Electronic Journal of Differential Equations, Vol. 2016 (2016), No. 19, pp. 1-20.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

EXPONENTIAL STABILITY OF SOLUTIONS TO NONLINEAR
TIME-DELAY SYSTEMS OF NEUTRAL TYPE

GENNADII V. DEMIDENKO, INESSA I. MATVEEVA

ABSTRACT. We consider a nonlinear time-delay system of neutral equations
with constant coefficients in the linear terms

d
2 W@ + Dy(t = 7)) = Ay(t) + By(t — 7) + F(t,y(),y(t = 7)),
where
17t w,0)| < qullul™ + gallv]|' T2, q1,q2,w1,w2 > 0.

We obtain estimates characterizing the exponential decay of solutions at infin-
ity and estimates for attraction sets of the zero solution.

1. INTRODUCTION

There is large number of works devoted to the study of delay differential equa-
tions (see for instance the books [II, B, 13, 15 16 17, I8 20, 21, 22] 23] 29, B31]
and the bibliography therein). The question of asymptotic stability of solutions
is very important from the theoretical and practical viewpoints because delay dif-
ferential equations arise in many applied problems when describing the processes
whose speeds are defined by present and previous states (see for example [14] 24} 25]
and the bibliography therein).

This article presents a continuation of our works on stability of solutions to delay
differential equations [4} 5] [6] [7), [8] [9, 10, [T}, 12} 26], 27]. We consider the system of
nonlinear delay differential equations

d
S W)+ Dy(t = 7)) = Ay(t) + By(t = 7) + F(t,y(t),y(t = 7)), >0, (11)
where A, B, D are constant (n x m) matrices, 7 > 0 is the time delay, and F
is a continuous vector function mapping [0,00) x C* x C™ into C". We assume
that F(t,u,v) satisfies the Lipschitz condition with respect to u on every compact
G C [0,00) x C™ x C™ and the inequality

[F(tw,0)l| < allull 7 + goflol'F42, £ 20, u,veC (1.2)
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for some constants q1, g2, w1, wy > 0. Here and hereafter we use the following dot
product and vector norm

(@,2) =Y 2,7, |zl = /().
=1

Our aim is to study the exponential stability of the zero solution; namely, to ob-
tain estimates characterizing the decay rate of solutions at infinity and estimates for
attraction sets of the zero solution. To establish conditions of stability, researchers
often use various Lyapunov or Lyapunov—Krasovskii functionals. At present, there
is large number of works in this direction; for example, see the bibliographies in the
survey [2] and in the book [31] devoted wholly to obtaining conditions of stability
by the use of Lyapunov-Krasovskii functionals. However, not every Lyapunov-
Krasovskii functional makes it possible to obtain estimates characterizing exponen-
tial decay of solutions at infinity. In recent years, the study in this direction has
developed rapidly. For constant coefficients, there are a lot of works for linear delay
differential equations including equations of neutral type (for example, see [15] 20]
and the bibliography therein).

The case of nonlinear equations is of special interest and is more complicated in
comparison with the case of linear equations. Along with estimates of exponential
decay of solutions, a very important question is deriving estimates of attraction
sets for nonlinear equations. The natural problem is to obtain such estimates
by means of the Lyapunov—Krasovskii functionals used for exponential stability
analysis of equations defined by the linear part. To the best of our knowledge, the
first constructive estimates of attraction sets for the system

Y1) = Ay(t) + By(t — ) + F(t,y(t), y(t — 7)), (1.3)

using Lyapunov—Krasovskii functionals associated with the exponentially stable
linear system
() = Ay(t) + By(t — 1), (1.4)
were obtained in [4] [5] [6] 28].
To study asymptotic stability of solutions to (|1.4]) the authors in [4] proposed to
use the Lyapunov—Krasovskii functional
t

(Y1), u(0)) + / (Kt - s)y(s), u(s)) ds, (15)

t—7

where the matrices H and K (s) satisfy

d
T K(s) <0, (16)

for s € [0,7]. Here H > 0 means that H is positive definite. Using (L5), we
obtained estimates of exponential decay of solutions to linear systems of the form
. In [4, 5] the authors considered nonlinear systems of delay differential equa-
tions of the form with F(t,u,v) satisfying . Conditions of asymptotic
stability of the zero solution were obtained, estimates characterizing the decay rate
at infinity were established, and estimates of attraction sets of the zero solution
were derived. Using a generalization of the functional in , analogous results
were obtained for linear and nonlinear systems of delay differential equations with
periodic coefficients in the linear terms [4], 5] [6] [1T], 26] [27].

H=H*">0, K(s)=K"(s)ecC0,7], K(s)>0,
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To study exponential stability of solutions to the system of linear differential
equations of neutral type

d
7 W) + Dy(t — 7)) = Ay(t) + By(t — 7) (1.7)
the first author in [7] introduced the Lyapunov-Krasovskii functional

V(p) = (H(p(0) + Dp(=7)), (¢(0) + Dp(=7)))

0 1.8
+/ (K(=s)p(s),¢(s))ds, ¢(s) € C[-T,0], (18)

where the matrices H and K (s) satisfy (1.6]). In particular, the following result was
obtained.

Theorem 1.1. Suppose that there exist matrices H and K(s) satisfying (1.6) and
the matriz

o (HA+AH+ K(0) HB+ A*HD
- B*H+ D*HA  D*HB+ B*HD — K(1)

is positive definite. Then the zero solution to (1.7)) is exponentially stable.

(1.9)

Using the functional , the study of exponential stability of solutions to time-
delay systems of the form was conducted in [7, 8, @ 10, 12, B0]. Note that
in [7, [8, [30] the estimates of exponential decay of solutions to were obtained
in the case ||D|| < 1 (here and hereafter we use the spectral norm of matrices). In
[9], for the linear case (F'(¢,u,v) = 0), analogous estimates were established when
the spectrum of the matrix D belongs to the unit disk {A € C: || < 1}. However,
in the case ||D|| < 1, the estimates are weaker in comparison with the estimates
obtained in [7]. More precise exponential estimates for the linear systems were
obtained in [I0]. If the spectrum of the matrix D belongs to the unit disk, the
authors in [12] investigated the time-delay system with F(t,u,v) satisfying
with W1 = Wy = 0.

In this article we study a more complicated case; namely, we consider the non-
linear time-delay system if w1, wy > 0. Supposing that the spectrum of D
belongs to the unit disk, we establish estimates characterizing exponential decay
of solutions at infinity and estimates for attraction sets of the zero solution. The
main results are formulated in Theorems [2.2H2.8| and their proofs are given in the
next section. It should be noted that some sufficient conditions for exponential
stability of the zero solution to are established in [I5, Theorem 7.5] in the
case | D] < 1.

2. MAIN RESULTS

Suppose that the conditions of Theorem are satisfied. Using the matrices H
and K (s), introduce the following notation

S Si2
S = , 2.1
(3 o) 21)
Sy =—HA— A*H — K(0), Sy»=HAD + K(0)D — HB,
522 = K(T) — D*K(O)D,
R =811 — 51255,'S55, P = Sao. (2.2)
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It is not hard to verify that the matrix C in is positive definite if and only if the
matrix S is positive definite (see the proof of Theorem for details). Obviously,
R and P are positive definite if and only if the matrix S is positive definite. Denote
by Tmin > 0 and pupin, > 0 the minimal eigenvalues of R and P, respectively. Let
k > 0 be the maximal number such that

d%K(s) +rK(s) <0, s€l0,7]. (2.3)

We consider the initial value problem for (1.1)),

%(y(t) + Dy(t — T)) = Ay(t) + By(t — 7-) + F(t, y(t),y(t o 7_))7 t>0,
y(t) = ¢(t), tel-10], (2.4)
y(+0) = ¢(0),

where p(t) € C'[—7,0] is a given vector function. Let y(¢) be a noncontinuable
solution to the initial value problem (2.4), defined for ¢ € [0,¢'). Using the matri-
ces H and K(s) indicated in Theore we consider the Lyapunov-Krasovskii
functional . Introducing the conventional notation

yt:oﬂy(t+0)a 06[77—70]7

we have

0
V(ye) = (H(y:(0) + Dys(—7)), (y:(0) + Dy:(—7))) + / (K(=0)y:(0),y:(0)) do

= (H(y(t) + Dy(t — 7)), (y(t) + Dy(t — 7)) 7

+ [ =)o) ds.

(2.5)
Theorem 2.1. Let the conditions of Theorem[I.]] be satisfied. Then
d
7V W) < oV 2 (ye) = (rin — S1(|ly(t = T)ID)ly(#) + Dy(t — 7)1
¢ (2.6)
— (Pmin — S2([ly(t = D)= = H/ (K (1t — s)y(s),y(s)) ds,
t—T1
fort €[0,t"), where
21| H||(L + 1)
g0 = qu 1||<£w1/2 1) ; (27)
hmin
—1 g 1
51(s) = (ISEStall + 3 )ools),  ha(s) = eado(s), s >0, (28)
€2
14+e1\w1 o1 w ws
0(s) = 2011 [ar (=) TP 4 ga52]
€1 >0, e2>0,
2(t) = 833 ST (y(t) + Dy(t — 7)) +y(t —7), (2.9)

and hpyin > 0 is the minimal eigenvalue of the matriz H.
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Proof. We use the proof scheme in [4]. Obviously, the time derivative of the func-
tional V' (y;) is

jt (ye) = (H(Ay(t) + By(t — 7)), (y(t) + Dy(t — 7)))
+ (H(y(t) + Dy(t — 7)), (Ay(t) + By(t — 7)))
+ (HE(t,y(t),y(t — 7)), (y(t) + Dy(t — 7))
+ (H(y(t) + Dy(t — 7)), F(t,y(t),y(t — 7)))
+ (K 0)y(t),y(t) — (K (r)y(t —7),y(t — 7))

Using the matrix C defined in (1.9]), we obtain

(L) (i)

)=—(C
+ (HF(t,y(t),y(t — 7)), (y(t) + Dy(t — 7)))
+ (H(y(t) + Dy(t — 7)), F(t,y(t),y(t — 7)))
tod
[ GE = ue)atsds
We consider the first summand in the right-hand side of . Obviously,

W)= (0 7)),
Then
() (@0 )= (MO ) (O

where
I 0 I —-D
s=(o el 7)

Taking into account (1.9), the matrix S has the form (2.1). By the conditions of
Theorem the matrix C' is positive definite. Clearly, S is positive definite if and
only if C is positive definite. Using the representation

g (! S12855\ (S11 — S12555'S5, 0 I 0
0 I 0 Son ) \ Syt Sty T)°

(). (0540)

= (R(y(t) + Dy(t — 7)), (y(t) + Dy(t — 7)) + (Pz(1), 2(t)),
where R, P and z(t) are defined by (2.2)) and ([2.9)), respectively. Obviously, the

matrix S is positive definite if and only if the matrices R and P are positive definite.
Consequently, we derive

y(t) y(t) . a2
<C<y(t_7)>v(y( )>>2rmmlly(t)+Dy(t ? + pinll2(0)]1%, (2.11)

t—r1

d
dt

(2.10)

we have

where 7y, > 0 and ppi, > 0 are the minimal eigenvalues of R and P, respectively.
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We consider the second and the third summands in the right-hand side of (2.10)
In view of (1.2) we have

(HE(t,y(t),y(t — 7)), (y(t) + Dy(t —1)))
+ (H(y(t) + Dy(t — 7)), F(t,y(t),y(t — 7)))
<2 H|[(qally@) 1 + qally(t — 7)[72) [ly(t) + Dy(t — 7)||

< 2H|[(ar(ly(t) + Dy(t = 7)ll + [ DIyt = 7)DF + gally(t — 7)]]772)
x [ly(t) + Dy(t — 7).

It is not hard to show that
1
(a+0)F < (1+61)al + (—2) B4, 05> 0, 1 >0

€1
Hence,

(ly(®) + Dy(t = 7| + IDIllly(t — 7))+

w w 1+€1 w w w
< (1+e1) y(t) + Dy(t — )| T + (T) DIy =)

For example, choosing €1 = || D||, we have
(ly(®) + Dy(t = )| + 1Dl lly(t — 7))+

< (L+[IDID** ly(t) + Dy(t — 7)< + (L + DI [ DI 1yt — 7).
Consequently,

(HE(t,y(t),y(t — 7)), (y(t) + Dy(t — 7)))

+ (H(y(t) + Dy(t — 7)), F(t,y(t),y(t — 7))

< 2qu[|H[|(1+e1) [ly(8) + Dy(t — 7)|>+

1+¢e; w w
2 [ (S22) DI e = )+ gl - 7))
1
X ly(t = ) ly(t) + Dy(t — 7]
By the definition of z(t),

ly(t =D < 1S53 ST2llly(t) + Dy(t = 1) + [=(B)]]-
Hence,

ly(t — )lllly(t) + Dyt — )]
< 155" S5, 1yt >+ Dy(t — 7)II> + =) ly(t) + Dy(t — 7))
< (IS5l + 5 ) Iute) + Dutt = )P + eall (0, =2 > .
Then we obtain
(HF(t,y(t), y(t — 7)), (y(t) + Dy(t — 7))
+ (H(y(t) + Dy(t — 7)), F(t, y(t),y(t —7)))
< 2qu | H[[(1 -+ 20) y(t) + Dyt — 1)+ (212)

+01(lly(t = DDlly(t) + Dy(t — )I* + 2(lly(t = DI,
where 61 (s), d2(s) are defined by (2.8).
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By (2.11) and (2.12), we have

-{© ( t—ﬂ) ()
<

+ (HE(9(0), (¢~ 7)), (0(0) + Dy(t — 7))
+ (H () + Dy(t — ), Flty(0), 90t~ 7))
< 2y |[H(1+ 20 y(t) + Dy(t — 7)][>
~ (i = 81t = DN (®) + Dyt 1) = (min — 32(lly(t ~ DI 2(0)
It follows from that
SV () < 200 HI(L+ 20 ly(t) + Dy(t — )*+
~ (i = 01t = 7)) (®) + Dyt — )
— (in — 2yt = )20
+/ <jtK(t —s)y( s),y(s)>ds.
By (2.3), we obtain
SV() < 2| HI(L+ 20 ly(t) + Dy(t — 1>
~ (i = 81yt = T (0) + Dyt — )
= (i = 82t =IO = [ (K (= 5)y().9(0)) .

Using the matrix H, we have

”7[;”<H(y(t) + Dy(t — 7)), (y(t) + Dy(t — 7))
< [ly(t) + Dy(t — 7)|? 213
<1 (H(y(t) + Dy(t — 7)), (y(t) + Dy(t — 7))),

- hmin
where hpin > 0 is the minimal eigenvalue of H. Hence,

V) < 2T (G a0) + Dyte = 7). (o) + Date = )

min

= (rmin = 81([ly(t = )ID)ly(t) + Dy(t — )|
= (Pmin — S2([ly(t = D))II=(B)II* — H/t, (K(t = s)y(s), y(s)) ds.

By the definition of V (y;), we obtain

d

VW) <V T2 () — (rmin — 01 (lly(t = 7)) lw(®) + Dy(t — )]

= (Pmin = S2([ly(t = D) l(]* ~ f%/t_ (K(t = s)y(s),y(s)) ds,

where ¢ is defined by (2.7). The proof is complete. O
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The parameters 1, €3 > 0 allow us to control g, d1(s), d2(s) in (2.6)).
Let 0 > 0 be a number such that

. T'mi Pmin
do(o) < mm{ — }
(155 St ll + ﬁ)’ €2

Then rmin — 01(0) > 0 and ppin — d2(0) > 0. We introduce the notation

. v
Y mln{rmln 61(0—)7K’||H||} > O? ﬁ 2||H||
Since the spectrum of the matrix D belongs to the unit disk {A € C : |A\| < 1},
it follows that ||D7|| — 0 as j — oo. Let [ > 0 be the minimal integer such that
| D!|| < 1. We distinguish three cases

1Dl < ™7, |ID'| = 77, 7T < |ID') < 1.
We describe in every case an attraction set for the initial function ¢(t) and show
that the solution to the initial value problem (2.4)) with this function is defined for

t > 0. We establish estimates characterizing exponentially decay of this solution at
infinity.

Theorem 2.2. Let the conditions of Theorem[I.]] be satisfied and

(2.14)

|D|| < e7'P7. (2.15)
Suppose that p(t) € &1, where
2/ w1
& = ClU=7,0]: ® <0, V(p) < i ,
1= {e@ e im0l e <o Vo) < (o)
R (2.16)
a(l = D) ST DT + max{|| D], |ID'}® < a},
7=0
EollHIl ey 2, 1 —1/e1 | V(e)
=1 2y P = . 2.17
[ - (#)] o Jdnax ()l (2.17)

Then the solution to the initial value problem (2.4)) is defined for t > 0 and
-1
7\ 1 j | BT
ly@)I < [04(1 — D) D
j=0 (2.18)
+max {[| D], | D']|e!"} @}e*m, t>0.
The proof of the above theorem is based on the next two lemmas.

Lemma 2.3. Let
HDZH < e 187,
Then

k
@y D7) 4| D
7=0

-1
\—1 j 18T (219)
< [a(t= 10" ") S D7)
=0

+max{||D||e'87,...,HDlHel’BT}(ID] =Pt
fortelkr,(k+1)1), k=0,1,..., where o, 8, and ® are defined in (2.14), (2.17)).
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Proof. Obviously,

k
@) |[D7e T 4 | DM@
§=0

k
< [az | D7 ||’ + |\Dk+1||e(k+1)57<1>]e_5t, te lkr, (k+1)7).
§=0
In view of the condition on ||D'||, we obtain the estimate

k
ay [|D7|le” P04 | DM@
j=0

< [az | D€ + max {||D|[e”", ..., || D"} cp}e*ﬁt.
j=0

We consider the series > 72, | D7||e?P7. Obviously,

oo
>0
§=0

-1 201—1 3l—1
= S ID - SDY e+ S DY
j=0 j=l j=21
-1 -1 -1

BN
Il

j=0 =0
) -1
_ (1 + [|DH[e + (| DY) 4 .. ) 3D e
=0

By (2.15), we have

%) -1
S ID e < (1 - | DYeBT) TS DI el
j=0 =0

Using this inequality, we derive (2.19) from (2.20]). The proof is complete.

(2.20)

<SP + DT ST D7 T 4 (| DY) S (1D e 4
0

O

Lemma 2.4. Let the conditions of Theorem be satisfied. Then the solution
to the initial value problem (2.4)) is defined for t > 0; moreover, on each segment

telkr,(k+1)7), k=0,1,..., it satisfies the estimate

k
ly@)] < a1 Dle= I 4 ||DH @,
§=0

where o, B, and ® are defined in (2.14), (2.17).

(2.21)

Proof. Let t € [0,7). If the initial function ¢(t) belongs to the attraction set &

defined by (2.16]), then

<o.
JGax o) <o

Consequently,

rmin = 01([[y(t = 7)) = rmin — 61([l(t = 7)) > min — d1(0) > 0,
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Pmin — 52(Hy(t - T)”) = Pmin — 52(”(:0(2‘: - T)”) > Pmin — 52(0) > 0.
By Theorem.

@V(yt) < eV 2 (y,) — (rmin — 01(0))lly(8) + Dy(t — )|

t
[ K- () (s) ds
t—T1
for t € [0,t1), where t; = min{r,t'}. Using (2.13)), we have
%V(yt)

< gV /2y, - Tmin01l0)

El
— [ (= () (s

Taking into account (2.5)), we obtain

(H(y(t) + Dy(t — 7)), (y(t) + Dy(t — 7))

d Y
—V(ye) < eV 2 (y) = ==V (1),
di [ H ||
where v is defined in (2.14). If ¢(¢) € &; then
H
50“ ||VUJ1/2( )< 1
Y
By a Gronwall-like inequality (for example, see [19]), we have the estimate
ol wyj2y, 1 —2/en 7t
Vige) < 1= ——V*""(p) V(p)exp (- :
== ] )
Using the definition of the functional ([2.5)), we obtain
V(ye)

ly(t) + Dy(t —7)|| <

hmin
Consequently,

CeollH w2, 1TV V) vt
_ < ! V=AU
ly(t) + Dy(t = 7| < V)] e ™ (2777

Hence,
ly@I < [ly(®) + Dy(t — )| + |1 Dy(t — 7)|l
<ae™® +|ID|| ot = 7)|| < ™" + | D[|®, € [0,t),
where a, 8, and ® are defined in (2.14) and (2.17). The function in the right-
hand side of (2.22) is continuous and bounded for ¢ > 0. Then t; = 7 and the
noncontinuable solution y(t) to (2.4) is defined for ¢ € [0, 7]. Consequently, ¢’ > 7.

It follows from (2.22)) that y(¢) satisfies (2.21) for k& = 0. Obviously, if the initial
function ¢(t) belongs to the attraction set £; then

ly@®l <o, telo,7].
Let t € [r,27). Consequently,
Tmin — 01([[y(t = 7)[) > Tmin — d1(0) > 0,

(2.22)
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Pmin = 82([[y(t = 7)[) > pmin — d2(0) > 0.
By Theorem [2.1]

%V(yt) < V2 (y) = (rmin — 61(0) ly(t) + Dy(t —7)|?

[ () ds

for t € [0,t3), where t; = min{27,¢'}. Repeating the same reasoning as above, we
have

ly(t) + Dy(t — )| < ae™, ¢ € [0,t2),
where « and [ are defined in (2.17) and (2.14)), respectively. Hence,
ly@ < lly(t) + Dy(t — 1)l + | Dy(t = 7)
< ae Pt 4 ||Dy(t — 7) — D*y(t — 27)|| + | D*y(t — 27)| (2.23)
<ae™ 4+ a|[D|le” P 4 | D?|®,  t € [rt2).
The function in the right-hand side of (2.23]) is continuous and bounded for ¢ > 0.

Then to = 27 and the noncontinuable solution y(t) to (2.4) is defined for ¢ € [0, 27].
Consequently, t' > 27. It follows from (2.23) that y(t) satisfies (2.21]) for k = 1. By

Lemma [2.3]

ac +a|| Dlle?¢=) + | D@
-1

< [a(1 = 1D"e5) " D 1D e | e+ D2 @, ¢ € [r,21].
§=0

Consequently, if the initial function ¢(t) belongs to the attraction set &, then
ly@®)| <o, tel0,27].

Repeating the same reasoning, we obtain that the solution to (2.4)) is defined for
t > 0, and it satisfies (2.21)) on each segment t € [k7, (k + 1)7), k € N. By Lemma
and the condition ||D’|| < 1, we have

-1
7\ —1 j iBT| ,—
ly®)ll < [a(@ = 1D7) ™7 1D [~ + max{|D]l..... | D'[}@, > o0.
3=0

Consequently, if the initial function ¢(t) belongs to the attraction set &, then
ly@®)ll <o, t>0.

The proof is complete. [

By Lemmas and we obtain that the solution to (2.4)) satisfies (2.18).
Therefore, Theorem [2.2]is proved.

Theorem 2.5. Let the conditions of Theorem[I.]] be satisfied and
| D! = e~P7. (2.24)
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Suppose that p(t) € &, where

Y 2/w1
Ey = {go(s) cCO-7,0]:® <o, V(p) < (€o||H||) / ’
-1 (2.25)
& i1 7| 567 1
lTﬂe ZHD le?"T + max{|| D], ..., || D ||}<I><o}.

=0

Then the solution to the initial value problem (2.4)) is defined for t > 0 and the
estimate holds

-1
t L
Iyl < [a(1+ 2) YD)l
7=0

(2.26)
+ max {1, 1D, . .., ||Dl’1||e(l’1)67} @} e Pt >0,
where a, B, and ® are defined in (2.14), (2.17).
The proof of the above theorem is based on the next two lemmas.
Lemma 2.6. Let
D] = et
Then
k . .
a Y 1D~ =0 4 | DM
j=0
N (2.27)
T )
< lo(+ ) X107
7=0
+ max {1, 1D, .., ||Dl’1||e(l’1)'37} @} e Pt

fortekr,(k+1)1), k=0,1,.... where a, 3, and ® are defined in (2.14), (2.17)).
Proof. Obviously,

k
@Y D7 4 DM
=0

k
< [az | D7 ||e?PT + HD’““He(k“)ﬁT@] e P telkr, (k+1)7).
j=0
In view of the condition (2.24)) on || D!||, we obtain the estimate

k
@Y DI 1 D o
7= (2.28)

k
< [a 3" 1077 + max {1, D], ..., D! e 05} @] e,
j=0

If Kk <1—1 then (2.27) follows from ([2.28]).
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Let | < k <2 —1;ie,1< £ <2 We consider the sum Zfzo | D7 ||e?B7.
Clearly,

k -1 k
DD = DT + Y (1Dl
J=0 j=0 =l

-1 k—l
< DD+ | DTy | DI
§=0 §=0

-1 k—1
= S IDI e+ 3 D e
j=0 j=0
Then we have
k -1 ;o
i wggr b s
DI < STUD T + - 3 1D
7=0 7=0 7=0
Using this inequality, (2.27)) follows from ([2.28)).

Let ml <k < (m+1)l—1,m=2.3,...;ie, m< £ <m+1. We consider the
sum Z?:o | D7|e?7. Tt is not difficult to see that

k
> ID7|e
§=0

- 2l—-1

1 k
D777 + 3 |D7 (|07 4o+ Y |||
0 7=l

Jj= j=ml
-1 -1 k—ml
< DT + IDePT S D[P 4 - [ D[ N || D el
Jj=0 Jj=0 Jj=0
-1 -1 k—ml
1D 777+ 3 [ DT 4 4 3 || D [le?T
i=0 §=0 j=0
-1
L+m) ) |[D7]|erm.
7=0

Consequently,

k -1
SOIDI e < (14 ) S D7l
=0 T =0

In view of this estimate, ([2.27)) follows from (2.28]). Owing to the arbitrariness of
m, the proof is complete. ([l

Lemma 2.7. Let the conditions of Theorem[2.5 be satisfied. Then the solution to

the initial value problem (2.4) is defined for t > 0; moreover, it satisfies (2.21)) on
each segment t € [k, (k+ 1)7), k=0,1,....

Proof. Recall that the noncontinuable solution to ([2.4]) is defined for ¢ € [0,¢'). Let
€ [0, 7). Repeating the same reasoning as in the proof of Lemma we obtain
that y(t) satisfies (2.22) and is defined for ¢ € [0, 7]. Consequently, ¢’ > 7. It follows



14 G. V. DEMIDENKO, I. I. MATVEEVA EJDE-2016/19

from (2.22) that y(t) satisfies (2.21) for &k = 0. Obviously, if the initial function
©(t) belongs to the attraction set & defined by (2.25)), then

ly@®)Il <o, tel0,7].
Let t € [r,27). Consequently,
Tmin — 01([[y(t = 7)|]) > Tmin — d1(0) > 0,
Pmin — O2([[y(t = 7)) > pmin — d2(0) > 0.
By Theorem [2.1

DV () < oV 2 (01) — (e — 91 (@)l(0) + Dy(t — 1)

- ,.g/ti (K(t = s)y(s), y(s)) ds

for t € [0,t2), where t; = min{27,¢'}. By a similar way as in the proof of Lemma

[2:4] we have
ly(t) + Dy(t — )| < ae™, ¢ €[0,1),
where « and (8 are defined in (2.17) and (2.14)), respectively. Hence,
ly@) < lly(t) + Dy(t — )| + [ Dy(t — 7)||
< ae P+ ||Dy(t — 1) — Dyt — 27)|| + | D>y(t — 27| (2.29)
<ae Pt 4 a||D||e™ Pt 4 || D@, te[rty).
The function in the right-hand side of (2.29)) is continuous and bounded for ¢ > 0.

Then t3 = 27 and the noncontinuable solution y(t) to (2.4) is defined for ¢ € [0, 27].
Consequently, t' > 27. It follows from (2.29) that y(t) satisfies (2.21]) for k = 1. By

Lemma [2.6]

ae” % +a|De”") | D@

-1
t o 2.30
<o (14 B) S i ]e s ptte, teina. Y
7=0
‘We consider the function
t
ft)=(1+ l—)e—ﬂf, t>0.
T
It is not difficult to show that

1 irp—1
) < ¢ , ITg <1,
11, Irp > 1.

Obviously, %e”ﬁ’l >1for 7, 8 > 0. Then
L
t) < —e™ >0
f( ) — lTﬁe ? — )
for any 7, 8 > 0. Taking into account the last inequality, from ([2.30)) we have
ae™? +a|| D)™ 4 ||D?| @

-1

7=0
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Consequently, if the initial function ¢(t) belongs to the attraction set & then
ly@®)| <o, tel0,27].

Repeating the same reasoning, we obtain that the solution to (2.4)) is defined for
t > 0, and it satisfies (2.21)) on each segment ¢ € [k7, (k + 1)7), k¥ € N. By Lemma
and the condition ||D!|| < 1, we have

-1

t .
ly®)ll < [a(1+ ) ID7 e’ Je  +max{|D]....||D'| }@
j=0
a -1
< eI I+ max{D)].., [ D'}, >0
7=0

Consequently, if the initial function ¢(t) belongs to the attraction set & then
ly@®)| <o, t>0.
The proof is complete. O

By Lemmas and we obtain that the solution to (2.4) satisfies (2.26)).
Therefore, Theorem [2.5]is proved.

Theorem 2.8. Let the conditions of Theorem[I.]] be satisfied and
e T < |IDY| < 1. (2.31)
Suppose that p(t) € Es, where

&= {SD(S) S Cl[—T, 0:P<oa Vip) < ({_:0|?/1:IH)2/w17

X (2.32)
o1 - (D) ) ZHDJ e/ + max{|D]l,...., |D'[}@ < o }.

Then the solution to the zmtml value problem (2.4)) is defined fort > 0 and
-1

() <[a(1 = (1D17) ) S 09 e

§=0 (2.33)
1 _ t
+ |10  max {1, DIl ID'1} @] exp (= |1D'] ).
fort > 0, where o, 3, and ® are defined in (2.14)), (2.17).

The proof of the above theorem is based on the next two lemmas.

Lemma 2.9. Let
e BT <D < 1.
Then

k
a) [[D/emIT 4 | DM@

<[a(t- Qo)) ZnDueﬂﬁf 230

t
+ |04 max {1, IIDH,---,HDHII}ﬂ exp (= In | D']))
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fortekr,(k+1)7), k=0,1,.... where a, 3, and @ are defined in (2.14), (2.17)).

Proof. First we consider the first summand in the left-hand side of (2.34). For
k <1 —1 we obviously have

k 1-1
o ID7 T <Y D
j=0 §=0

Let ml <k<(m+1)l—-1,m=1,23,.... Clearly,

k
> D et
7=0
-1 20—1 k
D777 + 37 D[P 44 3 | DIl
7=0 7=l j=ml
-1 -1 k—ml
D7 €97 + [ D[ S D757 4 -4 [ D™ [emET S | DIl
]:0 §=0 §=0
-1
< [L+ DB + -+ [ DY emtoT) S| D7 el
§=0
Consequently,
k
> D et
j=0
-1
< DY 1 (D7) T e (DY) }ZHDJHW

m mlBT 1 T\T™m T
< [P e 14 (D7) T e (ID ) }ZnDﬂnefﬁ

Since | D!||e!®™ > 1 owing to (2.31)), we have

k
S0 < et [1 - (e ) ] ZnDﬂneﬂ’f
j=0

Taking into account that mir < ¢ < (m + 1)i7, we obtain

k
S 1D e P < D |e=oemin [1 (ot eton) ] ZHDMW
j=0

-1

¢ —171-1 o
<D [1= (1Dt S e

=0
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As a result, we derive the estimate for the first summand in (2.34)) for every k,

k
a Z | D7||e=At=im)
7= - (2.35)
11— o t
< al1— (|DY|eT 1} ( D Jﬁf) | D).
<alt = (ID'[le"") ;On &%) exp (= In || D)

We now we consider the second summand in the left-hand side of (2.34]). Obviously,
for 0 <k <1l —2 we have

[DEHH < max {|[D]],.... D"}
Let ml —1<k<(m+1)I-2 m=1,2,.... Hence,
DM < ID|™ [ DM < | Y™ max {1, |1 DI, .., 1D} -

Since ||D!|| < 1 and t < ((m + 1)l — 1)7, it follows that

t=(—=1)7

m 1i_ 3
IDY™ < DY = D e (- n D)),

Owing to arbitrariness of m, we infer that
1_ _ t
IDMH < DT max {1, D], [ D} exp (| D']])

for every k. Taking into account the estimate (2.35)), we derive (2.34)). The proof
is complete. O

Lemma 2.10. Let the conditions of Theorem be satisfied. Then the solution
to the initial value problem (2.4) is defined for t > 0; moreover, it satisfies (2.21))
on each segment t € [kr,(k+1)7), k=0,1,....

Proof. Recall that the noncontinuable solution to is defined for ¢ € [0,¢'). Let
t € [0,7). Repeating the same reasoning as in the proof of Lemma we obtain
that y(t) satisfies and is defined for ¢ € [0, 7]. Consequently, ¢’ > 7. It follows
from that y(t) satisfies for k = 0. Obviously, if the initial function
¢©(t) belongs to the attraction set &3 defined by (2.32), then

ly®)ll <o, tel0,7].
Let t € [r,27). Consequently,
Tmin = 01([[y(t = 7)|I) > Tmin — d1(0) > 0,
Pmin = 82([[y(t = 7)[) > pmin — b2(0) > 0.
By Theorem [2.1]

%V(yt) < eV 2 (yy) — (rmin — 01(0))lly(t) + Dy(t — )|

t
o [ K- () (s) ds
t—7
for t € [0,t2), where to = min{27,¢'}. Repeating the same reasoning as above, we
have
ly(t) + Dy(t = 7)|| < ae™, t€[0,t),
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where « and ( are defined in (2.17) and (2.14)), respectively. Hence,
ly@) < ly(t) + Dy(t — 7)|| + [ Dy(t — 7)||
< ae”? || Dy(t —7) = Dy(t — 27)| + || D?y(t — 27))| (2.36)
<ae Pt 4 a||D|e Pt 4 || D@, te [T ty).
The function in the right-hand side of (2.36|) is continuous and bounded for ¢ > 0.

Then t3 = 27 and the noncontinuable solution y(t) to (2.4) is defined for ¢ € [0, 27].
Consequently, t' > 27. It follows from (2.36) that y(t) satisfies (2.21]) for k = 1. By

Lemma [2.9]

ae™# + a| Dlle =) + | D@
-1t o ;
<alt— (D) ] (Y1077 ) exp (- |1 D']) + (102,
=0

for t € [r,27]. Consequently, if the initial function ¢(¢) belongs to the attraction
set &3, then

ly®)[l <o, telo,27].
Repeating the same reasoning, we obtain that the solution to (2.4)) is defined for

t > 0, and it satisfies (2.21)) on each segment ¢ € [k7, (k + 1)7), k¥ € N. By Lemma
and the condition ||D!|| < 1, we have

1 -1 4 ‘
Iyl < aft= (D) 7 T (1071 ) exp (- tn [ DY])

j=0
+max{|D|,...,||D"|}®, t>0.

Consequently, if the initial function ¢(t) belongs to the attraction set & then
ly@®)ll <o, t>0.

The proof is complete. O

By Lemmas and we obtain that the solution to (2.4)) satisfies (|2.33]).
Therefore, Theorem [2.8]is proved.

Conclusion. In this article, we investigated the nonlinear time-delay system
of neutral type with constant coefficients in the linear terms. Supposing that the
spectrum of D belongs to the unit disk, we indicated sufficient conditions under
which the zero solution to is exponentially stable. Depending on the norms
of the powers of D, we established the constructive estimates for solutions to
and attraction sets of the zero solution to (see Theorems . All
the values characterizing the exponential decay rate of the solutions at infinity and
the attraction sets are written out in explicit form.
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