo m(||un ) ((uns wn = w)sp = (U, un = u)sp) < 0.

This together with d := inf,,>1 ||u,|| > 0 and b > 0 yields

nl;r{:o ((un,un —Usp — (U, Uy — u)s,p) <0.

It remains to prove the strong convergence of {u,} in X. To this end, we part it
in the settings of p > 2 and 1 < p < 2. For p > 2, it follows from (3.20) that

o<t [[ @ -n) (0wl ,
R2N

n—+oo |z — y[ NP

<, nhﬁngo ((un,un —Wsp — (U, Up — u)sp) <0

as n — co. Hence u,, — u in X. For 1 < p < 2, by (3.20) we have
B B B P
o<ty [[ Mm@ =) (el
]RZN

n—o0 |aj —y‘N""PS

< OIIJI nlinéo ((um Up — Us,p — (U Uy — U>syp)p/2 (3.23)

X (//RQN }un(l‘) - Un(y)|p + ’u(x) — u(y)|p . dy) ()2

|z — y|NFps

. /2
S Onh—>Holo (<un7un - u>s,p - <u; Up — u>s,p)p S 0

as n — oo. Hence u, — u in X. In conclusion, we obtain u,, — wu strongly in X as
n — oo.

Finally, we consider inf,cn [|un|| = 0. If 0 is an accumulation point of the
sequence {u,}n,, then there exists a subsequence of {uy}, strongly converging
to u = 0, which leads to the desired result. If 0 is an isolated point of the se-
quence {uy,},, then there exists a subsequence, still denoted by {u, },, such that
inf,en [Jun| > 0, which was proved as above. This completes the proof. a
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Next, we show that the corresponding energy functional satisfies the Palais-Smale
condition at the levels less than

&~

op  pi(a)
by constructing sufficiently small mini-max levels, which is mainly inspired by the
reference [16]. By Lemma [2.1] and Condition (A1), we have

) (bHE) T _ AT g

a b 1 1 -
I(uw) < = |lullP + = ||u]|® + = [u]? —7/x’o‘ups(o‘)dw
() < Zllell” + gollel™ + 2 luls, (@) Q| =
a b C 1 .
< = lullP + |l + =||ul|? - /xfo‘ups(o‘)da:
pll I 9pH | q|| I 7 () Q\ =

for all u € X. Define the functional J(u) : X — R by

a b C 1
J(u) = = ||ul|? + = |[u]|? + =|jul|? — /x_”‘u
() = DIl + gl + Zlull = s | el

Then I(u) < J(u) for all u € X. Hence it suffices to construct small mini-max levels
for J(u).
For any ¢ > 0, one can choose ¢5 € Cg°(RY) with [, |2|~%|¢s|P=(¥dz = 1 and
suppos C € such that ||¢s|| < &. Thus, for t > 0 we have
J(tos) = “Lop 1 W gon O 2T
p Op q py(a)

P2 () gy,

Then there exists t* > 0 such that

at? o n o, ot e
max J(tds) = J(tids) = — 0P + —— % 4 Z 257 —
pax J(t9s) = J(tds) P op q pi(a)
p Op q p ()
< Aty 5P + bti*(;ep %(w _ 2 )
P Op q pi(a)
Let us take § > 0 small enough such that
a.t? btP ctd P (@) 1 1 pi(a) P’ (a)
bl T Tl A < (= — bHY) Pi)=p0 _ \PE T (.
p Op q pi(e) ~Op pi(e) ) (bHe)

This leads to the following result.

Lemma 3.7. Under the assumption of Lemmal[3.3, there exist ax >0 andA A >0
such that for each a € (0,a.) and X\ € (0, ), we have that ¢5 € X with ||¢s|| > p,
I(¢ps) < 0 and

. 1 1 pi(e) Pk (@)
max I(tps) < (— — —— ) (bH?) PE=27 _ \#i(a]=7
o) < (g~ ey ) ’
Proof. Tt is obvious that there exists A, € (0, \g) independent of a such that
1 1

ps () Pk ()
— — bHO)PE=r7 _ \#T(a1-7Cy > 0 for any A € (0, \,).
B~ ety 11 ; (o)
Let ¢s € X be the function defined as above and choosing ¢ > 0 Abe such that
tl|psl| > p and I(tgs) < 0 for all t > £. The result follows by letting o5 = tps. O

Theorem 3.8. Let f(-) satisfy (Al). Then there exist a, > 0 and A, > 0 such that
for each a € (0,a,) and X € (0,\), Problem (L.1) has a nontrivial solution u* in
X with I(u') > 0.
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Proof. According to Lemma [3.7} we define

°= i gy 1000
where I' = {y € C([0,1],X) : y(0) = 0 and y(1) = ¢s}.

ph(e)

f(e)

By Lemma we have 0 < 0y < c¢c < ( (a))(bHG)” G PHOREON
In view of Lemma 3.6, we know that I satlsﬁes the (PS). condition, and there
exists u! € X such that I’(u') = 0 and I(u!) = ¢ for all A € (0, \.). Thus, u! is a
solution of (L.1)). O

Before give the second solution, we need to introduce the following important
proposition.

Proposition 3.9 (Ekeland variational principle, [I8, Theorem 1.1]). Let V be a
complete metric space and F : V. — R U {400} be lower semicontiuous, bounded
from below. Then, for any € > 0, there exists some point v € V with

F(v) < jl‘}f +e, F(w)>F(v)—edy,w) foralweV.

In the following, we set B, = {u € X : ||lu|| < p}, where p > 0 is given by Lemma

Theorem 3.10. Let f(-) satisfy (Al). Then there e:mst a* >0 and X\* > 0 such
that for each a € (0,a.) and A € (0,A*], Problem has another nontrivial
solution u? in X with I(u?) < 0.

Proof. Define ¢ = inf{I(u) : u € B,}, we first claim that ¢ < 0. Indeed, by choosing
a nonnegative function wy € C§°(RY) we have

I(TWO) 75

lim = / f(z)|wo|"dz < 0.
rJa

T—=0 77

Therefore there exists a sufficiently small 7 > 0 such that ||7wg|| < p and I(Twp) <
0, which yields that ¢ < 0.

Considering Lemma [3.2| and the Ekeland variational principle yields that there
exists a sequence {u, }n such that

T< I(un) <7+ % (3.24)
10) 2 Iy - 12 (3.25)

for all v € B,,.
Now we show that ||u,|| < p for n sufficiently large. Arguing by contradiction,
we assume that ||u,|| = p for any n € N. By Lemma [3.2] we deduce that

I(un) > (5)\ > 0.

This and (3.24]) imply that ¢ > 0 > 0, which contradicts ¢ < 0.
Next we prove that I'(u,) — 0 in X*. Set

wp =uUp +70, YweE B :={veX:|v|=1}
where 7 > 0 small enough that 0 < 7 < p — |Ju,|| for fixed n large. Then

lwnll = lfwn + 7] < lluall +7 < p,
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which means that w,, € B,. Thus, it follows from ([3.25) that

1
Hwn) > I(un) — ﬁ”un — walls

or
I(un, + 7v) — I(uy) L
T n
By letting 7 — 07, we obtain (I'(uy,),v) > —% for any fixed n large. Similarly, by
choosing 7 < 0 such that |7| small enough, let us repeat the process as above to
obtain

(I'(un),v) <

We immediately conclude that

for any fixed n large.

S|

lim sup |(I'(uy),v)| =0,

n—oo VEBl
which yields that I'(u,) — 0 in X* as n — oo. Hence, {u,}, is a (PS)z sequence
for the functional I with ¢ < 0. o )
. % 1 AV HCIET pfsa(ai,,
Taking A\* € (0, \.] such that 0 < (97; o (a))(bH ) HOS By Cy for all

A € (0,)*). We deduce from ¢ < 0 and Lemma n 6| that there exists u? such that
u, — u? in X. Then, we obtain a nontrivial solution u? of (1.1]) satisfying

I(w?*) =¢<0 and |[u?| < p,
which completes the proof. ([l

Proof of Theorem[1.3. This proof follows immediately by the combination of The-
orem [3.8] and Theorem B1a O

4. ASYMPTOTIC BEHAVIOR OF SOLUTIONS

We devote this section to proving the concentration of solutions for Problem
(1.1), which is stated by Theorem Our main idea is motivated by the recent
papers [30} 35].

Proof of Theorem[1.3. For the sequence {a,} with a,, — 0 asn — oo, let ul =l
be the critical points of the energy functional I obtained in Theorem-for i=1, 2
that is to say,

I'(uy) =0, I(up) = cn,

I'(up) =0, I(uy) = én.
It is clear that by Lemma and a, € (0,a.) there exists a constant C' > 0
independent of a,, and n such that

|ui]| < C  for all n,

which shows that {u? }, are uniformly bounded in X. Passing to a subsequence if
necessary, we may assume that uf, — u’ weakly in X. Thanks to Lemma we
immediately obtain that the sequence {ul}(i = 1,2) contain strongly convergent
subsequences with

{cn, )} < (—

1 1 Pi(a) pZ(e)
) (bHE) PEr=70 — N7 (.
0p  pila)

[e3%
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We employ a similar proof as in Lemmas [3.2] and [3.7] to deduce that
1 1
O<i<c, <(——
=G @
and obtain that ¢, < 0 with the same proof as Theorem Hence there exists

subsequences still denoted by themselves, and u* € X such that u!, — v’ in X as
a — 0% for i = 1,2. Therefore, for all ¢ € C5°(RY), we have

0= (a+bful|| @ P // [ () = ()2 (1) — wn W)(O(2) = W)

|z —y|VHPe

b [ ) = I ) ) =60 4
R2N

0 p*p(a()af)znf’ _ pf(:fi;llf‘
) (bH®) 7 AT

w—ywws
- [ fee IP”< o [ ot ),
%mmuwlw/] [ (@ —u<ﬂp7x_1;;;wxmw—¢<»d$@
+[@NM11“>qtjjmi@WM”WW%m@
/|u T;; ) /f @l |;|C( J9@) 1o as b 0.

This makes clear that u’ € X for i = 1,2 are solutions of Problem Moreover,
it follows from the constant ) independent of a that

I(u?) <0< 6y < I(ub),
which means that u® # 0 and u' # u?. The proof is complete. ]

5. A SEQUENCE OF ARBITRARILY SMALL SOLUTIONS

In this section we prove that Problem (1.2)) admits a sequence of nontrivial
solutions {uy, }neny C X such that u, — 0 as n — oo provided that A belongs to a
suitable range. Let us recall some basic facts involved in the so-called Krasnoselskii
genus, which can be found in [14] 29]. For a symmetric group Zs = {id, —id} and
FE being a Banach space, we set

I:={ACE\{0}: Ais closed and A= —A}.
Definition 5.1. For any A € I, the Krasnoselskii genus of A is defined by
v(A) :=inf {x : 3¢ € C(A,R"\ {0}) and ¢ is odd}.

If such a k does not exist, then we set y(A4) = oo.

By definition, it is obvious that y(#) = 0. Let 'y denote the family of closed
symmetric subsets A of E such that 0 ¢ A and y(A) > k. First of all, let us list
the following main properties of Krasnoselskii genus, see [14] or [23].

Proposition 5.2. Let A and B be closed symmetric subsets of E which do not
contain the origin. Then the following statements hold:
(1) If there exists an odd continuous mapping from A to B, then v(A) < ~(B).
(2) If A C B, then v(A) < ~(B).
(3) If there exists an odd homeomorphism from A to B, then v(A) = v(B).
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(4) The n-dimensional sphere S™ has a genus of n + 1 by the Borsuk-Ulam
Theorem.

(5) If4(B) < oo, then A(A\ B) > 7(4) — 1(B).

(6) If A is compact, then y(A) < oo and there exists 6 > 0 and a closed and
symmetric neighborhood Ns(A) = {x € E : |z — A|| < §} of A such that
V(Ns(A)) =(4).

The following version of the symmetric mountain pass lemma is form Kajikiya’s
work in [23].

Lemma 5.3. Let E be an infinite-dimensional Banach space. Suppose I € C1(E, R)
satisfies the following conditions:
(1) I(uw) is even, bounded from below with I(0) = 0, and I(u) satisfies the
local Palais-Smale condition, i.e. for some ¢, > 0, every sequence {uy}
in X satisfying limg 00 I(ug) = ¢ < ¢x and limg_, o0 || I'(ug)||g+ = 0 has a
convergent subsequence.
(2) For each k € N, there exists an Ay, € I'y such that sup,¢ 4, I(u) < 0.
Then either (i) or (ii) below holds.
(i) There exists a sequence {ug} such that I'(ux) = 0, I(ug) < 0 and {ug}
converges to zero.
(ii) There exist two sequences {ux} and {vi} such that I'(ug) =0, I(u) = 0,
ug # 0, limg oo up = 0; I'(vg) =0, I(vg) <0, limg00 I(vg) =0 and {vi}
converges to a non-zero limit.

We denote by A; the first eigenvalue of (—A)7, that is,
[[uf|?

)\1 = D .
ueX\{0} |u|LP(Q)

By using Young’s inequality with ¢ = %, Condition (A1) and the definition of H,,
we obtain that for any A € (0, A1) it holds

L4 ADL (@) ropi(rp,

WQCr,c ) Ps (@)

pi(a)—r

pi(a) _ Ab(e) (

Hmz%wW—

pi(a)
b 1 * o . 1 oy PR
> 7 — PR e g (L) (225
D pi(a) M r
= Aljll® — Bl - xC

with
b 14+ pi(a)  —p*(a)/p 1, ,weChrpy Psl)
A=—, B:=—""—"H," , C:i=b(—)(——=)rs(,
Op pi(a) “ ()\1)( r )
Therefore, we let g(t) := At — BtP:(®) — X\C which leads to I(u) > g(|jul|). If we
select

A(p; () — 6p) ( Abp )Wﬁiep} =0
Cpi(a)  \Bpi(e) ’
we see that for any A € (0, A}), the function g(t) achieves its positive maximum at

1
t = (B;‘:(’(pa))ﬁ(a%ep, which means that

] :=min {)\1,

My = g(t1) = maxg(t) > 0.

Hence, it is clear that for any My € (0, M;) we can find ¢y < t1 such that g(to) = M.
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To our aim, it necessary to introduce a suitable truncated functional related to
I(u) so that it satisfies the assumptions of Lemma Let us first introduce the
function

1 for 0 <t <tg;

AOP—AC—M;

B(t) = TGO for t > ty;
C>™ & B(t) € [0,1] for tg <t <t.

Then, it is easy to check that 5(¢) € [0,1] and B(t) € C*°. Let ¢(u) := B(||ul|) and
we consider the truncated functional ® : X — R defined as

b ! o | ) g / Jul
O(u) = —|lul|” + —[u]?, — flx
()= gl ghbha = ) Jo el ¢ Fl
In the sequel, we check that ®(u) satisfies the assumptions of Lemma- 5.3l Obviously,

®(u) > Afju|”” — Be(u) )= AC = g(|lul),
where g(t) = At — BB(t)tP:(®) — \C' and

3(6) = {g(t) if0<t<to,

M, ift>t.

By the construction of ®, the definition of H, and Lemma we verify that ®
enjoys the following properties.

Lemma 5.4. (i) ® € CY(X,R), ® is even, and bounded from below.
(ii) If ®(u) < My, then g(||lul]) < Mo, and ®(u) = I(u) for ||ul| < to.
(iii) There exists A such that for any X € (0,A), ® satisfies a local Palais-Smale
condition for ¢ < My € (0, Ma), where
1 1

Op  pi(a)
with Cy as in Lemma[3.6

Lemma 5.5. Assume that (Al) holds Then, for any k € N, there exist 6 = 6(k) >
0 such that v({u € X : ®(u) (k)}\ {0}) > k.

Proof. Let Ej be a k-dimensional subspace of X. Note that all norms in the finite
dimensional space Ej are equivalent, which yields that there exists aj; > 0 such
that

i) i)
My = min {0y, (g = o3 ) (L) T TG}

/ |z|~Cu|"dz > ag||lul|” Yu € Ej.
Q

Therefore, for any u € Ej, with ||u|| = 1 and sufficiently small dj, we have
b
B (dpu) < e—dap + dq / 2|~ |u|" dx
C Wi
0 10k

< %dkp+gd2—/\ dy,

=—0(k) <0,
which means that {u € Ej : |jul| = dy} C {u € X: <I>( (k)} \ {0}. By
Proposition [5.2| (2) then we obtain that v({u € X : ®(u } \ {0}) >v({ue
X :ull =dp}) = v(A). Since A ={u € X: ||lu|| = dk} is a sphere with radius

di in Ej that is as a k-dimensional subspace of X it leads to 7(A) = k because of
Proposition (4). This completes the proof. a
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Finally, we are in the position to prove Theorem [I.4] by way of Lemma [5.3]

Proof of Theorem[I] Recall that Ty = {4 € X\ {0} : Aisclosed and A =
—A,v(A) > k} and define

¢, = inf sup ®(u).
k AEFkueg ()

By Lemma (i) and Lemma we know that —oo < ¢ < 0. Therefore, the
assumptions (1) and (2) of Lemma are satisfied. This means that ® has a
sequence of solutions {u,} converging to zero. Hence, Theorem follows from
Lemma ii). O

Acknowledgements. We would like to thank the anonymous referee for his valu-
able comments and suggestions. This paper is supported by the National Natural
Science Foundation of China grant No. 12071021.

REFERENCES

[1] Alves, C.; Figueiredo, G.; On multiplicity and concentration of positive solutions for a class
of quasilinear problems with critical exzponential growth in RN, J. Differential Eqs., 246
(2009), 1288-1311.

[2] Ambrosetti, A.; Rabinowitz, P.; Dual variational methods in critical point theorey and ap-
plications, J. Funct. Anal., 14 (1973), 349-381.

[3] Ambrosio, V.; Isernia, T.; On a fractional p&q-Laplacian problem with critical Sobolev-Hardy
exponents, Mediterr. J. Math., 15(6) (2018), art. 219, 17 pages.

[4] Applebaum, D.; Lévy process-from probability to finance quantum groups, Notices Amer.
Math. Soc., 51 (11) (2004), 1336-1347.

[5] Autuori, G.; Pucci, P.; Elliptic problems involving the fractional Laplacian in RN, J. Differ.
Egs., 255 (8) (2013), 2340-2362.

[6] Barile, S.; Figueiredo, G.; Ezistence of a least energy modal solution for a class of (p,q)-
quasilinear elliptic equations, Adv. Nonlinear Stud., 14 (2) (2014), 511-530.

[7] Barile, S.; Figueiredo, G.; Ezistence of least energy positive, negative and nodal solutions for
a class of (p, q)-problems with potentials vanishing at infinity, J. Math. Anal. Appl., 427 (2)
(2015), 1205-1233.

[8] Benci, V.; On critical point theory for indefinite functionals in the presence of symmetries,
Trans. Amer. Math. Soc., 274 (1982), 533-572.

[9] Brézis, H.; Lieb, E.; A relation between pointwise convergence of functions and convergence
of functionals, Proc. Amer. Math. Soc., 88 (3) (1983), 486-490.

[10] Cao, D.; Li, G. B.; Zhou, H.; Multiple solutions for nonhomogeneous elliptic equations in-
volving critical Sobolev exponent, Proc. Roy. Soc. Edinburgh Sect. A, 124 (1994), 1177-1191.

[11] Cavalcanti, M.; Domingos Cavalcanti, V.; Soriano, J.; Global existence and uniform de-
cay rates for the Kirchhoff-Carrier equation with nonlinear dissipation, Adv. Differ. Egs., 6
(2001), 701-730.

[12] Chen, W.; Mosconi, S.; Squassina, M.; Nonlocal problems with critical Hardy nonlinearity,
J. Funct. Anal., 275 (11) (2018), 3065-3114.

[13] Chhetri, M.; Girg, P.; Hollifield, E.; Existence of positive solutions for fractional Laplacian
equations: theory and numerical experiments, Electron. J. Differ. Egs., 2020 (81) (2020),
1-31.

[14] Clark, D.; A variant of the Lusternik-Schnirelman theory, Indiana Univ. Math. J., 22 (1972),
65-74.

[15] Colasuonno, F.; Pucci, P.; Multiplicity of solutions for p(z)-polyharmonic elliptic Kirchhoff
equations, Nonlinear Anal., 74 (2011), 5962-5974.

[16] Ding, Y.; Lin, F.; Solutions of perturbed Schrodinger equations with critical nonlinearity,
Calc. Var. Partial Differ. Egs., 30 (2007), 231-249.

[17] Di Nezza, E.; Palatucci, G.; Valdinoci, E.; Hitchhiker’s guide to the fractional Sobolev spaces,
Bull. Sci. Math., 136 (5) (2012), 521-573.

[18] Ekeland, I.; Nonconvex minimization problems, Bull. Am. Math. Soc., 1 (1979), 443-473.



20

X. LIN, S. ZHENG EJDE-2021/66

[19] Fiscella, A.; Pucci, P.; Kirchhoff-Hardy fractional problems with lack of compactness, Adv.

Nonlinear Stud., 17 (3) (2017), 429-456.

[20] Fiscella, A.; Mirzaee, H.; Fractional p-Laplacian problems with Hardy terms and critical

exponents, Z. Anal. Anwend., 38 (4) (2019), 483-498.

[21] He, X.; Zou, W.; Infinitely many arbitrarily small solutions for singular elliptic problems

with critical Sobolev-Hardy exponents, Proc. Edinburg. Math. Soc., 52 (2009), 97-108.

[22] Tannizzotto, A.; Liu, S.; Perera, K.; Squassina, M.; Ezistence results for fractional p-Laplacian

problems via Morse theory, Adv. Calc. Var., 9 (2) (2016), 101-125.

(23] Kajikiya, R.; A critical-point theorem related to the symmetric muontain-pass lemma and its

applications to elliptic equations, J. Funct. Anal., 225 (2005), 352-370.

[24] Li, Q; Yang, Z.; Feng, Z. Multiple solutions of a p-Kirchhoff equation with singular and

critical nonlinearities, Electron. J. Differential Eqgs., 2017 (84), 1-14.

[25] Li, G.; Zhang, G.; Multiple solutions for the (p, q)-Laplacian problem with critical ezponent,

Acta. Math. Sci. Ser. B (Engl. Ed.), 29 (4) (2009), 903-918.

[26] Liang, S.; Zhang, J.; Multiplicity of solutions for a class of quasi-linear elliptic equation

involving the critical Sobolev and Hardy exponents, NoDEA Nonlinear Differ. Eqs. Appl., 17
(1) (2010), 55-67.

[27] Lions, J.; On some questions in boundary value problems of mathematical physics, North-

Holland Math. Stud., 30 (1978), 284—-346.

[28] Mosconi, S.; Squassina, M.; Nonlocal problems at mearly critical growth, Nonlinear Anal.,

136 (2016), 84-101.

[29] Rabinowitz, P.; Minimaz Methods in Critical Point Theory with Applications to Differential

Equations, CBMS Reg. Conf. Ser. in Math., 65, Amer. Math. Soc., Providence, 1986.

[30] Shuai, W.; Sign-changing solutions for a class of Kirchhoff-type problem in bounded domains,

J. Differ. Egs., 259 (2015), 1256-1274.

[31] Willem, M.; Minimaz Theorems, Progress in Nonlinear Differential Equations and their

Applications, 24. Birkh&user Boston, Inc., Boston, 1996.

[32] Xiang, M.; Zhang, B.; Zhang, X.; A nonhomogeneous fractional p-Kirchhoff type problem

involving critical exponent in RN | Adv. Nonlinear Stud., 17 (3) (2017), 611-640.

[33] Xie, W.; Chen, H.; Multiple positive solutions for the critical Kirchhoff type problems involv-

ing sign-changing weight functions, J. Math. Anal. Appl., 479 (2019), 135-161.

[34] Yang, J.; Chen, H.; Feng, Z.; Multiple positive solutions to the fractional Kirchhoff problem

with critical indefinite nonlinearities, Electron. J. Differ. Egs., 2020 (101) (2020), 1-21.

[35] Zhang, F.; Du, M.; Ezistence and asymptotic behavior of positive solutions for Kirchhoff type

problems with steep potential well, J. Differ. Eqgs., 269 (11) (2020), 10085-10106.

[36] Zheng, S.; Zheng, X.; Feng, Z.; Optimal regularity for A-harmonic type equations under the

natural growth, Discrete Contin. Dyn. Syst. Ser. B, 16(2) (2011), 669-685.

Xr1aoLu LiNn

DEPARTMENT OF MATHEMATICS, BEIJING JIAOTONG UNIVERSITY, BEIJING 100044, CHINA

Email address: 19118003@bjtu.edu.cn

SHENZHOU ZHENG (CORRESPONDING AUTHOR)

DEPARTMENT OF MATHEMATICS, BEIJING JIAOTONG UNIVERSITY, BEIJING 100044, CHINA

Email address: shzhzheng@bjtu.edu.cn



	1. Introduction
	2. Preliminaries
	3. Proof of Theorem 1.2
	4. Asymptotic behavior of solutions 
	5. A sequence of arbitrarily small solutions
	Acknowledgements

	References

