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BEHAVIOR OF THE SOLUTIONS TO SECOND ORDER LINEAR
AUTONOMOUS DELAY DIFFERENTIAL EQUATIONS

CHRISTOS G. PHILOS, IOANNIS K. PURNARAS

ABSTRACT. A wide class of second order linear autonomous delay differential
equations with distributed type delays is considered. An asymptotic result, a
useful exponential estimate of the solutions, a stability criterion, and a result
on the behavior of the solutions are established.

1. INTRODUCTION AND PRELIMINARIES

The theory of delay differential equations is of both theoretical and practical
interest. For the basic theory of delay differential equations, the reader is referred
to the books by Dieckmann et al. [2], Driver [7], Hale [I2], and Hale and Verduyn
Lunel [13].

The old but very interesting asymptotic and stability results for delay differential
equations due to Driver [0l [6] and to Driver, Sasser and Slater [§] gave rise to the
publication of a number of articles concerning the asymptotic behavior (and, more
generally, the behavior) and the stability for delay differential equations, neutral de-
lay differential equations and (neutral or non-neutral) integrodifferential equations
with unbounded delay during the last few years. See [1, 3| [4, [, 10 [14]-[24]; for
some related results see [I1]. Moreover, in the last few years, a number of articles
dealing with the asymptotic behavior (and, more generally, the behavior) and the
stability of delay, and neutral delay, difference equations (with discrete or contin-
uous variable) and of (neutral or non-neutral) Volterra difference equations with
infinite delay (see [25] and the references cited therein) appeared in the literature.
Very recently, Yenigerioglu [26] obtained some results on the qualitative behavior of
the solutions of a second order linear autonomous delay differential equation with
a single delay. The main idea in [26] is that of transforming the second order delay
differential equation into a first order delay differential equation, by the use of a real
root of the corresponding characteristic equation. The same idea will be used in
this paper to obtain some general results including the results in [26] as particular
cases.

In the present paper, a wide class of second order linear autonomous delay differ-
ential equations with distributed type delays is considered. An asymptotic result
for the solutions is obtained. Also, an estimate of the solutions and a stability
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criterion for the trivial solution are established. Moreover, a result on the behavior
of the solutions is given.
Consider the delay differential equation
0

x”(t)—i—/ x’(t—f—s)d((s):/ 2(t + 5)dn(s), (1.1)

—-Tr -Tr
where r is a positive real constant, { and n are real-valued functions of bounded
variation on the interval [—r,0], and the integrals are Riemann-Stieltjes integrals.
It will be assumed that n is not constant on [—r,0].

By a solution of the delay differential equation 7 we mean a continuously
differentiable real-valued function x defined on the interval [—r, co), which is twice
continuously differentiable on [0, 00) and satisfies (|1.1]) for all ¢ > 0.

Together with the delay differential equation it is customary to specify an
initial condition of the form

z(t) =¢(t) for —r <t <0, (1.2)

where the initial function ¢ is a given continuously differentiable real-valued func-
tion on the initial interval [—r, 0].

Equations and constitute an initial value problem (IVP, for short).
It is well-known (see, for example, Diekmann et al. [2], Driver [7], Hale [12], or
Hale and Verduyn Lunel [I3]) that there exists a unique solution x of the delay
differential equation which satisfies the initial condition ([1.2)); this unique
solution x will be called the solution of the initial value problem and or,
more briefly, the solution of the IVP and (1.2)).

Along with the delay differential equation we associate its characteristic
equation

0 0
)\2—|—)\/7 e d((s) :[ erdn(s), (1.3)

which is obtained from (T.1)) by looking for solutions of the form z(t) = e* for
t> —r.
For a given real root Ag of the characteristic equation ([1.3]), we consider the (first
order) delay differential equation
0
2'(t) + 2X02(t) + / erSz(t + s)d((s)
- (1.4)

=X /0 etos [/Soz(wru)du} d¢(s) — /0 eMos Usoz(wru)du] dn(s).

A solution of the delay differential equation is a continuous real-valued func-
tion z defined on the interval [—r, c0), which is continuously differentiable on [0, c0)
and satisfies for allt > 0.

The characteristic equation of the delay differential equation is

0
[+ 2Xo + / ePotmsqc(s)
- (1.5)

=X /O etos (/0 e““du) d¢(s) — /O etos (/O e"“du) dn(s).

This equation is obtained from (1.4]) by seeking solutions of the form z(t) = e*! for
t>—r.
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For our convenience, we introduce some notations. For a given real root Ay of
the characteristic equation ([1.3]), we set
0

0
B(h) = 22 + / (1= Xo(—s)]e™*dC(s) + / (—s)eMsdn(s)  (L6)

—-Tr —-Tr
and, also, we define

K(Mo:6) = ¢/(0) + Aod(0) + /

0

o(6) 2o [ O e g(u)] dg(e)

0 0 - (1.7)
—|—/ etos {/ e/\""(b(u)du] dn(s);
in addition, provided that G(\g) # 0, we define
D(No; 9)(t) = e Mlp(t) — W for —r <t <O0. (1.8)

We will now give a proposition, which plays a crucial role in obtaining our main
results.

Proposition 1.1. Let Ay be a real mot of the characteristic equation (1.3), and
let B(No) and K(Ao;¢) be deﬁned by (L.6) and , respectively. Suppose that
B(Xo) # 0, and define ®(Ao; @) by .

Then a continuous real-valued function x defined on the interval [—r,00) is the
solution of the IVP (1.1) and (L.2)) if and only if the function z defined by
K (o ¢)
B(Xo)

is the solution of the delay differential equation (L.4)) which satisfies the initial
condition

2(t) = e Mg (t) — fort>—r (1.9)

z(t) = ©(Xo; 9)(t) for —r <t <0. (1.10)
Proof. Let x be the solution of the IVP and , and define
y(t) = e 'a(t) fort > —r. (1.11)

Then, by taking into account the fact that Ao is a real root of the characteristic
equation (1.3)), we get, for every ¢ > 0,

0 0
)+ [ i)~ [ att+ i)

0
= [0+ 2000/ 0+ X0(0)] + [ X104 9) 4 Do+ )

—/0 Yosy(t -+ 5)di(s >} _

)+ 200+ [ s s)das)] ()

- e
+Xo /O A0Sy (t + 5)dC(s) — /O eAOSy(tJrs)dn(s)}

-Tr

0

/

{ )+ 2Xoy(t) + /0 sy (t + S)dC(S)}

-
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+ [—)\0 /0 ed((s) +/0 ekOsdn(S)} y(t)

—r —r

o [ eyt s acts) - |

—r —r

0
Meylt-+ (s |

0 /

— ot { {y’(t) + 2oy (t) + /

-Tr

My t-+ 5)ic(s)]

0

0% [y(t) — gt + )] dn<s>} .

Hence, the fact that x is a solution of the delay differential equation (|L.1]) is equiv-
alent to the fact that y satisfies

0
o / 0% [y(t) — y(t + )] dC(s) + /

—r -

0 /

O+ 2+ [ ey s)aco)

- ; (1.12)

0
= Ao/ e [y(t) — y(t + )] dC(s) — / e [y(t) — y(t + )] dn(s)

—r -
for all ¢ > 0. On the other hand, = satisfies the initial condition (1.2) if and only if
y satisfies the initial condition

y(t) = e Mp(t) for —r <t <0. (1.13)
Furthermore, we see that y satisfies (1.12]) for ¢ > 0 if and only if

0
Y () + 2hay(t) + / o5y (t + )dC (5)

-

csof o [ s o[ [ sl

or, equivalently,
0

Y (8) + 200y(t) + / 0%y (t + 5)dC (5)

—-r

=X /_0 eMos [/Soy(t+ u)du} d¢(s) — /_0 etos [/Soy(t + u)du] dn(s) +©

for all t > 0, where © is some real constant. By using the initial condition (|1.13))
and taking into account the definition of K (Ao;¢) by (L.7)), we have

0
O =y'(0) + 220y (0) + / ey (s)d¢(s)

-r

Y /_ O ¢hos [ / Oy(u)du] dc(s) + /_ O ehos { / Oy(u)du} dn(s)

= [6/(0) = 206(0)] + 2006(0) + [ 6(5)d(s)

“ e /_ O ¢hos [ / ’ e—%“qﬁ(u)du} dc(s) + /_ 0 ¢Hos { / Oe—*%(u)du] dn(s)

50+ 200+ [ 50— [ 0 o) de(s)

-7 S
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[ [ ot s

= K(\o; 9)-
So, the fact that y satisfies ((1.12)) for ¢ > 0 is equivalent to the fact that y satisfies
0
yO +2at)+ [yttt (o)
0 0
= )\0/ ehos [/ y(t—i—u)du} d((s) (1.14)
0 0
- / s [ / y(t + u)du} dn(s) + K (ho; ¢)
-Tr S
for all t > 0.
Now, we take into account the assumption 5(Ag) # 0 and we define
K(Ao; ¢)
z(t) =yt) — ——= fort > —r. 1.15
(1) = vlt) - =50 > (115)

Then, because of the definition of B(\g) by 7 it is a matter of elementary
calculations to show that y satisfies for t > 0 if and only if z satisfies (1.4) for
all t > 0, i.e., if and only if z is a solution of the delay differential equatio.
Moreover, we see that the initial condition is equivalently written as follows

_ ot K(Xo; 8)

(1) = e o) - =2
We have thus proved that x is the solution of the IVP (|1.1)) and if and only
if 2 is the solution of the delay differential equation which satisfies the initial
condition . By , we see that (1.15)) coincides with . Also, by taking
into account the definition of ®(Ag;¢) by (L.8)), we observe that coincides
with the initial condition . The proof of our proposition is complete. 0

for —r<t<0. (1.16)

Let C([—r,0],R) be the Banach space of all continuous real-valued functions on
the interval [—r, 0], endowed with the usual sup-norm

ol = max [6(0)] for ¥ € C(1-r,0}R)

Moreover, let C*([—r,0],R) be the set of all continuously differentiable real-valued
functions on the interval [—r,0]. This set is a Banach space with the norm

Fwh=max {||w]||, ||} for w € C*([-r,0],R).

As it concerns the IVP (1.1) and (|1.2) studied in this paper, the initial function ¢
belongs to C*([—r,0],R). So, the notation }f ¢ Jf used in Section 3 is defined by

= max (o] ']} = max {_max [6(0)], max [¢'(0)] .

It will be considered that the reader is familiar with the notions of stability, uni-
form stability, asymptotic stability, and uniform asymptotic stability of the trivial
solution of a linear delay differential system. (We choose to refer to the book by
Driver [7].) It is known (see, for example, [7]) that, in the case of autonomous linear
delay differential systems, the trivial solution is uniformly stable if and only if it is
stable (at 0), and the trivial solution is uniformly asymptotically stable if and only
if it is asymptotically stable (at 0).
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The substitution
rr =, ro = xl
transforms the (second order) linear delay differential equation (1.1]) into the fol-
lowing equivalent (first order) linear delay differential system

2y (1) = wa(t), () = / £a(t+ 5)dn(s) — / n(t+s)dC(s).  (117)

The delay differential system (|1.17]) is considered in conjunction with the initial
condition
z1(t) = ¢(t) for —r <t <0, zo(t)=¢'(t) for —r <t <O0. (1.18)

So, the IVP (1.1]) and (1.2) is transformed into the equivalent initial value problem
17 and (L15).

On the basis of the above transformation of the delay differential equation
into the equivalent delay differential system , one can formulate the defini-
tions of the notions of the stability, uniform stability, asymptotic stability, and
uniform asymptotic stability of the trivial solution of . As the delay differen-
tial equation is autonomous, the trivial solution of is uniformly stable
(respectively, uniformly asymptotically stable) if and only if it is stable (at 0) (re-
spectively, asymptotically stable (at 0)). We restrict ourselves to giving here the
definitions of the stability (at 0) and the asymptotic stability (at 0) of the trivial
solution of (L.1). The trivial solution of the delay differential equation is said
to be stable (at 0) if, for each € > 0, there exists a 6 = d(¢) > 0 such that, for any
¢ € C([-r,0],R) with }f ¢ < d, the solution = of the IVP and satisfies

max {|z(t)|, |z (t)|} < e forallt > —r.

Moreover, the trivial solution of (1.1)) is called asymptotically stable (at 0) if it is
stable (at 0) in the above sense and, in addition, there exists a dp > 0 such that,
for any ¢ € C([—r,0],R) with }f ¢ < &9, the solution = of the IVP (1.1)) and (1.2

satisfies
tlim [max {|z(t)|,|z'(t)]}] = 0; ie., tlim x(t) = tlim 2/ (t) = 0.

Let us consider the special case of the delay differential equation

0
x”(t):/_ x(t + s)dn(s). (1.19)

This equation is obtained from (|1.1)), by considering that ( is any constant real
-valued function on the interval [—r, 0].
The characteristic equation of the delay differential equation (1.19)) is

A= /0 eMdn(s). (1.20)

—-T
For a given real root Ay of the characteristic equation ([1.20), we consider the
(first order) delay differential equation

0
St + hos(t) = — /

-Tr

0 0
42X = —/ eos </ e““du) dn(s) (1.22)

Ao Usoz(t +u)du} dn(s). (1.21)

The equation
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is the characteristic equation of the delay differential equation ((1.21)). For a given
real root Ao of the characteristic equation (1.20]), we define

0

Bh) = 220 + / (—s)eMdn(s), (1.23)

-r

0

K0i6) = 6/(0) + do60) + [ [/Soe-%w)du} dns)  (124)

-r

and, provided that 3(A\g) # 0
K (o ¢)
B(Xo)

Our results given in the next sections (Sections 2—5) are formulated as four
theorems (Theorems [2.1] 4.2 and 4.4 .7 a corollary (Corollary -D and five
lemmas Lemmab d and [5.1H45.3). Section 2 contains Theore Section
3is devoted to Theorem [3.1] and Corollary [3:2] Section 4 includes Lemmas M1 and
as well as Theorems and and Section 5 contains Lemmas

Theorem constitutes a basic asymptotic result for the solution of the IVP
and as well as for the first order derivative of this solution. Estimates of
the solution of the IVP and and of the first order derivative of the solution
are established by Theorem [3.1] Corollary [3.2]is a stability criterion for the trivial
solution of the delay differential equation . Lemma is an auxiliary result
about the real roots of the characteristic equation , where \g is a negative real
root of the characteristic equation . Analogously, Lemma is an auxiliary
result concerning the real roots of the characteristic equation (1.22)), where \g is
a nonzero real root of the characteristic equation (1.20). Lemmas [4.1] and [4.3] are
used in establishing Theorems [4.2] and [4.4] respectlvely Theorem n is concerned
with the behavior of the solutlon of the IVP and (| and of the first order
derivative of this solution. Theorem concerns the special case of the IVP (1.19)
and , and provides a result on the behavior of the solution and of the first order
derivative of this solution. For a given real root Ay of the characteristic equation
(1.3), Lemma establishes sufficient conditions for the characteristic equation
to have a real root with an appropriate property. Lemma is concerned
with the real roots of , where Ao is a negative real root of (|1.3). Finally,
Lemma concerns the real roots of the characteristic equation (|1.22]), where Ao
is a nonzero real root of the characteristic equation .

Theorems [2.1] and B.1] as well as Corollary [3.2] are obtained, by the use of a real
root Ag of the characteristic equation and of a real root i of the characteristic
equation . Theorem is derived, via a negative real root Ag of and two
distinct real roots g and pq of . In obtaining Theorem a nonzero real
root \g of the characteristic equation and two distinct real roots pg and
of the characteristic equation are used.

Throughout the paper, we need a notation concerning a real-valued function 6
which is of bounded variation on the interval [—r,0]. By V() we will denote the
total variation function of 6, which is defined on the interval [—r,0] as follows:
V(9)(—r) =0, and V(6)(s) is the total variation of § on [—r, s] for each s in (—r,0].
Note that the function V(@) is nonnegative and increasing on the interval [—r, 0].
Moreover, it must be noted that V() is identically zero on [—r,0] if and only if
f is constant on the interval [—r,0]. So, as n is assumed to be not constant on

D(No; d)(t) = e Ml(t) — for —r<t<0. (1.25)
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[—r, 0], the function V(n) is not identically zero on the interval [—r, 0] (and so it is
always not constant on [—r, 0]). It will be considered that the reader is familiar with
the theory of functions of bounded variation and the theory of Riemann-Stieltjes
integration.

2. AN ASYMPTOTIC RESULT

Our purpose in this section is to establish the following theorem.

Theorem 2.1. Let A\g be a real root of the characteristic equation (1.3), and

let B(Ao) and K(Xo; @) be defined by (1.6) and (1.7), respectively. Suppose that
B(Xo) # 0, and define ®(Ng; @) by (1.8). Furthermore, let g be a real root of the
characteristic equation (1.5)), and set

Y(Ao, o) = — /0 o’ [(—3)6“08 — Ao /SO(—U)euoudU] d¢(s)

-7

[ [ [ e )

0

(2.1)

and, also, define

L(/\07/J,();(Z5) = (I)()\07¢)(0) _/

-

0
Hos {euoS/ e "D (\o; ¢) (u)du

~Xo / " o { /u Oe_“”“q)()\o;qb)(v)dv] du} dc(s) (2.2)

— /_O etos {/0 ehov Moe—m%uo;qs)(v)dv] du} dn(s).

(Note that, because of B(Xo) # 0, we always have pg # 0.) Assume that

/_OT eHos [(—S)e”os + [ Aol /so(_u)euoudu] AV (C)(s)
+/ o USO(_“)emdu} dv (n)(s) < 1.

-

(2.3)

(This assumption guarantees that 1+ v(Ao, o) > 0.) Then the solution x of the

IVP (1.1) and (L.2) satisfies

. —pot | ooty (4) _ K(Xo: ¢) _ L( Ao, tto; ¢)
L“olo{ [ © = "500) H T+ (ho, o) (24)
and
: —pot | g= Dot/ () _ Koo |1 _ L(Xo, po; ¢)
tim {0 -2 ST | = 0o LGRS 9

Before we prove the above theorem, we will present some observations, which
are concerned with a real root Ag of the characteristic equation and a real
root ug of the characteristic equation .

We immediately see that zero is a root of if and only if

0 0 0
2o+ [ do(s) = [ (-oedgts) - [ (-opeeants)

i.e., if and only if B(Ag) = 0, where B(Ao) is defined by (1.6). Hence, if we assume
that B(A\g) # 0, then we always have pg # 0.
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Let us define

) = [ =50+ pof 0<—u>e“°“du] av(Q)(s)

—r

+ /_ 0 s [ / O(—u)e”““du] v (n)(s)-

As 7 is assumed to be not constant on [—r, 0], it is clear that p(Xo, po) is positive.
So, (2.3) can equivalently be written as follows

0 < p(Ao, o) < 1. (2.7)
Furthermore, for the real constant v(Ag, po) defined by (2.1)), we have

(2.6)

0l <| [ o [EZEy| °<—u>e”0“du] ()
Jo [feaems] o
g/ie%s (—8)eho — A /SO(—u)e”Oudu
+ L 0 Hos / O(U)e““udu: v (n)(s)
—s)e £ ol [

+

av(¢)(s)

0 0
< / e/\()S |:
-Tr

v [ e [ oo avime)

-

—~

(u)e“oudu] AV (¢)(s)

That is,
17(Xos 10)| < p(Aos o) (2.8)

Thus, if we assume that (2.3)) is satisfied, i.e., that (2.7) holds, then (2.8)) gives
|7(Mo, o) < 1. This guarantees, in particular, that

14 ’Y()\(), /1,0) > 0. (29)

Proof of Theorem[2.1]. Let = be the solution of the IVP and . Define the
function z by (L.9). By Proposition the fact that z is the solution of the IVP
and (|1.2) is equivalent to the fact that z is the solution of the delay differential
equation which satisfies the initial condition . Set

w(t) = e Mlz(t) fort > —r. (2.10)
Then, using the fact that ug is a real root of the characteristic equation (1.5)), we

obtain, for every ¢ > 0,

0
2(t) 4+ 2X02(t) + / ez (t + s)dC(s)

-

Y /_0 ¢hos [/Soz(t—i-u)du} dC(S)-I—/_ie)‘OS [/soz(t—l—u)du} dn(s)

_ ot {w’u) (o 2Jult) + [ AT+ 5)dg(s

-r



10 CH. G. PHILOS, I. K. PURNARAS EJDE-2007/106

- o /0 etos [/0 e“ouw(t—ku)du} d¢(s)

T

+/_0 ehos [/0 e“""w(t—&-u)du] dn(s)}
= ehot {w’(t) + [— /_0 eQotro)s de(s) + A /_0 ehos (/O e“O“du> d¢(s)

- / o (/O du> dn(s>] wlt) + / 0 eQotro)sy (¢ 4 5)d((s)

—-r -T

— o /0 etos [/O ettt Jru)du} d¢(s)

-Tr

+ /0 eros [/0 et + u)dU] dn(S)}

0
_ et (w'u) = [ e () — (e + )G

+ Ao /_(i eos {/30 Mt w(t) —w(t + u)]du} d¢(s)

- /_ 0 ¢hos { / " h o (t) — w(t 4 u)]du} dn(s)) .

So, z is a solution of the delay differential equation (1.4)) if and only if w satisfies
0
w'(t) :/ ePOTHS [ (t) — w(t + s)]d((s)

- o /0 ehos {/0 el w(t) — w(t + u)]du} d¢(s) (2.11)

-Tr

+/O Aos {/50 Mo [ (t) w(t+u)]du} dn(s)

—-r

for all ¢ > 0. Moreover, z satisfies the initial condition (1.10) if and only if w
satisfies

w(t) = e "t D(Ng; p)(t) for —r <t <0. (2.12)

Furthermore, we see that the fact that w satisfies (2.11)) for ¢ > 0 is equivalent to
the fact that w satisfies

o= e [ [ o]
o ([ o]
+ /0 ehos {/O ehot Ut; w(v)dv} du} dn(s) + A,

w(t) = /0 e(Potho)s [/Sow(t + u)du} d¢(s)

i.e.,
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— o /_0 etos {/0 ehot Uuow(t + v)dv] du} d¢(s)
+ /_0 eos {/O ehot Uuow(t + u)dv] du} dn(s) + A

for all t > 0, where A is some real number. But, by taking into account the initial
condition ([2.12) and the definition of L(Ag, uo; ¢) by (2.2), we have

A =w(0) — /0 e(Rotno)s Usow(u)du] d¢(s)

-T

+ o /0 eos {/0 eho {/uow(v)dv} du} d¢(s)
[ ([ [ il

— 200 0)0) - [ " ot [ / " o ¢)<u)du] ac(s)

-

o /_ O ¢hos { / " o { /u D (g ¢)(v)dv] du} dc(s)
_ / 0 ¢hos { / " o { /u ’ e_“‘)”(b()\o;gé)(v)dv} du} dn(s)

— 2 0)0) - | s { / " e (s 6) ()

-Tr

o /SO ehov {/uoe““”(l)()\o;gb)(v)dv} du} d¢(s)
- /0 etos {/O ehov Uuo e““”CI)()\O;gb)(v)dv} du} dn(s)
= L(Ao, po; ¢).

Thus, (2.11)) is satisfied for ¢ > 0 if and only if w satisfies

w(t) = /O e Co-tho)s {/Sow(t—ku)du} dc(s)

-r

- o /_0 etos {/O ko [/uow(t + v)dv} du} d¢(s) (2.13)
+ /_0 ehos {/0 etot [/uo w(t + v)dv} du} dn(s) + Lo, ro; @)

for all t > 0. Next, taking into account (2.9) (which is a consequence of the
assumption (2.3))), we define

L(>\07M0; (b)

ft) = wlt) - L+ (Ao, po)

for t > —r. (2.14)



12 CH. G. PHILOS, I. K. PURNARAS EJDE-2007/106

Then, using the definition of (Ao, o) by (2.1)), it is not difficult to show that the
fact that w satisfies (2.13)) for ¢ > 0 is equivalent to the fact that f satisfies

o= [ s | [ Cris Wi dc(s)

- o /0 etos {/0 ehov [/uof(t + v)dv} du} d¢(s) (2.15)
+/_0 ehos {/0 ehot Uuof(tﬂ)dv] du} dn(s)

for all ¢ > 0. On the other hand, the initial condition (2.12)) takes the following
equivalent form

L()‘O,,U'O; ¢)

f(t) = e Mt (Ng; p)(t) — T30, 710 for —r <t <0. (2.16)
Now, we shall prove that
lim f(t) = 0. (2.17)
t—oo
Define
MOt ) = s e "B 0)0) — 1| (219

It follows from (2.16]) and (2.18]) that
[f(O)] < M(Xo,po;¢) for —r <t <0. (2.19)

We will show that M ()Xo, 10; @) is a bound of the function f on the whole interval
[—r,00), i.e., that

lf()] < M(Xo,po; @) forall t > —r. (2.20)
For this purpose, we consider an arbitrary positive real number e. We claim that
[f(&)] < M (Ao, po; ) + € for every t > —r. (2.21)

Otherwise, since (2.19)) implies that |f(t)| < M (Ao, po; ¢) + € for —r <t <0, there
exists a point ty > 0 so that

[f(t)] < M(Xo, po; @) +€ for —r <t <ty, and |f(to)] = M(No,po;¢)+ €.

Then, by taking into account the definition of p(Ag, o) by (2.6) and using (2.7))
(which is equivalent to the assumption (2.3))), from (2.15) we obtain

M (Xo, pro; @) + €
= |f(to)]

— ‘/0 e(hotho)s [/sof(to + u)du} d¢(s)

—r

—Xo /_0 etos {/0 ko Uuo f(to+ v)dv] du} d¢(s)
+/_O etos {/0 ehov Uuof(to + v)dv} du} dn(s)

< ‘/O eRotpo)s [/0 flto —|—u)du} d¢(s)

I
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o { o[ rvonf o
o [ e

< / ¢ Oortio)s /fto+U)du dv(Q)(s)

o o s

b [ o] [ [/ Flto + o) | du| v ()5

< / Do bo)s [/ o+ )l v Q)5

el [ oL e T it o] aud avicr

[l o[ s

[ e (["a)avio

Il /0 o0 UO et (/0 dv) du] av (¢)(s)

w [ o[ [ ([ o) v} v, o)+

{ /iu)ewww $) + ol [ e / werdu] av (o)

_0 [ u)e uoﬂdu] dv(n)(s )} [M (Ao, pio; @) + €]

[
ALl
[

+ [ Ao

av(€)(s)

0
G
s)etos 4 \)\0|/ e“oudu} V(¢)(s)
0 0
/ (—u)e“““du] dV(n)(s)} [M (Xo, to; @) + €]
= p(Ao, o) [M (Ao, pro; @) + €]
< M(Xo, pro; @) + €.

We have thus arrived at a contradiction, which establishes our claim, i.e., that
2.21)) holds true. As (2.21) is satisfied for all real numbers € > 0, it follows that
2.20)) is always fulfilled. Furthermore, by using (2.20)), from (2.15]) we get, for every
t>0,

10 < ] / iewws [ / °f<t+u>du} ac(s)

/0 os {/50 ghou [/uof(wv)dv} d“} d(s)

+ Ao
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+ ’/_0 ehos {/0 ko Mof(tﬂ)dv] du} dn(s)

< [ v [* s i avions
W _OT s /SO eho [/jf(t +v)dv} du
/S " o { /u ’ f(t+v)dv} du| dV (n)(s)
< [ etorvor Ji 1) i avio)s

[
+ ol 0 ¢hos {/0 eho Uuo £t + )| dv} du} v (¢)(s)

+ [ ~e{ [ " o ]/ O o+ o) do duf avia(o
{f (] i

i [ ([ )l
L ([ o)l o

-{/ i(—s>e<*°+“°>5dv<<><s> ol [ e |/ 0<—u>eﬂ°"du} av(Q)(s)

—-Tr

av(€)(s)

+/O eros {/So(u)e’“)“du} dV(n)(S)} M (Xo, pos; @)

-Tr

_ { / T s [<_s>e~os W / 0<—u>e“°“du} av(¢)(s)

-Tr

+/0 ehos {/j(—u)e“o“du} dV(n)(s)} M (Xo, po; @)-

Thus, by taking into account the definition of p(Ag, po) by (2.6)), we have
[F )] < p(No, o) M (Ao, po; @) for every ¢ > 0. (2.22)

By using ([2.15)) and taking into account the definition of p(Ag, po) by (2.6) as well
as taking into account (2.20)) and ([2.22)), one can prove, by an easy induction, that
the function f satisfies

lF@)] < [p(No, 10)]” M (X, pio;¢) forallt >vr—r  (v=0,1,2,...). (2.23)
Because of (which is equivalent to the assumption ), we have
Jim [p(Ao, po)]” = 0. (2.24)
In view of (2.24)), it follows from that lim; o f(t) =0, i.e., holds true.
Next, we will establish that
lim f(t) = 0. (2.25)

t—oo
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From (2.15) it follows that f’ satisfies

ro-= [ " Ot [ / g u)du] ac(s)

-

— o /_0 etos {/O ekow MO f(t+ v)du} du} d¢(s) (2.26)
+ /O ehos {/0 ehov UUO f(t+ v)dv} du} dn(s)

for all t > 0. Moreover, the initial condition (2.16) gives

F1(#8) = e [(@(N0;9)) () — mo®(Nos 9)(t)]  for —r <t <0. (2.27)
Set
N(Xo, po; @) = max [e™" [((Xo; #)) (1) — po®(ho; &) ()] | (228)
It follows from and that
()] < N(Xo, po;¢) for —r <t <O0. (2.29)

By taking into account the definition of p(Xg, 110) by (2.6) and using (2.29)), (2.26
and (2.7)), we can follow the same arguments applied previously in proving (2.20
to conclude that N (A, po; @) is a bound of f’ on the whole interval [—r, 00), i.e.,
that

[/ ()] < N(Xo, po; ) for all t > —r. (2.30)

Furthermore, by taking again into account the definition of p(Ag, po) by (2.6) and
using (2.30) and (2.26)), we may apply the same arguments used above in establish-

ing (2.22) to obtain
I ()] < p(Xo, o) N (Mo, po; @) for every t > 0. (2.31)
Taking into account (2.6 as well as (2.30) and (2.31), one can use (2.26) to show,

by induction, that
I ()] < [p(Xo, p0)]” N(Xoy o3 @) for all t >wvr—r (v=0,1,2,...). (2.32)

Because of ([2.24)), it follows from (2.32)) that lim; .o, f/(¢) = 0. So, (2.25]) has been
established.

Finally, by (1.9), (2.10) and (2.14)), we have

— Mot —Aot K()\ 7¢) L()‘ y M 7¢)
fit)=e [ ) = =5y ]‘Hvouoo,uo)

In view of this equality, (2.4]) coincides with (2.17). So, the solution = of the IVP
o)

for t > —r. (2.33)

(1.1) and (1.2) satisfies . Furthermore, for ¢t > —r, we define
_ _ K(No; ) L(Aos p1o; @)
t)y=e F‘Ot{e AL () — Aot | — (Mo + pio) 2.34
a(t) ®) =% B(Ao) (o Mo)l + (Ao, o) (2:54)
Then it is a matter of elementary calculations we check that
g(t) = f'(t) + (Mo + po) f(t) forallt > —r. (2.35)

In view of (2.17) and ([2.25)), it follows from (2.35]) that
lim g(t) = 0. (2.36)
t—o0
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By ([2.34), we see that (2.5) coincides with (2.36]). Hence, the solution = of the IVP
(1.1) and (1.2) satisfies (2.5). The proof of the theorem is complete. O

3. AN ESTIMATE OF THE SOLUTIONS. A STABILITY CRITERION

Our results in this section are Theorem [3.1] below and its corollary.

Theorem 3.1. Let A\g be a real root of the characteristic equation (1.3)), and suppose
that B(Xo) # 0, where B(Xo) is defined by (1.6]). Set

m(Ao) = max {1,e*"} (3.1)
0

0
a(N) = / [1+ Dol (=5)] 95V (C)(s) + / (-9 dV()(s).  (32)

—-r -
Furthermore, let po be a real root of the characteristic equation (1.5), and let

Y(Ao, o) and p(Xo, o) be defined by (2.1) and (2.6), respectively. (Note that,
because of B(Ao) # 0, we always have pg # 0). Also, set

m(po) = max {1,e""}. (3.3)

Assume that (2.3) holds. (This assumption guarantees that 1 + v(Ag, o) > 0.)
Then the solution x of the IVP (1.1)) and (1.2) satisfies

[2()] < [Po)e™ + Qho, o)™ )| ko forallt=0  (34)
and
2@ < { ol PO0)E + [1X0 + 0] QNo, 10) + B(No, o)) X0 L b i (3.5)
for allt > 0, where
L+ [Xo] + a(Ao)m(Ao)

Pha) = o0 (3.6)

Qo 10) = {puo,m)m(uo) 1+ p(hos o))

1+ ‘)\o| + Oé()\())’ﬁl()\o)
1B(Xo)]

1+ P()\o,uo)m(ﬂo)}

X [m(/\o) +
and
R(Mo, po)

1+ |Xol + a()\o)m()\o)] (3.8)

= pas sl (14 Dol + ol) m(ra) + o] LS

The constant Q(Xo, po) is greater than 1.

Corollary 3.2. Let \g be a real root of the characteristic equation , and
suppose that B(Xg) # 0, where B(Xg) is defined by , Furthermore, let pg be a
real root of the characteristic equation . (Note that, because of B(Ag) # 0, we
always have pg # 0.)

Assume that holds. Then the trivial solution of the delay differential equa-
tion is uniformly stable if \g < 0 and Ag + po < 0, and it is uniformly
asymptotically stable if A\g < 0 and Ao + po < 0.
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Proof of Theorem[31]. First of all, we observe that, for any real number ¢, it holds
max_,<¢<o e~ = max{1,e}. So, by taking into account the definitions of m(X¢)
and m(uo) by (3.1) and (3.3)), respectively, we immediately see that

e Mt <m(Ng) for —r <t <0, (3.9)
e Mot <m(pg) for —r <t <0. (3.10)

These inequahtles will be frequently used in the sequel.
Define K (Ao; ¢) by (1.7] . Then

(K (Ao; 9)]

< 601+ Dl [600) + / [otr—ruem [ Oe%w(u)du} 4c(s)

w| [ [ [ et ants)

= 1¢'(0)] + [Xo| [#(0)] + ‘/0 {6&%(8) — Ao /SO eA°“¢(U)dU} e*%d((s)

o [ s

0 0
<O+ Pl 60} + [ |e%6(s) < 20 [ e ou)du

-
0
o

e**dV (¢)(s)

/ €0 3(u)du| *0* AV (n) s)

< 16/(0)] + Mol [6(0)] + /

0

0
. [ 16(5)] + Dol / e g(u)| ﬂ 0V (¢)(s)

v [ e ot a oavine)

0 0
<ll¢')l + [MO -/ ( +vol [ du) AV (C)(s)

-Tr

[ ([ o) rvavine] .

In view of (3.9)), we have
0
e 2% <m(No), / e MUdy < (—s)m(Xo)
S

for every s € [—r,0]. Thus, we obtain
0
KO <161+ (1l +{ [ 1+ Dl (o)l av©)s)

+ [ coesarmemon) 1o

-r

and consequently, because of the definition of a(Ag) by (3.2)), we get
[ K (Xo; @) < [|¢[] + [[Xo] + a(Ao)m(No)] 1] -
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This gives
[K(Ao; @) < [+ [Ao] 4+ c(Ao)m(Ao)] J & 4 - (3.11)
Consider the function ®(Ag; ¢) defined by (1.8]). Then, by (3.9), we have
|K (Aos 8)]

[2(Ao; @) < m(Xo) [l +

and so, in view of (3.11]),

1B(Xo)|

1+ |/\0| + Oz(/\o)m()\o)

Therefore,
[900: )] < () + LSOO gy

Let us consider the constant L(\g, po; ¢) defined by (2.2). Then
‘L(AOMLL(M ¢)|

< |®(No; 0)(0)| + ‘/ {e“os e Mt D(Ng; b)) (u)du

‘A‘)/s o [ et ;o) any acts
| Lo { Lo [ emavuorom] a i

0 0
< |<1>(A0;¢)(0)|+/_ ehos 6“08/ eTHUD(Ng; @) (u)du

o f " oo I Oe—ﬂ%(xo;@(wdv} du| av(o)(s)

4 /_ 0 s / " o [ / Oe—WcD(Ao;qﬁ)(v)dv] du

<1000+ [ s { / " e 1 (s 6) () du

av(n)(s)

+ ol / " [ / " e 821 6) 1) o] aufavoe
+ { e““u[ e=H0 |B(Ag; ) (v )dv} du} v (n)(s)

g{ / Xos [eHOS/S e “Oudu+\)\0|/ ot (/uoe“ovdv> du] AV (¢)(s)
- [ ([ O ) | av(n)6) | [0

By (3.10 , we have
0
[ ermdu < (~symuo),

0
/ e "y < (—u)m(ug) for u € [s,0)
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for every s € [—r,0]. Hence, we derive

(Mo, po; )] < (1 n { / o [(—s>e“°s +1l [ 0<—u>eﬂ°“du] av(¢)(s)

—-Tr

v f o[ O<_u>euoudu} AV ) (6) | i) ) 12005 )].

Because of the definition of p(Ag, o) by (2.6)), the last inequality is written as
|L(Xos o3 @) < [1 4 p(Xos o) m(po)] |2 (Ao; @) -
A combination of this inequality and (3.12)) leads to
1+ Dol + a(ho)m(Ao)
[300) ok
(3.13)

Let (Ao, t0) be defined by (2.1]). Take into account (2.9)) (which is a consequence
of the assumption (2.3))), and define M (A, uo; ¢) by (2.18]). Then, by using (3.10]),

we have
|L( Ao, pio; @)
14+ 7v(Xo, o)

1L (0, 105 @) < 1+ p(Ros pio)m (o)) [muo)

M(No, po; ¢) < m(po) [@(Ao; @) +

So, by virtue of (3.12)) and (3.13]),

M(>\07M0; (b)

< |m(po) +

1 4 p(Xos o)m(po) L+ [Ao] + a(Xo)m(Xo)
T+ 0vo, o) } [m“") ! [500) ] i "52 »

Consider the constant N (A, uo; ¢) defined by (2.28). Then, by (3.10)), we have

N (Ao, po; ) < m(po) [H (Xo: 0))'|| + luol 12 (Nos 9] -
From the definition of ®(Ao; ¢) by (1.18) it follows that
(@(h0:9)) (1) = ol [#(t) = Aod(t)]  for —r <t <0
and consequently, in view of ,
[(@(20; 9))'[| < m(Xo) ('l + ol 1))
which gives
[(@(X0; 9))[| < (1 +[Xo]) (o) K & k-
By using the last inequality and inequality , we find

N(Xo, po; @)

m (o) | (1 +[Xol + [1ol) m(Xo) + [0l

1+ [Ao| + a(ro)m(Ao) (3.15)
g e

Now, let z be the solution of the IVP (1.1)) and l-i and deﬁne the function z
by (1.9 . Also, we define the functions w and f by (2.10 , respectively.
1-

Note that . which is a consequence of the assumptlon states that 1 —|—
()\o,uo) > 0. Then as in the proof of Theorem [2.1] -, we show that -7 (12.31]

and (| are satlsﬁed Moreover we consider the function g defined by t-b

the function g satisfies . We shall prove that x satisfies (3.4 D and , where

the constants P(Ag), Q()\o, uo) and R(Ao, o) are defined by (3 and [3-3),

respectively.
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From (2.33) it follows that
K(Xo; @) ot [
z(t) = —20 T edot | £(4) 4
(t) 30%) (t)
and consequently

()] < Wk n [|f<t>| n

Thus, using (2.22), we obtain

K (Mo; @) 2, _ [L(Ao, 103 D) (xotsao)
o) < il t+[P(A07uO)M(A07u07¢)+1_~_7()\07M0)}6 o)t (3.16)

for ¢t > 0. In view of (3.6, inequality (3.11]) can equivalently be written as

| K (Ao; @)
B0 <PXo) Kok (3.17)

Moreover, by the use of and , we get
|L(Xo, po; 8)|
L +7(Ao, po)
1+ P()\oaﬂo)m(#o)] [ \ 1+ [Ao] + a(Ao)m(Ao)
14100 m) ] T T 500
L+ Aol + O4(>\0)m(/\0)] }
3000) ot
1+ P(Amuo)m(ﬂo)}
14+ v(Ao, o)

[ o

L(>\07M0;¢)

Gofralt for ¢ >0
e or
1 + 'Y()‘Onu/o)] o

‘L(A()a/j/o; (b)l

Co+hlt for ¢ > 0
e or .
1+ ’Y(A07M0):| -

p(Xo, o) M (Xo, po; &) +

< {00 i) +

1+ p(Xo, po)m(po)
14+ 7v(Xo, o)

= {p()\o,uo)m(,uo) + [1 + p(Aos o))

1+ |)\0‘ + Oé()\o)m()\o)
1B(Mo)]
So, because of (3.7]), we have

)+

[ mow) +

)\ .
PN o) M s i ) + 2R < Qo) ok (318)

Using (3.17) and (3.18]), we immediately see that (3.16]) implies (3.4). Hence, (3.4))

has been proved.

Next, we see that (2.34)) gives
K(Ao; 9) L(Xo, po; ¢)
2/ (1) = Ng—n L et 4 | g(t) + (Ao + pro) — 2| gQotro)t for ¢ > ()
1= 27500) IO+ Qo407 o o)
and hence, by (2.35)), we have
K(Ao; ) L(Xos p1o; 8)
2 (1) = Ng—rl et 1 (N + t) + 2T T f(t) b e(Potro)t
(t) 0 50) (Ao + o) | f(2) 1+ (Mo, 110) f(#)
for ¢t > 0. Consequently,

|£L’l(t)| < |>\0‘ |K()‘0;¢)|6)\0t

16(X0)]

|L(Xo, po; 9) / (Motuo)t  for
bl [0+ LBy | oot o o0,
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So, in view of (2.22) and (2.31)), we derive

/ IK(AO, D ot
2" ()] < [ Aol B0 €
)\ .
+ {|)\0 + o {P()\O,MO)M()\O,MO;@ + m (3.19)

+0(Xos p10) N (o, o @)} ePotHOE for ¢ > 0.
But, because of (3.8)), it follows from (3.15) that
P(Aos o) N (Ao, po3 @) < R(Ao, o) ff ¢ I - (3.20)
By (3.17), (3.18) and (3.20]), we see that (3.5 can be obtained from (3.19)). Thus,

we have shown that (3.5 holds true.
Finally, we will establish that the constant Q(\g, uo) is greater than 1. By (2.8)

and (2.9), we have
0 < 147X, p0) <1+ |[v(Xo, o)l < 1+ p(Ao, o)
and so, as m(ug) > 1,

0 < 147X, o) <14 p(Ao, po)m(po),

which ensures that
1+ p(Xo, po)m(po) S
1+ 7(A07 /’LO) -
Thus, since p(Ao, po) > 0, we obtain

1+ p(Xo, po)m(p10)

> 1
1 + ’Y()\()?/J’O)

[1 + p()‘(), ,U'O)]

and consequently
1+ p(Ao, po)m (o)

A 1 A 1.
p(Aos o)m(pio) + [1 + p(Xo, po)] 1+ (o, 10) >
Moreover, as m(Ag) > 1, we have
1+ o] + a(ro)m(Ao)
m(>\0) + > 1.
1B3(Xo)]
Hence, it follows from the definition of Q(Ag, po) by (3.7) that Q(Ag, po) is always
greater than 1. The proof of the theorem is now complete. ([

Proaf of Corollary- Deﬁne m()\o) a(Xo), Y(Ao, o), p(Ao, o) and m(ug) by

B-1), 3-2), 1), (2.6) and (3.3), respectively. Note that aseumptlon [2.3) guar-

antees that 1 + fy()\o, uo) > 0. Let 2 be the solution of the IVP and (1.2). By
Theorem (3.1} the solution z satlsﬁes (3.4) and ., where P()\O) Q(Xo, o) and

R( o, ,uo) are deﬁned by (3.6), (.7) and (3.8)), respectively. The constant Q(o, ko)
is greater than 1.

Assume first that A\g < 0 and Ag + po < 0. Then (3.4) and ( - give
lz(t)] < [P(Ao) + Q(Xo, po)] H¢H for t > 0,
' ()] < [[Xo] P(Mo) + [Xo + 10| @(No, o) + R(Xo, ko)l f ¢ ff for t >0,
respectively. So, if we set
S(Xos o)
= max {P(Ao) + Q(Xo, o), [Ao| P(Ao) + [Ao + to] Q(Ao, ko) + R(Aos ko) } 5
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then we have
max{|z(t)|, |z’ (t)]} < S(No, o) f ¢ K for every ¢t > 0.
Since Q (Ao, o) > 1, we always have S(Ag, o) > 1. Thus, we obtain
max{|z(t)|, |2’ (t)]} < S(No, o) f &} forall t > —r.

Using this inequality, we can immediately verify that the trivial solution of (|L.1]) is
stable (at 0). Because of the autonomous character of (1.1)), the trivial solution of

(1.1)) is uniformly stable.
Next, let us suppose that A\g < 0 and A9 + pg < 0. Then the trivial solution of

is stable (at 0). Furthermore, we see that it follows from and that
the solution z satisfies

dn, =(t) = Jlig 2/(6) =0.
Hence, the trivial solution of is asymptotically stable (at 0). As is au-
tonomous, we conclude that the trivial solution of is uniformly asymptotically
stable. The proof is complete. (I

4. A RESULT ON THE BEHAVIOR OF THE SOLUTIONS
We begin this section with the following lemma.

Lemma 4.1. Suppose that

¢ and n are increasing on [—r,0]. (4.1)
Let Ao be a negative real root of the characteristic equation (1.3). Furthermore,
let po be a real oot of the characteristic equation (1.5)), and define v(Xo, po) by

(2.1). Then 1 4+ ~v(Xo, o) > 0 if (1.5) has another real root less than ug, and
1+ v(Ao, o) <0 if (1.5) has another real root greater than pg.

Before we proceed to the proof of Lemma [4.1] we remark that: if  is increasing
n [—r,0], then, as n is also assumed to be not constant on [—r, 0], we always have

f?r dn(s) > 0 and so the zero is not a root of the characteristic equation (1.3)).
Proof of Lemma[{.1. Consider the real-valued function 2 defined by

0 0 0
Q(p) = p+ 20 +/ ePotmsde(s) — Ao/ e </ e“”d“> dg(s)

- -

0 0 (4.2)
+/ ehos (/ e”“du) dn(s) for peR.
We obtain immediately
0 0
() =1 —/ etos [(—s)e“s - )\0/ (—u)e’“‘du] d¢(s)
- ° (4.3)

_ /O Ghos [/SO(—u)e““du} dn(s) for p € R.

-Tr

Furthermore,

o' = [ o { =) | i udu] ac(s)

—-r

0 0
—|—/ ehos (/ u%““du) dn(s) for peR.
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So, taking into account (4.1)) and the fact that n is not constant on [—r, 0] and using
the hypothesis that A\g < 0, we conclude that

Q"(w) >0 forall ueR. (4.4)

Now, assume that has another real root p; with p1 < po (respectively,
i1 > o). From the definition of the function 2 by it follows that Q(ug) =
Q(u1) = 0, and consequently Rolle’s Theorem guarantees the existence of a point £
with py < &€ < pg (resp., po < & < up ) such that Q'(¢) = 0. But, implies that
Y is strictly increasing on R and hence, as '(§) = 0, we conclude that ' is positive
on (&, 00) (resp., € is negative on (—o0,&)). Thus, we must have ' (ug) > 0 (resp.,
Q' (o) < 0). By taking into account the definition of v(Xo, po) by (2.1), from
we obtain

Q' (ko) = 1+ v(Xo, o)
and so the proof of the lemma is complete. ([

Now, we will establish the following theorem.

Theorem 4.2. Suppose that statement is true. Let Ao be a negative real
root of the characteristic equation (L.3)), and let B(Xo) and K(Xo;¢) be defined
by (1.6) and , respectively. Suppose that B(Ng) # 0, and define ®(Ng; P) by
urthermore, let pg be a real root of the characteristic equation , and
let ~y(Ao, po) and L(Xo, po; @) be defined by and , respectively. Also, let
u1 be a real root of with py # po. (Note that, because of S(Ng) # 0, we
always have pg # 0 and py # 0; moreover, note that Lemma guarantees that

L+ (Ao, o) #0.)
Then the solution x of the IVP (| and (1.2) satisfies

A Ao, Ho;
C1 (Mo, pros 15 9) < e H1! [e_mm(ﬂ - fg(,(\)o)(b) 1 +< ;J(ffjo)) em] (4.5)

< Co(Xo, pto, p1; 9)  for allt >0

and
D1 (Ao, pros pa; ¢)
- - o3 &) L(Xo, po; ¢)
<e mt{ Aot 4/ \ K(o;9) Nt o) L0 10:0) p
< () = Ao 30v0) (Ao M0)1+’7(x\o,uo) (4.6)
< Dy(No, pro, ;@) for all t >0,
where

Cl()\Oa;u‘07/1'1;¢) = min

—r<t<0

—pat | —Xo  K(Ao;¢)  L(Xo, po; @)
{6 " {e 0 B(Ao) L+ v(Xo, to)

]

eto }
4.7)
KE(oid) _ LAo, 103 9) o
4

. _ —p1t | ,—Aot _
02(A07/J'07/J'17¢) - 7{}%3);?0 {6 |:€ ¢(t)

B(Ao) 1+ ( )\07/1’0 ]}8

and
D1(Xo, po, 15 9)

_ ; —pat | ,—Xot 47(gy _ K(Xo; ) . L(Xo, po; @) ot
—_7{21%0{6 H {e @' (t) )\075()\0) (>\0+N0)71+7(/\07M0)e” }}(; |
9
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D2(>‘07 Hos H13 ¢)

= max {e"“t [e"\”tqbl(t) - o

—r<t<0

K(Xo; )

L()‘07/1'0;¢) Lot
30) — (Mot po)—————=e :|}

L+ (Ao, po)
(4.10)

We see immediately that inequalities (4.5)) and (4.6]) can equivalently be written
as follows

K(Xo; L ;
C1 (o, o, pr; ¢)el—Holt < g=Hot {e"\otm(t) — (AO’¢)] (Ao, o 9)

B) | 1+v(No, o)
< Co(No, po, p1; @)et =t for all t > 0

and

Dl ()‘07 Koy (15 (b)e(/’fl—,u,o)t

K(Xo; )
0y | ~ o4

< Dy (o, po, 1 ¢)e(‘“*“°)t for all t > 0,

L(Xo, po; )

< e Mot [eT oty (1) — A
- ()= 2o 14+ 7v(Xo, o)

respectively. Hence, if p; < pg, then the solution x of the IVP (L.1) and (1.2)

satisfies (2.4]) and (2.5).
Also, we observe that (4.5) and (4.6) are, respectively, equivalent to

K()\(),Qb) + L()\07N07¢) 6,u,ot:|
Bo)  1+v(Nos ko)

etot {Ol(AOaNOaNUd))GMt +
< z(t)

K(Xo;¢) | L(Xo, po; ¢)
B(Xo) 1+ v(Xo, po

S eAOt |:02()\07 Mo, [15 QS)BI—th + )G#Ot:| for all ¢ 2 0

and

K(Xo; ¢)

et {D1(/\07H07H1;¢)6“1t + Ao B0%)

+ (Xo + uo)iL(/\o’ Fo; ¢)) 6H0t]

14+ 7v(Xo, to
< a'(t)

K(Xo; ¢)

< etof [D2(/\0,M0,M1;¢)€“1t + Ao 300)

+ (Ao + MO)*LO\O’ itk ¢)) e“ot}

1+ (Ao, po

for all t > 0.

Proof of Theorem[[.3. Let x be the solution of the IVP (1.1]) and , and consider
the function z defined by (L.9). Consider also the functions w and f defined by
and (2.14)), respectively. Note that, by Lemma we necessarily have
14+ v(Xo, o) # 0. As it has been shown in the proof of Theorem the fact
that x satisfies for ¢ > 0 is equivalent to the fact that f satisfies (2.15)) for all
t > 0. Moreover, as in the proof of Theorem we see that f’ satisfies (2.26) for
all ¢ > 0, and that is valid. Furthermore, we consider the function g defined

by (2.34). As in the proof of Theorem equality (2.35)) holds true. Because of
(2.35)), we can use (2.15) and (2.26]) to conclude that the function g satisfies, for all
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t>0,

o= [ s | [ e ] dg(s

— o /_O eMos {/0 ehot [/uog(t + w)dv] du} d¢(s)
+ /_0 etos {/0 ehov Uuo gt + v)dv} du} dn(s).

Now, we define
h(t) = eomt£(t)  for t > —r,
k(t) = etro—m)tg(t)  for t > —r.
Then we see that (2.15)) holds for ¢ > 0 if and only if & satisfies
0 0
h(t) = / eQPotho)s [ / e~ (Homm)up (¢ 4 u)du} d¢(s)

S

0 0 0

Ao [
0 0 0

+/ ros {/ hou [/ e—(ﬂﬂ—ﬂl)”h(t—&—v)dv} du} dn(s)

for all ¢ > 0, and that (4.11)) is fulfilled for ¢ > 0 if and only if k satisfies

0 0
k(t) z/ e(Rotro)s [/ e~ (Bomp)ug (g 4 u)du} d¢(s)

—-Tr S

0 0 0

_ )\0/ eros {/ eHot {/ @(“0“1)”k(t+v)dv} du} dq(s)
0 0 0

+/ oros {/ Hot {/ e~ (Ho—H)VE (¢ 4 v)dv} du} dn(s)

for all ¢ > 0. By combining (2.33]) and (4.12]), we have

K(Xo;¢) — L(Xo, po; @)
B(Ao) 1+7(Ao, ko

while a combination of (2.34) and (4.13]) leads to

K(Xo; ¢)
B(Mo)

h(t) = e #1t [e)‘otx(t) - )e“ot] for t > —r,

— (Ao + po)

k(t) = et {e%tfﬂ/(t) —Xo Lo, 13 6). d’)) e’“’t]

1+ (Ao, to

25

(4.11)

(4.14)

(4.15)

(4.16)

(4.17)

for ¢ > —r. As the solution z satisfies the initial condition (1.2]), we can use (4.16)
as well as the definitions of C1 (Ao, o, 1; ) and Ca(Ag, o, p1; @) by (4.7) and (4.8),

respectively, to see that

Cr(Aoy pos p1;0) = min A(t) and  Ca(Ao, po, t1;¢) = max h(t).

—r<t<0 —r<i<0
Moreover, from the initial condition (1.2]) we obtain

'(t) =¢'(t) for —r <t <O0.

(4.18)
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So, by taking into account (4.17)) as well as the definitions of Dj(Ag, o, pi1; @) and
Do (Ao, po, 1; @) by (4.9) and (4.10)), respectively, we have

Dl(Ao,uo,m;aﬁ):ﬂ{I%ltnSOk(f) and Dz(Ao,uo,m;aS)=7r7p§at>§0k(t)- (4.19)

In view of (4.16|) and (4.18)), the double inequality (4.5) can equivalently written

as follows

i < < >
_7{r<usn<oh(s) < h(t) < _%a;éoh(s) for all ¢ > 0. (4.20)

Also, by (4.17) and (4.19)), the double inequality (4.6)) takes the following equivalent
form

—r<

i < < for all ¢ > 0. 4.21
mlsngok(s) <E(t) < _Irrg)éok(s) orallt>0 (4.21)

All we have to prove is that and hold. We will use the fact that h
satisfies for all ¢ > 0 in order to show that is valid. By a similar way,
one can use the fact that & satisfies for all ¢ > 0 to establish . So, the
proof of will be omitted. We restrict ourselves to proving that

> i > 0. .
h(t) > _min h(s) for everyt >0 (4.22)

The proof of the inequality
h(t) < max h(s) foreveryt >0

—r<s<0

can be obtained in a similar way, and so it is omitted. In the rest of the proof we
will establish (4.22). In order to so, we consider an arbitrary real number A with
A < min_,<s<g h(s), i.e., with

h(t) > A for —r <t <0. (4.23)

We will show that
h(t) > A forallt>0. (4.24)

To this end, let us assume that (4.24)) fails to hold. Then, because of (4.23)), there
exists a point ¢y > 0 so that

h(t)>A for —r <t<ty, and h(t)=A.

Thus, by using (4.1)) and the fact that 5 is not constant on [—r, 0] and taking into
account the hypothesis that A\g < 0, from (4.14]) we obtain

A = h(to)
0 0
= / e(Aotuo)s {/ e*(ﬂo*ﬂl)uh(to —|—u)du} d¢(s)

S

0 0 0
B A
0 - 0 ’ 0 '
+/ o {/ hot [/ e~ (mo—r)vp (g, —&—v)dv} du} dn(s)
_ro s 0 u
> A </ e(Ao+,u0)s |:/ e_(ﬂo_ﬂl)udu:l dC(S)
_TO : s o
o [ o { [ o { / e(uomvdv} du} ac(s)



EJDE-2007/106 BEHAVIOR OF THE SOLUTIONS 27

0 0 0
+/ ehos {/ etov {/ e_(“"_”l)”dv] du} dn(s))
- 0 S ul
=A (/ eQPotno)s (— ) [1 - e—(“O"“)s} d¢(s)
—r Ho — M1
0 0 1
_ )\0/ eros {/ etou (_ ) [1 _ e—(uo—m)u} du} d¢(s)
—r s Ho — M1
0 0 1
+/ ehos {/ et <— > {1 - 67(“07‘“)“] du} dn(s))
r s Mo — 1

A {/0 oS (elos — eM1%) d((s)

B Ho — M1 —r

+ o /0 eos [/0 (eHor — errtty du] d¢(s)
_L/jﬂexos[/C°<e“0“-—e“1“>du}chﬂs>}

([ o mnn o (el
<[ ([ ) v
- {_ [ ie(A°+“1)sd§(s) o K O o ( / i e*““du) dc(s)
e ([ o) oo}

[(o +2X0) — (11 +2X0)] = A.

o —

We have thus arrived at a contradiction and so (4.24)) is true. Since (4.24]) is satisfied
for all real numbers A with A < min_,<s<¢ h(s), it follows that (4.22)) is always
fulfilled. The proof of the theorem is complete. (I

Now, let us concentrate on the special case of the delay differential equation
(1.19). In this case, the hypothesis Ay < 0 posed in Lemma and Theorem
can be removed without damage. More precisely, we have the following results.

Lemma 4.3. Suppose that
n is increasing on [—r,0]. (4.25)

Let Mg # 0 be a real root of the characteristic equation (1.20). Furthermore, let ug
be a real root of the characteristic equation (1.22), and set

0 0
000 = = [ | [ Cujemsau ants). (4.26)
Then 1 4+ F(Xo, o) > 0 if (1.22) has another real root less than o, and 1 +
F( Ao, o) < 0 if (1.22) has another real Toot greater than pg.

Theorem 4.4. Suppose that 1) holds. Let Ao # 0 be a real root of the charac-
teristic equation (|1.20), and let B(Xg) and K (Ao; @) be defined by (1.23) and (|1.24),
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respectively. Suppose that 5()\0) # 0, and define :IVJ(/\O; ¢) by (1.25). Purthermore,
let po be a real root of the characteristic equation (1.22)), and let (Ao, po) and

L(Xo. pto; ¢) be defined by [L26) and
_ _ 0 0 0 _
Eho,p058) = 300 9)0)- [ *{ [ e [ / ewwo;@(v)dv] du}dn<s>,

respectively. Also, let p1 be a real root of (1.22) with py # pio. (Note that, because
of B(Xo) # 0, we always have pg # 0 and py # 0; moreover, note that Lemma
guarantees that 1 + (Ao, ft0) # 0.)

Then the solution x of the IVP (1.19)) and (1.2)) satisfies

ot (t) — K(\oi¢)  L(Xo, 103 9) ep,ot‘|

C1 (N, pro, pa; @) < e 1t

B(Xo) ~ 1+75(No, o)
< 520\0,#0,#1;925) for allt >0

and
D - - I?(AO'(b) Z(/\O #0'(25)
Dy (A ’ ’ ; <e Htle Aot.I/ 1) — Ag———2 — (A + %eﬂnt
o) = l =500 T IS 00 )
< 520\0,#0, p1; @) forallt >0,

where

2 Y — —pt | o K(Ao;¢)  L(Xo,po3 @) .,
Cl(>\07,u0,pq,¢) = 7?%1%0 {6 Kt [@ A t¢(t) _ 5(}\0> _ . +A,y{()\07u0)eﬂ t] } 7

2 ) — —pat | =20 _ K(Xo; 6) _ Lo, 1105 9) o
CQ(A(),,UO,,Ul,QS) - 71’};&;;0 {6 gt [6 t¢(t) B(}\()) 1 +771()\07//L0>e# t] }

and

D1 (Mo, o, 115 0)

. it Loty EQose) L(Xos 110;8) ot
__%ltnso {6 B [@ ¢(t) )\O E()\O) ()\O+MO)1+5(>\O,MO)6M ]}a

Ds(No, 0, 115 0)

_ it Loty EQose) L(Xos 1103 8) ot
__%éo{eu le ()= 20— Qo o) T e H

Note that the observations presented after the statement of Theorem can
also be formulated in connection with Theorem [.4] i.e., in the special case of the

delay differential equation (|1.19)).

Proof of Lemmal[{.3 The proof will be omitted since it is similar to that of Lemma
We restrict ourselves only to noting that, here, we have the real-valued function
Qg defined by

0
Q1) = 11 +2X0 +/

-7

0
ehos (/ e”“du) dn(s) for peR (4.27)
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instead of €). We note that
Qp(u) >0 forall ueR.

This inequality holds true without the hypothesis that Ay is negative. O

Proof of Theorem[/.]] The need for assuming, in Theorem [4:2] that the root Ay of
the characteristic equation (1.3]) is negative is due only to the existence of the term

0 0 r
_)\O/ 6)‘08 {/ ehot
—Tr S

0 -
/ e~ Bo=HIVR (¢ 4 ) do du} d¢(s)

in (4.14) as well as to the existence of the term

0 0 0 1
—)\0/ etos {/ ehot / e~ o=V (¢ 4 v)du du}d((s)

in (4.15). These terms do not appear in the special case of the delay differential
equation (1.19)). In this special case, h satisfies

0 0 - 0 1
h(t):/ etos {/ etot / e*(”of’“)”h(t—i—v)dv du}dn(s)

for all £ > 0, and k satisfies

0 0 - 0 q
k(t):/ ehos {/ ehot / e’(”o”“)”k(t—i—v)dv du}dn(s)

for all £ > 0. After these observations, we omit the proof of the theorem. ([

5. ADDITIONAL LEMMAS

We have already obtained two lemmas (Lemmas and [{.3); Lemma is
concerned with the real roots of the characteristic equation (|1.5), while Lemma

concerns the real roots of the characteristic equation (|1.22). Lemmas and
have been used in order to establish Theorems and respectively. Here, we
will give two lemmas about the real roots of (|1.5) and a lemma concerning the real

roots of (1.22)).

Lemma 5.1. Let A\ be a real root of the characteristic equation (1.3)). Assume

that
’ —(2hot5)s 06_20%“11 s
/,TeAO {e(x+[)) )\O/SO (A+)d]dg() -
+/,r hos [/ e—(”°+i)“du] dn(s) < %
and
’ —(220t7)s 0—ue_2°%“u s
| e [(—8)6(’\+)+|>\0|/SO( Jer s avc) e .

+ [ o] [eueeeial avime <1

—-r S

Then, in the interval (—2)\0 — %, oo), the characteristic equation (L.5)) has a unique
root po; this root satisfies (2.3)), and the root ug is less than —2\g + %, provided
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that

0 0
/ e)\os |:e(—2)\o+i)s . )\0/ e(—2)\o+7l_)udu:| dC(S)
0 SO
+/ e)\os |:/ e(—Q)\(ﬁ‘i)udu] dT](S) > —%.

Proof. Consider the real-valued function 2 defined by (4.2]). The derivative ' of
Q is given by (4.3)). It follows from (4.2) that

o)
0

-r

— Ao /O ros [/06‘(2Ao+i)”du} d¢(s) + /() e [/Oe—(”ﬁi)“du] )

0 0
_ 7% +/ 6)\05 |:6(2>\0+’1”)S 7)\0/8 6(2A0+’1")udu:| dC(S)

-r

v [ oo [ et )

and consequently, by (5.1)), it holds

(5.3)

Q( — 2 — %) <0. (5.4)

Moreover, from ([{.2)) we obtain, for > —2Xg — 1,

0 0
Q) = p1+ 200 + / o <e~s ~ o / e"“du) d¢(s)

-7

0 0
+/ ehos (/ e““du) dn(s)
r . .
> 42X\ — ‘/ eros (6“5 - /\0/ 6““dU> dq(s)

[ ([ o

0 0
>+ 2 —/ eMos |ehs — )\0/ e du
0 0
—/ ehos (/ e”“du) dV(n)(s)

0 0
>+ 2\ —/ eros (e”s + \Aol/ e”“dU> dv(¢)(s)

-

- ( / ’ du) av (n)(s)

0 0
> 0+ 220 — / o [e—<%+i>s+|xo| / e—<”°+i>“du} av (¢)(s)

—-Tr

dv (¢)(s)
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- /_Or etos [/SO e_(”‘o‘*‘i)“du] dV(n)(s).

Q(o0) = 0. (5.5)
Furthermore, using (4.3]), we have, for every p > —2\g — %,

>1_’/_T Aos[ s)ehs — /\O/SO(—u)e”"du} dc(s)
| el

0 0
217/ eMos [(—s)els — )\0/ (—u)e'du

-/ Pos { / 0(_u>e~udu] av (1) (s)

>1- /0 etos [(—8)6“3 + [Ao] /j(—u)e““du} dv(¢)(s)

—r

- o °<_u>e~wu] av (1) (s)

1 o [(— e~ (@a1)s 1 | / ~(2o+} >“du} 4V (Q)(s)

Therefore,

dv (¢)(s)

-7

_ /O eHos {/j(—u)e‘(”“‘v{)“du} av(n)(s).

—-Tr

Consequently, in view of (5.2), it holds
1
Q' (u) >0 forall u>—2X\ — —,
r

which implies that € is strictly increasing on ( 2X0 — = oo) By using this fact

as well as (5.4) and (5.5)), we conclude that, in the 1nterva1 (—2Xo — 2,00), the
equation Q(p) = 0 (which coincides with (L.5))) has a unique root p9. This root
satisfies (2.3]). Indeed, by using again (5.2)), we have

[ e (o) + ol 0<—u>e“°“du} av(Q)(s)

-r

I

< /A (e ebde / S avio) o)
o f = 0<—u>e—<”0+i>“du] av(n)(s)
<1.

Finally, let us assume that (5.3]) holds. Then it follows from (4.2)) that

Q (2)\0 + 1)
r
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1 0 .
(—2/\0 + ) 42X + / e%se(—”oﬁ)sdg(s)
T

-

— X /_0 eros [/Soe(—“()*i)“du} d¢(s) +/_0 ehos [/soe(—%*i)“du] dn(s)

i+/0 ero* { (m2x0t4)s ), / —2do+y udu} dc(s)

T

0 0 )
+/ etos [/ e(_Q)‘OJ’T)“du] dn(s) >0

As Q(—2Xg+ 1) > 0, we see that 119 must be less than —2Xg + 2. This completes
the proof of the lemma. ([

Lemma can be applied to the special case of the characteristic equation (|1.22]),
where )\ is a real root of the characteristic equation (1.20]). In this particular case,

conditions ([5.1)), (5.2) and (5.3) become

/0 oHos [/506(2A0+i)udu] dn(s) < % (5.6)

/O tos USO(—u)e(%H)Mu] av(n)(s) <1, (5.7)

-r

[or [t s

respectively. It is remarkable that conditions (5.6)), (5.7) and (5.8)) are satisfied if
the following stronger condition holds:

/0 hos Usoe(”ﬁi)“du] dv(n)(s) < % (5.9)

-Tr

In fact, we have

/O hos Usoe(2A0+ )“du} dn(s ‘/T [ 5
< / o { / <2A°+i>“du] av () (s),
OT eHos [/So(u)e(%oﬂ)“du] v (n)(s)

) du] av(n)(s)

0 0 )
< 7,,/ 6)\03 |:/ 67(2)\0+; u
—r s

(2)‘°+7{)“du] dn(s)

and
/OT hos [/Soe(”“*i)“du} dn(s) > — '/OT o {/Soe(”“*}')“du} dn(s)

- [ o ° o] avin o)

> —/_O ehos UO e_(2/\°+i)“du} AV (n)(s).
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So, condition (5.9) implies each one of the conditions (5.6), (5.7) and (5.8

Lemma 5.2. Suppose that statement (4.1) is true. Let Ao be a negative real root
of the characteristic equation (1.3). Then we have:

(I) In the interval [—2)g, ), the characteristic equation has no roots.

(IT) Assume that holds. Then: (i) p = —2X\g — L is not a root of the
characteristic equation . (i) In the interval (—2/\0 - %, —2)\0),
has a unique root. (iii) In the interval (—oo, —2X\o — %), has a unique
T00t.

Proof. (I) Let & be a real root of the characteristic equation (1.5). By taking into
account (4.1)) as well as the fact that n is not constant on [—r, 0] and using the
hypothesis that Ay < 0, we can immediately see that

- /j ePoFMEgC(s) + Ao /_O7 ehos (/50 eﬁ“du> d¢(s) — /_07 ehos (/30 eﬁ“du> dn(s)

< 0.

Hence, from it follows that g+ 2Xg < 0, i.e., it < —2Xg. We have thus proved
that every real root of is always less than —2\¢.

(II) Consider the real-valued function  defined by ([£.2). As in the proof of
Lemma [4.1] we see that holds and consequently

Q2 is convex on R. (5.10)

Next, we observe that, as in the proof of Lemma assumption (5.1)) means that
(5.4) holds true. Inequality (5.4)) implies, in particular, that u = —2\g — % is not a
root of the characteristic equation (|1.5)). From (4.2) we obtain

0 0 0
Q(—2)\0):/ e"\ost(s)—Ao/ ehos (/ 6_2’\““du> d¢(s)
0 0
—I—/ eos (/ e_2>‘°“du) dn(s).

So, by using (4.1]) and taking into account the facts that 7 is not constant on [—r, 0]
and that \g is negative, we conclude that

Q(—2X) > 0. (5.11)
Furthermore, as A\p < 0 and ( is increasing on [—7, 0], from (4.2) we get

0
eMos </ e““du) dn(s) for peR.

Using this inequality and the fact that » is increasing and not constant on [—r, 0],
it is not difficult to show that

0
Q(M)2u+2>\o+/

-r

Q(—00) = co. (5.12)

From (5.10] , and (5.11]) it follows that, in the interval ( — 2 0 —= —2)\0 , the
l-) (>-10), (5.4

characterlbtlc equatlon has a unique root. Moreover, and (| -
guarantee that, in the interval ( 00, —2Ag — ), . has also a unique root. The
proof of the lemma is complete. O
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If someone reads carefully the proof of Lemma he/she may see that the
assumption that the root A\g of the characteristic equation (1.3]) is negative is a
necessity because of the presence of the term

Ao [ 0 etos ( / ' e’“‘du) d¢(s)

in the characteristic equation (1.5)). As this term does not exist in the characteristic
equation ([1.22)), using the function Q¢ defined by

0 0
eMos (/ e’“‘du) dn(s) for peR

instead of the function 2 and following the steps of the proof of Lemma [5.2] we
can prove the next lemma valid in the special case of the characteristic equation

(1.22), without the restriction that the root Ag of the characteristic equation (|1.20))
is necessarily negative.

Lemma 5.3. Suppose that holds. Let Ay # 0 be a real root of the character-
istic equation . Then we have:
(I) In the interval [—2)Xg, 00), the characteristic equation has no roots.
(IT) Assume that holds. Then: (i) p = —2X\g — L is not a root of the
characteristic equation . (i) In the interval (—2/\0 — %, —2)\0),
has a unique root. (iii) In the interval (—oo, -2\ — %), has a unique
T00t.

Qo () :ﬂ+2)\o+/

-r
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