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A PARABOLIC BIPOLYNOMIAL FRACTIONAL
DIRICHLET-LAPLACE PROBLEM

DARIUSZ IDCZAK

ABSTRACT. We derive existence results for a parabolic bipolynomial abstract
and classical problems containing fractional powers of the Dirichlet-Laplace
operator on a bounded domain, in the sense of the Stone-von Neumann oper-
ator calculus. The main tools are theorems on the existence and uniqueness
of a weak solutions to an abstract problem, due to Friedman, and a general
theorem on the equivalence of weak and strong solutions to some operator
equation.

1. INTRODUCTION

The basic model of diffusion processes is
u(t,z) + (—A)u(t,x) =0

where (—A) is the Laplace operator in z. To represent some anomalous diffusions,
one considers the so-called fractional model

uy(t, ) + (=A)Pu(t,z) =0
with (—A)? being a fractional Laplacian of order 8. Different kinds of such a

Laplacian are used, e.g. spectral, restricted, censored (see [4, [5, [15]).
In this article, we consider the non-homogenous parabolic equation

k
ug(t, ) + Z i (—A)PiTPiy(tx) = f(t,x), aex €, (1.1)
i,j=0

containing the “bipolynomial” term Zf,jzo ajo (—A)PitBiy(t, x), with initial con-
dition

u(0,2) =0, x€Q, (1.2)
and boundary condition

u(t,”) € HY(Q), te(0,T), (13)

where a; > 0 fori = 0,...,k, 0 < By < --- < By, (—=A)%T5 is the spectral
fractional lapalacian for i,5 = 0,...,k , f : (0,T) xQ - R, 0 < T < o0, Q
is an open and bounded set in RY with N € N, H}(Q) is the classical Sobolev
space of real-valued functions. Here, the spectral fractional Laplacian is a power of
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the Dirichlet-Laplace operator in the Stone-von Neumann operator calculus sense.
Particular cases of the above problem are: the classical parabolic Dirichlet-Laplace
problem

ue(t, ) + [(=A)oJult,z) = f(t,x), aexeq, (1.4)
the biharmonic parabolic problem
ue(t, ) + [(—A)J2ult,z) = f(t,z), ae x€Q, (1.5)
and the standard fractional (in state) parabolic problem
ug(t,z) + [(—A))Pult, ) = f(t,z), ae xe. (1.6)

In [I3], we derived the existence of a strong solution to the nonlinear non-
autonomous partial elliptic system

k
Z i [(=A) )P Piu(x) — au(z) = D F(x,u(z)), ae. z€Q,
i,j=0
with a € R and Dirichlet boundary conditions. We applied there a direct variational
method and some results based on the dual least action principle.
The aim of this article is to prove existence of a solution to the parabolic problem

(1.1)-(1.2)-(1.3)) containing the bipolynomial term. An abstract form of the problem
(T3) -[T2)-(T3) is as follows
k

u'(t)(z) + Z iy (=A)PiBiu(t)(z) = f(t)(z), t€[0,T), ae. z€Q, (L.7)
| u(0) =0, (1.8)
u(t) € Hy(),t € (0,T), (1.9)

where u acts from [0,T) to the domain of the operator Y5 _, coj(—A)Pi+6s,

of the existence of a solution to the abstract problem we shall use an existence result
for an abstract parabolic variational problem, due to Friedman (see [9, Theorem 17,
Part X.6]), and a general theorem on the equivalence of weak and strong solutions
to some operator equation, obtained in [I3] as a result of the Stone-von Neumann
operator calculus. This equivalence theorem was also used in [I3]. Our paper is the
second part of a program of research of fundamental partial differential equations
(elliptic, parabolic, hyperbolic) containing such a term. In the future, we plan to
investigate a bipolynomial hyperbolic problem. Let us add that in the paper [14],
using a global implicit function theorem, we studied an elliptic nonlinear problem
containing the spectral fractional Laplacian and showed that for each functional
parameter there exists a unique solution to the problem and that its dependence
on this parameter is continuously differentiable.

This article consists of three parts. In the first part, we recall and complete
some facts concerning the different kinds of derivatives of abstract functions. Next,
we formulate the Friedman theorem. In the second, main part of the paper, we
derive an existence and uniqueness result for the abstract problem ——.
As a corollary, under some additional assumptions, we obtain existence of a solu-

tion to problem ([1.1])-(1.2)-(1.3), for 8x > 1. To the best of our knowledge, such
bipolynomial problems were not investigated up to now. The last part (Appendix)
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contains the basics concerning the powers of a weak Dirichlet-Laplace operator
and the mentioned theorem on the equivalence of weak and strong solutions to an
operator equation.

2. PRELIMINARIES

2.1. Derivatives of abstract functions. Details about the results presented in
this section can be found in [9] (strong and weak derivatives) and [6] (Sobolev
derivative). We recall them for the convenience of the reader. We prove the results
that are not proved in the mentioned monographs.

Let (a,b) C R be an interval, X - a real Hilbert space with scalar product (-, ) x
and the corresponding norm || - || x.

By D¥(a,b; X) we denote the space of functions f : (a,b) — X that are k-
times continuously classic differentiable and f,f’,... f¥ € L?(a,b; X). The norm

in D*(a,b; X) is
kb 1/2
o= (3 [ Iewi) " (2.)
i=0va

The completion of D*(a,b; X) in L?(a,b; X) with respect to the norm || - || p» is
denoted by H*(a,b; X).

We say that a function f : (a,b) — X has k strong derivatives provided that f €
HF¥(a,B; X) forany a < a < B < b. If f € H*(a, b; X), then by the strong derivative
fi(a’b)of f on (a,b) of order j = 1,...,k we mean the limit in L?(a,b; X) of the
sequence (D’u,,) of classical derivatives of order j of functions u,, where (u,,) C
D¥(a,b; X) is the Cauchy sequence with respect to the norm converging in
L?(a,b; X) to f (one can show that the strong derivatives do not depend on the
choice of the sequence (u,,)). If f ¢ H¥(a,b; X), then by the strong derivative

£ (ab) of f on (a,b) of order j =1, ...,k we mean the function that is the extension

on (a,b) of each function fg (@.f)"

Remark 2.1. Of course, if f € H*(a,b; X), then f € H*(a,3; X) for any a <
a < B <b. It is easy to see that the function being the extension on (a,b) of each
function f’ (@.8) coincides with the strong derivative f? (a.b) forany j =1,...,k.

We say that a function f € L?(a, b; X) has the weak derivative of order k if there
exists a function v € L?(a, b; X) such that

b b
(—1)* / (£(), 00 (1)) xdt = / (v (), () xdt (2.2)

for any function ¢ : [a,b] — X continuously differentiable k times and such that
YW (a) = W (b) = 0 for j = 0,...,k — 1 (if a = —o0o we require 9 to be such
that v (¢t) = 0 for sufficiently small ¢; similarly in the case of b = 00). By the weak
derivative we mean the function v and denote it as f/,.

We say that a function f € L?(a,b; X) has the Sobolev derivative f{ , if there
exists a function g € L?(a,b; X) such that

b b
/ £/ (1)t = — / g(t)o(t)dt

for any ¢ € C¢°(a,b;R). We put in such a case i, = g. The set of all functions
possessing the Sobolev derivative is denoted by W12(a,b; X). From [16, Part I,
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Thm. 2.1] it follows that, for any function f € W2 (a, b; X), there exists a sequence
(f,) € C*(la,b]; X) such that

f, — f and f, — f5_, in L?(a,b; X). (2.3)

One proves that if £ € W12(a,b; X) then there exists a continuous function f :
(a,b) — X such that f =f a.e. on I and

£(t) — F(s) = / £, (7)dr (2.4)

for a.e. t,s € (a,b).

In the case of (a,b) bounded, it follows from the results presented in [6]. When
(a,b) is unbounded one can repeat the proofs of Corollary 4.24, Lemma 8.1, Lemma
8.2 and Theorem 8.2 from the book [7] in the case of any Hilbert space X (in [7],
the proofs are presented for X = R).

In such a case, f has the classical derivative £’ a.e. on I (in the sense of the
representative a.e.) and

£/(t) = £4,,(t), ae. t€ (a,b). (2.5)

We have the following two lemmas containing a comparison of the strong deriva-
tives with the weak and Sobolev ones.

Lemma 2.2. Iff € H*(a,b; X), then the strong derivatives of f are the weak ones.

Proof. Tt is sufficient to consider the case of bounded interval (a,b) C R. Moreover,
since k-th strong derivative is the first strong derivative of (k — 1)-th strong deriv-
ative therefore it is sufficient to prove the lemma for k& = 1. The proof consists of
three steps.

Step 1. First, let us assume that £ € C*°([a, b]; X). We know that

d

21 E@)0@)x = (), ¥(8))x + (£(0), 9 () x (2.6)
for t € [a,b] and any function % : [a,b] — X continuously differentiable with

(a) = 9(b) = 0. So,

b
/ (£'(t), (b)) xdt + / (£(8), ¢’ (t)) xdt = / d t))xdt
b), ¥ (b)) x — (£(a), ¥(a))x = 0.
So, f has the weak derivative f/, and it is equal to the classical one f’ which coincides

with the strong derivative f! (ab)-

Step 2. Now, let us assume that f € D!(a,b; X). In the same way as in the first
case we assert that

L (0(1)p(0)) = P (1)l0) + (1) (1)
for t € (a,b), and any function ¢ € C>(a,b;R). Clearly, the function f(¢)p(t)
has compact support contained in (a,b). Consequently, 4 (f(t)¢(t)) also has the
compact support and there exists € > 0 such that f(¢)o(t) = 0 and 2 (£(t)(t)) = 0
for t € (a,a+¢) U (b—e,b). Continuity of 4 (f(¢)p(t)) implies the differentiability
of the function

F: (a,b) Bt'—>/ ))ds € X
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everywhere on (a,b) and

(1) = (1))

for all t € (a,b).
Thus, there exists a constant ¢ € X such that

| 5 Ee(s)ds = e+ £l
for t € (a,b). So,
b b b
[ ewewans [t = [ Gawew
b—e
= [ Ga@et
=f(b—e)p(b—¢e)—f(a+e)pla+e)=0.

From property (2.3 it follows that there exists a sequence (f,) C C*([a,b]; X)
such that

f, — f and f, — ' in L*(a,b; X).

In consequence, using the first step we obtain

[ €00 O)xdt = (€6),00)) gy = (108.00.00)

— lim (fn(')ywl('))[ﬁ(a,b;x) = —lim (%(-)W(J)Lz(a,b;x) (2 7)

b
- / (8/(1), (1)) x e

for any function ® : [a,b] — X continuously differentiable with 1 (a) = 1 (b) = 0.

Step 3. To finish the proof assume that f € H'(a,b; X). So, there exists a sequence
(u,,) € DY(a,b; X) such that

u, — f and uj, — £/ , ;) in L?(a,b; X).

In the same way as in (2.7, we show that

b b
/ ( (). (8))dt = — / (8 o) (£), (D)t

for any function ¢ : [a,b] — X continuously differentiable with ¢ (a) = 9 (b) = 0.
This means that f has the weak derivative f/, which is equal to the strong one f’ (a.b)
and the proof is completed.

Lemma 2.3. Iff € H'(a,b; X), then the strong derivative f’ (ap) i the Sobolev
one.

Proof. First, let us assume that (a,b) C R is bounded. In the second step of the
proof of Lemma it is proved that if f € D'(a, b; X), then the classical derivative
f” is the Sobolev one. Now, let f € H'(a,b; X) and (u,,) C D'(a,b; X) be such that

u, — f and uj, — £/ , ) in L?(a,b; X).
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‘We have

for any ¢ € C(a,b;R) (the first and third equalities follow from the linear-
ity and continuity of the operator L?(a,b; X) > v + fj v(t)w(t)dt € X where
w € Cg%(a,b;R)). It means that the strong derivative f{ , . of the function

f € H'(a,b; X) is the Sobolev one.

Now, let assume that (a,b) is unbounded. Fix a function ¢ € C2°(a,b;R) and
let (e, 8) C (a,b) be such a bounded interval that suppy C (a, ). Of course,
f € H(a, B; X). Consequently, from the first part of the proof and Remark we
obtain

b 8 8 b
[ tos = [ to¢ o= [t @ed = [ £ 00

The proof is complete. O

Theorem 2.4. Let (a,b) C R be a bounded interval and f : (a,b) — X. The
following conditions are equivalent:

(a) fe HY(a,b;X);

(b) f has the weak derivative of order 1;

(c) fe Wh2(a,b; X);

(d) fe L*(a,b;X) and

b
| [0, O)xxedt] < liehuxe (28)
for any function ¢ : (a,b) — X* infinitely differentiable with compact
supp ¢ contained in (a,b).

Proof. (a)=>(b). This implication follows from Lemma [2.2]
(b)=(d). Let us fix a function ¢ : (a,b) — X* infinitely differentiable with the
compact supp ¢ C (a,b). Consider the function 9 : [a,b] — X given by

)0, t € {a,b},
v = {#so<t>, e (a,b),

where #(t) is the unique element from X determining ¢(t) according to Riesz
theorem. It is easy to see that, for any t € (a,b), the condition

p(t+h) —(t)

i — ¢ * =
ti 20 FOllx- =0
implies
i | RO 1y o

h—0 h
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Indeed,
PREER =00y = DRI Z 00y
- ||#(M —¢'(0))lx
- [EE =0 e 0

as h — 0. So, function 1 is differentiable at ¢ and v¢/(t) =% ¢'(t). Moreover, if
t, — t, then

19 (tn) = %' (®)llx = 17" (tn) = (¢" ()l x
= [#(¢(ta) — @' ))l1x
= [l¢'(tn) — " (V)| x> — 0.

So, ¢’ is continuous at ¢t. Case of ¢t € {a,b} is obvious because of the compactness
of supp ¢ C (a,b). Thus, condition (2.2)) implies

| (g0 o) gt = [ v, 00

for some v €L?(a,b; X) and, consequently,
b b b
| [ €0 Ot = | [ (€0F S 0)xt] = | [ (€00 O)xat|
b
=| [ (vto). v0) vt

< Ivllz2(ap:x) 191 L2 (a,0:x)

b ) 1/2
= Wlaoo ([ Tolr)

b 2 ) 1/2
= Mlzstasccr ([ I#olcr)

b 1/2
= ¥llsascr ([ llote)-de)

= ||V||L2(a,b;X)||<P||L2(a,b;x*)-

(d)=(a). From condition (2.8]) it follows (see [0} Propositions A6, A7 and Corol-
laire A2]) that £ € W12(a,b; X). So, from property (2.3)) it follows that there exists
a sequence (p,) C C*([a,b], X) such that

on — fand ¢, — £5,, in L?(a,b; X).

It means that f € H!(a,b; X).
(d)<(c). This part of the theorem follows from [6, Propositions A6, A7 and
Corollary A2]. 0

From the Theorem Lemmas[2.2] 2.3]and from the uniqueness of weak, strong
and Sobolev derivatives as well as from ([2.5) the following corollary follows.

Corollary 2.5. If (a,b) C R is bounded, then the sets W 2(a,b; X), H'(a,b; X)
and the set of functions possessing weak derivative coincide and the motions of
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Sobolev, strong, weak and classical (in the sense of the representative a.e.) deriva-
tives of the first order coincide in this set.

3. FRACTIONAL PARABOLIC PROBLEM

3.1. Friedmann theorem. Let us assume that V', H are real Hilbert spaces with
the scalar products (-, )y, (+,-) g and the corresponding norms || ||v, || - || &, respec-
tively, V = H and the embedding V' — H is continuous. Let %k be a fixed positive
integer and
a=a(t,u,v): (-0, T) xV xV =R

with T > 0, be a function such that

(i) for any ¢t € (—o00,T), the form a(t,-,-) is bilinear;

(ii) for any u,v € V, the function a(-, u,v) is k times continuously differentiable

inte (—oo0,T) and

dJ
| 7ot w0l < Mlully olly

for some constant M and any ¢t € (—o0,T), 0 < j < k;
(iii) there exist constants & > 0, A such that

alt, 0,0) + Aol > allul} VeV,

The following theorem is proved in [0, Part X.6, Theorem 17 and formula (6.30)].
Theorem 3.1. If a = a(t,u,v) satisfies (1)—(iii), a function £ : (—o0,T) = V has
k strong derivatives on (—oo,T) and

5 ;’(700/11), ey f?,(*OO,T) S LQ(_OO,T, V)7
f(t)=0, t<O,

then there exists a unique function u : (—oo,T) — V which has k strong derivatives
on (—o0,T), such that

u, ulsy(ioo,T), ey u§7(7w7T) S I/Q(—OO7 T, V),
u(t)=0, t<O0,
a(t,u(t),v) + (0} oy (t),0) ;= (£(t),0) . ace. t€(0,T)
for each v e V.

3.2. Abstract fractional parabolic problem. Now, let A: D(A) C L?(;R) —
L?(€;R) be a self-adjoint operator with non-empty resolvent set p(A).

Theorem 3.2. Iff : (—o0,T) — D(A) is continuous, has all strong derivatives
and

£8 o) £ oy € LP(—00,T; D(A)),
f(t)=0, t<O0,

then there exists a unique function U : [0,T] — D(A) infinitely differentiable such

that

a®0)=0, k=0,1,...,
_ ) (3.1)
u(t) e D(A%), te(0,7),
and, fort €10,T),

W ()(z) + A2U(t) (z) = £(t)(z), ae z€Q (3.2)
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Proof. Ezistence. We denote V = D(A), H = L?(Q;R) and

(u,v)y = / u(z)v(z)dx —|—/ Au(x)Av(x)dx
Q Q
for u,v € V, and
(u,v)g = / u(z)v(z)dx
Q
for u, v € H. We define a : (—00,T) x V xV — R, by

a(t,u,v)z/ﬂAu(m)Av(w)dw.

It is clear that V' is continuously embedded in H and a satisfies conditions (i)—(iii)
with M =1, A =1, o = 1. Using Theorem [3.I] we assert that there exists a unique
function u : (—o0,T) — D(A) which has all strong derivatives on (—oo,T),

u, u,s,(—oo,T)’ u;,,(—oo,T)’ e € Lz(_oo, T D(A)),
u(t) =0, t<0,
and for v € D(A),
a(ta u(t)5 ’U) + (u;,(—oo,T) (t)7 U) L2(Q;R) = (f(t)7 U) L2(QR)? a.e. t e (Oa T)
ie.,
/QAu(t)(:r)Av(x)dx = /Q(f(t) — u;7(_w7T)(t))(z)v(x)dw (3.3)
for a.e. t € (0,T).

Let us fix a positive integer k£ > 2. Since u/, (—oo,T)7 " ,u(k) are the strong

s,(—o0,T)
derivatives of u on (—oo,T), it follows that u € H*(0,T; D(A)) and the strong
derivatives u;’(()’T),. .. ,uglf()oj) on (0,T) safisfy
/ o (k) _ (k)
Us.(0,1) = us,(foo,T)|(07T)’ <o U oy = us,(foo,T)|(O,T)'

Let a sequence (u,,) C D*(0,T; D(A)) be such that
U, —u in L2(0,T; D(A)), u), =} o in L?(0,T; D(A)),
uy, = ul o) in L*(0,T; D(A)), (3.4)

ul) —ul) ) in L2(0,T; D(A)).

From Theorem ((a)=>(c)) and (2.4)) it follows that there exists a function
u:[0,T] — D(A) such that

u(t) =u(t), a.e. tel0,7T],
u(t) = u(0) —|—/ g(s)ds, te][0,T],
0
with g € L?(0,T; D(A)) and

/0 () (1)t = — / &(t)p(t)dt

for any ¢ € C°((0,T),R). From (3.6) it follows that the function u is classically
differentiable a.e. on [0, 7] and u’(t) = g(t) a.e. on [0,T]. Of course, g(t) = ul,,(t)

(3.6)
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a.e. on [0, T]. From Corollary it follows that ul,,(t) = u’s7(07T) (t) a.e. on [0,T].
Thus,

u;7(O,T)(t) =u'(t), ae te(0,7)
It is easy to see that u/ (0,7) 18 the strong derivative of the first order of the function

uls,(o,T)v ie.
(u;’(O’T)) ,0,T7) = u ,(0,7) a.e. on (O,T)
Therefore, (3.2), (3.4) can be written down as

u, —u in L?(0,T; D(A)), (3.7)

W) =g, = u;/,(O,T) (ug 5,(0, T)) ,0,T) = (Nl);,(o,T) in LQ(O,T;D(A)). (3-8)

Using (3.7) and (3.8), in the same way as above, we prove that there exists a
function u : [0, 7] — D(A) such that

w'(t) = u(

=u(t)
L ' (3.9)
S = 30) + /O S(s)ds, tel0,T].

(u
a.e. t € (0,77,

with g € L2(—00, T; D(A)), as well as
(@), o =1 ae on[0,7].
Now, let us observe (see (3.9)) that, for t € [0, 7],

u(t) = a(0) + /O t W (ty)dt, = a(0) + /0 tﬁ(tl)dtl. (3.10)

Continuity of u implies that u is continuously differentiable everywhere on [0, 7]
and u’(t) = u(t) for all ¢ € [0,T7].

In the same way as above, we check that 0’ is continuously differentiable every-
where on [0,T]. So, u is twice continuously differentiable on [0, T7.

Repeating the above reasoning we assert that u is (k — 1)-times continuously
differentiable. Since k > 2 was arbitrary, u is infinitely continuously differentiable.

Now, can be written down as

/Au (z)dz —/(f(t) - ﬁ(t))(x)v(m)dm (3.11)
Q

fora.e.t € (0,T). Sinceu, f, U are continuous on [0,T), it follows that the mappings

0,T)> ¢~ / Au(t)(z)Av(z)dz € R, (3.12)

0,T)>t— / (x)v(z)dr € R (3.13)

are continuous, too. Indeed, the continuity of (| follows from the estimate

| /ﬂ ARi(1) (2) Av(z)da — /Q Aﬁ(tg)(m)Av(x)dx|

< / AT(11) (2) — AT(t2)(2)] |Av(z)|de
Q

< [JAu(ty) — Au(te) | 2 om A0 L2 (o.r)

< Jlii(ta) — @(t2) ] peay 140 22z
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for any t1, to € [0,7). The continuity of (3.13)) follows from the estimation (see
[13])

|L&anfﬁmDWW@foL@ugfﬁ@»wwmmﬂ

s/ﬂﬂmxmffmxmrwﬁuxmfﬁuaumwmwm
Q

< (||f(t1) —f(t2)ll22r) + [U(ty) — ﬁ(tQ)”LQ(Q,R)) vl L20.R)

< (I1£(t2) = £(t2)llpcay + I8(1) = Bt [y ) 0]l 220009

for any ty, to € [0,T). So, equality (3.11)) holds everywhere on [0,T).
From Theorem [4.5|it follows that, for ¢ € [0,7), u(t) € D(A?) and

u(t)(z) + A%0(t)(z) = f(t)(z), ae. z€Q.
Consequently (see (3.10)),

a'(t)(z) + A%a(t)(x) = f(t)(x), ae z€Q (3.14)
fort € [0,T).

Initial conditions. Now, we shall show that u satisfies the zero initial conditions.

. . , 1
Indeed, consider restrictions W (oo ’(a,T), U (o) |(a7T) for some —oo < a < 0.

Clearly,
/ . " o
us,(—oo,T)|(a,T) = Us (a,7)> “s,(—oo,T)|(a,T) = Uy (a,7)-

Moreover, in the same way as in the case of the function u we obtain existence of
a function U : [a,T] — D(A) such that

u(t) =u(t), ae. telaT],
¢
u(t) = u(a) +/ g(s)ds, tea,T]
with g € L%(a, T; D(A)). Since u(t) = 0 for t € [a,0), it follows that g = 0 on [a, 0)
and, consequently, u(a) = 0. So,

ﬁwzlé@mzlk@w+éé@wzéé@w te0,7]

Therefore, since u(t) = u(t) for ¢t € [0, 7], it follows that

t t
u(0) +/ g(s)ds = / g(s)ds, te€]0,T).
0 0
From this condition it follows that g = g a.e. on [0, 7] and
u(0) = 0.

Repeating the above reasoning with the function u replaced by o’,...,u*=2) re-
spectively, we check that

w(0)=0,...,u*2(0) =0.

Since k > 2 was arbitrary, u(®)(0) = 0 for k = 0,1,....
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“Uniqueness”. The assertion follows from the fact that if a function u : [0,T] —
D(A) satisfies (3.2) and the conditions given in Theorem then the function

u:(—o00,T)2t— 9’ £<0,
ut), t€[0,7)

is continuously differentiable on (—oo,T) and u,u’ € L?(—o0,T; D(A)). So,
u €D*(—00,T; D(A)) C H'(—o00,T; D(A)).

It means that u has the first strong derivative u/ ___ ) which is equal to u’.

(
From the fact that, for any ¢ € [0,T), u(t) € D(A?) and
u'(t) () + A%u(t)(z) = £(t)(x),
it follows (see Theorem that, for any ¢t € [0,7),

/ Au(t)(z)Av(z)dz = /(f(t) —u'(t))(z)v(x)dz (3.15)
Q Q

for any v € D(A). Clearly, the above equality is also satisfied for any ¢ < 0 and
v € D(A). So, using our notations we can write

€N ae.

a(t,a(t),v) + (us(t),v) , = (£(t),v), (3.16)
for allt € (—oo,T) and any v € D(A). Uniqueness of the solution stated in Theorem
(with k =1, V = D(A), H = L?) completes the proof of the theorem. O

Theorem 3.3. Let the assumptions of Theorem[3.3 be satisfied. If, additionally,
f(t)=0, t<e
for some € > 0, then the solution described in Theorem satisfies
u(t)=0, 0<t<e.
Proof. Let u : [0,T] — D(A) be the solution of (3.2)), given in Theorem Then
the function u described in the “uniqueness” part of the proof of Theorem is the
solution to (3.16)), corresponding to f. Since the zero function defined on (—o0,¢)

is the solution to (3.15]), it satisfies also (3.16]). From the uniqueness of the solution
to (3.16]) on (—o0,€) it follows that 1~1|[07€) =0. O

Applying Theorems and in the case of A = w((—A),) (see Proposition
in subsection we obtain the following result.

Corollary 3.4. Assume that f: (=00, T) = D(w((—=A)y)) is continuous, has all
strong derivatives and

o ooy il (Coomys o € LA(=00, T D(w((=A)w))),
£(£) = 0,¢ < 0.

Then there exists a unique function u : [0,T] — D(w((—A)y)) infinitely differen-
tiable such that

a®0)=0, k=0,1,...,
—A))),t € (0,7),

=%
=
m
S
g
/‘S

and, fort € [0,T),
(1) (z) + w?((=A))u(t)(z) = £(t)(z), ae z€Q
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If, additionally, £(t) =0 for t < e, with some € > 0, then the solution U satisfies
) =0, 0<t<e.

3.3. Application to classical fractional parabolic problems. Let us recall

that if

(a) N> 1, Q C RY is an open bounded set with the boundary of class C11,
or
(b) © C R? is an open bounded convex polygon,

then
(A)y=-A
(it follows from the results contained in [10] and [I1]) and, consequently,
D((—=A).) = D(—=A) = Hy () N H?*(Q).

Lemma 3.5. If v > 0, one of the conditions (a) or (b) is satisfied, and f belongs
to C°((0,T) x Q,R), then the function f : (—oo0,T) = D((—A)7),

0, t<o,
f0= {fw), te(0,7)

has compact support contained in (0,T), belongs to D*(—oo, T} D((fA)'Y) for any
k € N, and, consequently, £ has all strong derivatives f (—oo,T) © n (—oo,T) that
are equal everywhere on (—oo,T) to classical ones 7.

Proof. First, let us notice that for any ¢t € (0,T), f(t,) € C* C D((—=A)"). So, £
is well defined. It is also clear that suppf C (0,7).

Now, we shall show that f € D'(—o0,T; D((—=A)?). So, let us fix a point ¢t €
(0,T) and let [ be a positive integer such that v < 1. We know that

lull - < const - [[ul|-¢ = const - [[[(=A)"ul| 1.

Thus, to show that
fE+n)—£@) .0
SISV e
for some f'(t) € D((—A)7) it is sufficient to prove that
f(t+h7)_f(t7) 8f 2
EARY L (112 =, 0
(of course, 2L(t,.) € C> c D((—A))). Indeed (below, (hy,) is a sequence con-

) Ot
verging to 0),

f(t+hma')_f(tv') af

| 875( ]
— (=AY f(t, ’
/‘ Hhm’hrz (=A) f(t. )—( A)la{(’m)‘ de
— (=AY f(t, x
- [[[FRHE A= CRED L ayswf s

Since f € C°((0,T) x Q,R), the above sequence of integrands converges pointwise

to zero functlon Moreover, using the fact that the function (—A)!f is Lipschitzian
n (0,7) x Q (with a constant L) we obtain

‘(—A)lf(tJrhm,x) - (=A)'fltz) 9

hom, ot

(-a)fta)| < L+C
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where C' is such that [2£(—A)!(t,2)| < C for (t,x) € (0,T) x Q. So, from the
Lebesgue dominated convergence theorem it follows that

hm7 _ —Al , 0 2
/‘ Flto+ h"? (=)' (to, ) - (M) f(to,2)| de = 0.

Thus, there exists the derivative f'(t) € D([(—A),]?) at any point ¢ € (0,7) and
f'(t)(z) = %(t,x) for all x € Q.
Let us also observe that if ¢t; — ¢ > 0 then f'(¢;) — f'(¢) in D((—A)7). Indeed,

1£°(2;) — £(#) |- < comst - [|f'(z )—f’( )l

= const - / [(— ,x) — (—A)l%(t,x)|2d:ﬁ — 0.

J—00

The above convergence follows from the above mentioned Lebesgue theorem. Thus,
we have just proved that f is continuously differentiable on (0, 7).

The relations supp f C (0,7T), suppf’ C (0,T), and the continuity of f, f' imply
that f €D (—oc0, T; D((—A)")). Consequently, f has one (first) strong derivative
£ (o) OD ( 00, T) which is equal to the classical derivative f’.

Now, since Ot € C((0,T) x Q,R), we can repeat our reasoning for the function
/1 (=00, T) = D((-A)"),

0 t<0
f/ t _ ’ —
() {%f(ta)v tE(OaT)7

to state that f'€D!(—oo,T; D((—=A)7)). So, f €D?(—o00,T; D((—A)7)) and the
classical derivatives f/, f” : (—o0,T) — D((—A)7),
0, t <0,
£'(t) = { o2
W(ta ')7 te (OvT)

are the strong ones. Repeating our reasoning infinitely many times we complete
the proof. O

It is known (see [1]) that if N = 1,2,3 and Q C RY is an open set which has
the cone property, then H2(Q) C Cz(Q) continuously, where Cg(Q) is the space of
continuous and bounded functions on €2, with norm

l[ulles ) = suplu(z)|
e

of uniform convergence on ().
So, we assume that one of the conditions

(A1) N = 1,2,3, Q Cc R¥ is an open bounded set with the boundary of class
C"! and with the cone property
(A2) Q C R? is an open bounded convex polygon

is satisfied. Clearly, in the case (A2),  has the cone property.

Theorem 3.6. If B > 1, one of the conditions (Al), (A2) is satisfied and f €
C((0,T)xQ,R), then there exist e > 0 and a function @ : [0, T]xQ — R satisfying

Z aiaj (AP TRig(t x) = f(t,x), ae x€N (3.17)

2,j=0
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fort € (0,T) and such that

u(t,z) =0, tel0,e), ze€q, (3.18)
u(t,-) € Hy(Q) N H*(Q) c Cp(Q), te(0,T), (3.19)
(=A)u(t,-) € Hy(Q) N H*(Q) c Cp(Q), te(0,T). (3.20)

Proof. Let : [0,T] — D(w(—A)) = D((—A)P*) be the solution to (3.2)) given by
Corollary [3:4] corresponding to function f given in Lemma [3.5] Define the function
w:[0,T] x Q2> (t,z) — u(t)(z) € R.

For a t € [0,T], we have

mmﬁ@+2—ﬁ@

- B
o —w(B)lp-aym) =0

Since the convergence in D([(—A),]?*) implies the uniform convergence on 2 (be-
cause under our assumptions

D([(=A)u]™) € D([(-A)u]') = D((-A)") = Hy () N H*(Q) € Cp(Q)  (3.21)

and these embeddings are continuous. Recall that the norm || - |1 and the norm
induced from H?(Q) are equivalent in D((—A)!) (see [8, Theorem VII.1.3.2 - Ba-
nach’s theorem on compatible norms]).

Therefore, for ¢ € [0, 77,

Ut + hyx) — a(t, x)

lim =u'(t)(z) uniformly on Q.
h—0 h
In particular, the partial derivative %(t, x) exists for all t € [0, 7], z €  and
O 1,0) = (1))

for all t € [0,T], z € Q. Thus, holds for ¢ € (0,T).

Condition follows from Theorem 3.3 Condition follows from the
fact that u(t) € D((—=A)Px) C HI(Q) N H?(Q) C Cp(Q) for t € [0,T]. Condition
@ follows from the relation u(t) € D((—A)?%*) C D((—A)?) for t € (0,T) (see
3.1) O

4. APPENDIX

4.1. Functions of self-adjoint operators. This subsection contains the results
from the theory of self-adjoint operators in real Hilbert space. Results presented
in this section can be found, in a more general setting, in [13]. We give them here
for the convenience of the reader. In [2l [I7], these results are derived in the case
of complex Hilbert space but their proofs can be moved without any or with small
changes to the case of real Hilbert space (one can also consult the book [12]).

Let H be a real Hilbert space with a scalar product (-,-) : H x H — R and
E : B — II(H) - a spectral measure where B is the o-algebra of Borel subsets of R,
II(H) - the set of all projections of H on closed linear subspaces. Let b: R — R
be a Borel measurable function, defined E - a.e. By [ b(A\)E(d\) we denote the
operator
/jMMMMyDCHaH

— 00
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given by
(/ b(A)E(dA))x - / b(\) E(d\)z,
where D is the set of points € H such that
| BOPIE@]? < o (4.1)

The above integral is taken with respect to the nonnegative measure B>5P —
|E(P)z||? € R{; the integral [~ b(A)E(dA)x is taken with respect to the vector
measure B3P +— E(P)z € H. One proves that the operator [~ b(A\)E(d)) is
self-adjoint.

Remark 4.1. To integrate a Borel measurable function b : B — R where B is a
Borel set containing the support of the measure F, it is sufficient to extend b on

R to a whichever Borel measurable function (putting, for example, b(A) = 0 for
A ¢ B).

If b: R — R is Borel measurable and o € B, then by the integral

/ bV E(dN)
we mean the integral
| xepeE@y

where , is the characteristic function of the set o. The integral [ b(\)E(d)) can
be also defined with the aid of the restriction of E to the set o.

The next theorem plays a fundamental role in the spectral theory of self-adjoint
operators (below, o(A) denotes the spectrum of an operator A : D(A) C H — H).

Theorem 4.2. If A: D(A) C H — H is self-adjoint and the resolvent set p(A) is
non-empty, then there exists a unique spectral measure E with the closed support
A =0(A), such that

A:/oo /\E(d/\)/U(A) AE(dN).

—00
The basic notion in the Stone-von Neumann operator calculus is a function of a
self-adjoint operator. Namely, if A : D(A) C H — H is self-adjoint and F is the
spectral measure determined according to the above theorem, then, for any Borel
measurable function b : R — R, one defines the operator b(A) by

b(A) = / T B E(N) = / (A E(dN).

—00 o(A)

Proposition 4.3. If E is the spectral measure for a self-adjoint operator A :
D(A) C H — H with non-empty resolvent set, then

oo

akAk+---+OélA+OéOI=/ (N + - o\ + ag) E(dN)

— 00

and, for any Borel measurable function b : R — R,
(0(A))" = b"(A4) (4.2)

with any fixed positive integer n > 2.
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Now, let 8 > 0 and o(A) C [0,00). According to the Remarkby AP we mean
the operator

AP = / b(A\)E(d))
where
Mo >0,
0, X<O.
We have the following generalization of Proposition

b:RB)\—>{

Proposition 4.4. If E is the spectral measure for a self-adjoint operator A :
D(A) C H — H with o(A) C [0,00), then

(oo}
ar A% 44 0 AP 4 agAP = / wN)E(dN).
where
Mk 4o 2\ Mo A>0
wiR3 A AT TR arA A a0, A 20, (4.3)
0, A <0,
and 0 < By < B1 < -+ < Br. Moreover,
AP2 o AP — AB2thH (4.4)
fO’I” ﬂ27 51 > 0.
If the numbers By, Pu,...,Br are positive integers (including zero), then one can

omit the assumption o(A) C [0,00) and consider the function

w(A) = apA + -+ a1 a0, A ER
(assuming that the resolvent set p(A) is nonempty).
4.2. Equivalence of weak and strong solutions. The results presented in this
section with additional remarks and comments can be found in [I3]. Let E be the
spectral measure for a self-adjoint operator A : D(A) C H — H with non-empty

resolvent set and b : R — R - a Borel measurable function, defined E - a.e. Fact
that the operator b(A) is self-adjoint means that its domain satisfies the equality

D(b(A)) = {u € H : there exists z € Hsuch that

4.5
/ u(t)b(A)v(t)dt = / z(t)v(t)dt for any v € D(b(A))} (45)
Q Q
and
b(A)u==z, wue€ D(DBA). (4.6)
From Proposition [£-3] it follows that
b(A)(b(A)u) = b*(A)u. (4.7)

In particular, u € D(b*(A)) if and only if u € D(b(A)) and b(A)u € D(b(A)). Using
this fact and (4.5)), (4.6)), we obtain the following result.

Theorem 4.5. If g € L?, then u € D(b*(A)) and
V(Au=g (4.8)
if and only if u € D(b(A)) and
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for any v € D(b(A)).

Consequently, if A : D(A) C H — H is self-adjoint with o(4) C [0,00), w
is given by (4.3), then we have the following corollary, where clearly, w?(A) =
Zf,j:O O[Z'O[jABH_Bj.

Corollary 4.6. If g € L?, then u € D(w?(A)) and
w?(A)u =g (4.10)
if and only if u € D(w(A)) and

/Q w(AYu(t)w(A)o(t)dt = /Q g(B)u(t)dt (4.11)
for any v € D(w(A)).

Remark 4.7. The above theorem states that u is the strong solution to problem

(4.10) if and only if it is the weak one in the sense of (4.11).

4.3. Weak Dirichlet-Laplace operator and its fractional power. Details
about the results presented in this section can be found in [13]. Let Q C RY
be an open bounded set, H} = H(Q,R) - the closure of C° = C®({},R) in
H' = HY(Q,R), where H'(Q,R) = W12(,R) is the classical Sobolev space,
C(Q,R) is the space of test functions. We say ([3]) that u : @ — R has a weak
(minus) Dirichlet-Laplacian if u € H} and there exists a function g € L? = L?(Q, R)
such that

/QVu(x)Vv(x)da::/Qg(x)v(m)dx

for any v € H. The function g is called the weak Dirichlet-Laplacian (or shortly,
Laplacian) of v and denoted by (—A),u. In [3], ¢ is named Dirichlet-Laplacian and
denoted by (—A)u. The operator

(=A), : D((-A),) C L? = L?
where
D((—=A),) ={u: 2 — R; u has the weak Dirichlet-Laplacian}
is bijective and self-adjoint. We call it the weak Dirichlet-Laplace operator.

Remark 4.8. In fact, (—A), is the Fridrich’s extension of the classical Dirichlet-
Laplace operator (—A)qqss : O C L? — L2, Moreover,

(=A)class € (—A) C (-A)w
where

~A:HyNH? CL* — L*
is the Dirichlet-Laplace operator defined by generalized partial derivatives of second
order of Sobolev type.

The spectrum o((—A),,) of (—A),, contains only the eigenvalues. More precisely,
o((—A)w) is asequence 0 < A\ < Ag < --- < \j — oo (each )\ is repeated k; times
where k; is the multiplicity of A\;). Moreover, to each eigenvalue A; corresponds an
eigenfunction e; and the system {e;} is the Hilbertian basis in L? (see [3, Theorem
8.3.2]; in [3], Proposition 8.5.3], the spectrum and eigenfunctions of (—A),, are given
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in the case of Q = (0,7)" (cube in RY)). Thus, for any u € L?, there exist real
numbers a;, j € N, such that

u(x) =Y aje;(z)

in L? and |Jul?. = > |a;|*>. Now, let us fix a number 8 > 0 and consider the
operator

[(=A)u)”: D([(A))%) € L? = L?
given by
([(_A)w]ﬁu)(ff) = Z)\?ajej (x)
where

D([(-A)u)%) = {u = u(x) = Y ase;(x) € L7 - Y (A)")%a; < oo},

and the convergences of the functional series are meant in L2. In fact, [(—A),]?
is the power of the operator (—A), in the sense of Stone-von Neumann operator
calculus. So, [(—A),]? is self-adjoint, the spectrum o([(—A),,]?) consists of eigen-
values )\? , 7 € N, and eigenspaces corresponding to )\f -s are the same as eigenspaces
for (—A),,, corresponding to Aj-s. (These properties follow from the general results
concerning the power of the self-adjoint operator in the sense of Stone-von Neumann
operator calculus.)
D([(—=A),,]?) with the scalar product

(u, U)B = (u7 ”)LZ + ([(_A)w]ﬂ% [(_A)w]BU)Lz

is a Hilbert space; the corresponding norm

lulls = (ull72 + I[(=2)w]) ullF2)".
Moreover, the scalar product

(,0)~p = ([(= )] 0, [(=A)u])"v)
determines the equivalent norm

lullvg = I(=A)w]Pull 2
It is easy to see that if 0 < 81 < B2, then
D([(=A)w]?) € D([(=A)u]™). (4.12)

continuously and C° C D([(—A),]?) for any 8 > 0.
The continuity of the embedding (4.12)) follows from the estimations

S ()P = ()P 3 L)

j=1 j=1
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